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Dependently Typed Set TheoryChad E. BrownFR Informatik, Saarland Univ.
ebrown�ags.uni-sb.deO
tober 26, 2006Abstra
tDependently Typed Set Theory (DeTSeT) is untyped set theory en
oded in adependent type theory. The dependent type theory in
ludes proof irrelevan
e and aspe
ial Σ-type between obje
ts and proofs. This allows one to 
reate a �
lass type� fromany predi
ate on the untyped universe of sets. Given this ri
h type stru
ture, one 
anrepresent partial fun
tions as total fun
tions on the appropriately restri
ted domain.Set theory 
an be en
oded as a �nite signature in the type theory. Furthermore, thesignature is essentially se
ond-order (in the λ-
al
ulus) sense. We develop the basi
theory of DeTSeT and a signature for Mathemati
s.Keywords: Dependent Type Theory, Set Theory, Proof Irrelevan
e, Foundations ofMathemati
s1 Introdu
tionIn this report, we des
ribe a Dependently Typed Set Theory (DeTSeT) as a foundationfor formal mathemati
s. DeTSeT allows one to work with both an untyped universe ofall obje
ts and 
ertain typed 
olle
tions of these obje
ts. Using the framework, one 
anmediate between untyped and typed obje
ts. Intuitively, in DeTSeT, one has
Sets ⊆ Classes ⊆ Types.Another important aspe
t of the framework is proof irrelevan
e. In logi
, proofs areoften important obje
ts of study. In mathemati
s, proofs are not the obje
ts of study, butrather a way of determining the �truth� of propositions about mathemati
al obje
ts.We give a theoreti
al a

ount of DeTSeT with typing judgments and denotational se-manti
s. We also give a syntax-dire
ted algorithmi
 typing judgment.Currently DeTSeT is implemented in the system S
unak [7, 8℄. Soon it will also beimplemented as the new logi
al foundation for the system Ωmega [31, 32℄.1



21.1 What is Set Theory?A model of set theory is a 
olle
tion V along with a binary relation ∈. The elements of Vare meant to represent sets. Hen
e ea
h member of V should be uniquely determined byits elements. That is, for all X, Y ∈ V , if ∀z ∈ V.z ∈ X ≡ z ∈ Y , then X = Y . Oftenone restri
ts to models in whi
h the members of V a
tually are sets and ∈ is the usualmembership relation. For this to make sense, for every element x of every set X ∈ V , wemust have x ∈ X. That is, for every X ∈ V , we have X ⊆ V . In other words, V is atransitive 
olle
tion of sets.A reasonably simple example of a set theoreti
 model V 
onsists of the hereditarily �nitesets. We indu
tively de�ne Vn for natural numbers n by V0 := ∅ and Vn+1 := P(Vn) (thepower set of Vn). For ea
h n, Vn is transitive. (The base 
ase is trivial. For the indu
tive
ase, note that x ∈ X ∈ Vn+1 implies x ∈ Vn implies x ⊆ Vn implies x ∈ Vn+1.) Hen
e
V0 ⊆ V1 ⊆ · · · ⊆ Vn ⊆ · · ·Finally, we let Vω :=

⋃
Vn. Clearly, Vω is transitive as well.What other properties does Vω satisfy? One 
an easily verify the following fa
ts:1. ∅ ∈ Vω.2. If x, y ∈ Vω, then {x, y} ∈ Vω.3. If X ∈ Vω, then P(X) ∈ Vω, i.e., Vω is 
losed under power sets.4. If X ∈ Vω, then ⋃
X ∈ Vω, i.e., Vω is 
losed under unions of sets of sets.These are some of the usual properties expe
ted of a model of set theory. In parti
ular,these 
orrespond to some of the axioms of Zermelo set theory:

• Extensionality: Sets are determined by their elements.
• Emptyset: The empty set is a set.
• Pairing: If x and y are sets, then {x, y} is a set.
• Powerset: If X is a set, then P(X) is a set.
• Union: If X is a set, then ⋃

X is a set.
• Separation: If X is a set and φ is a property, then {x ∈ X|φ(x)}.The notion of property is impre
ise in the separation axiom, as it was when Zermelo �rstformulated set theory [36℄. The term �Zermelo set theory� has 
ome to mean the inter-pretation in whi
h φ(x) is a �rst-order proposition. This 
an be 
hanged to obtain otherset theories. For example, if one restri
ts φ(x) to be a �rst-order formula in whi
h allquanti�ers are bounded (i.e., every ∀y o

urs as ∀y.y ∈ A ⇒ · · · and every ∃y o

urs as

∃y.y ∈ A ∧ · · ·), then one obtains the separation axiom for �Ma
 Lane set theory�.The foundational signi�
an
e of set theory is that the usual mathemati
al obje
ts ofinterest (pairs, relations, fun
tions, et
.) 
an be 
onstru
ted as sets. Within the 
olle
tion
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Vω, one 
an do many of the usual 
onstru
tions: the (Kurwatowski) ordered pair 〈x, y〉
an be de�ned as the set {{x}, {x, y}}. Binary relations are sets of pairs, and fun
tions arefun
tional relations. So, within the 
olle
tion Vω we already have many of the mathemati
al
onstru
tions of interest.What is missing in Vω? The answer to this question is simple: Vω 
ontains no in�niteset. In parti
ular, there is no set of natural numbers. The usual way of 
onstru
ting thenatural numbers in set theory is via �nite ordinals. That is, ∅ 
orresponds to 0, and if theset N 
orresponds to the natural number n, then the set N∪{N} 
orresponds to the naturalnumber n+ 1. The set ω of natural numbers is the least set su
h that ∅ ∈ ω and su
h that
N ∈ ω implies N ∪ {N} ∈ ω. Note that ∅ ∈ Vω and for every N ∈ Vω, N ∪ {N} ∈ Vω.Hen
e, the set ω is a subset of Vω. However, ω is not a �set� relative to Vω, i.e., ω /∈ Vω.While a �nitist may be happy working with the 
olle
tion Vω, most mathemati
ians wantto work with the set of natural numbers as well as the many obje
ts one 
an 
onstru
t fromsets of natural numbers.We 
an obtain an extended 
olle
tion by 
ontinuing the 
onstru
tion using trans�niteindu
tion. We have already de�ned Vω. We 
an de�ne Vω+1 to be P(Vω). Note that
ω ∈ Vω+1, so we now have the �rst in�nite set we want. So, Vω+1 satis�es another axiom ofZermelo set theory:

• In�nity: ω is a set.However, Vω+1 is not 
losed under powersets. In parti
ular, ω ∈ Vω+1 but P(ω) /∈ Vω+1.In general, for any ordinal α, we de�ne Vα+1 := P(Vα) (where α + 1 is the ordinalsu

essor α ∪ {α}). For limit ordinals γ (su
h as ω), we de�ne Vγ :=
⋃

α<γ Vα. This yieldsthe von Neumann hierar
hy of sets. Let On denote the 
olle
tion of all ordinals. (The
olle
tion On is not a set.) Let V :=
⋃

α∈On Vα.The 
olle
tion V is transitive, satis�es the axioms above, and 
ontains the in�nite set ω.To be pre
ise, Vω+ω is already transitive and satis�es the axioms of extensionality, emptyset,pairing, powerset, union, separation, and in�nity.However, Vω+ω does not satisfy another 
losure 
ondition 
orresponding to the Fraenkel(and Skolem) axiom of repla
ement. The axiom of repla
ement intuitively states thatimages of sets under �
lass fun
tions� should be sets. Consider the fun
tion f sending ea
h
n ∈ ω to ω + n. ω ∈ Vω+ω, but the image of ω under f � {ω, ω + 1, . . . , ω + n, . . .} � is notin Vω+ω.

• Repla
ement: If f is a 
lass fun
tion and X is a set, then {f(x)|x ∈ X} is a set.In the usual �rst-order formulation of ZFC, repla
ement implies separation. In DeTSeT wewill in
lude a dependently typed form of separation whi
h apparently 
annot be so easilyredu
ed to repla
ement.Why is it problemati
 that (ω + ω) /∈ Vω+ω? One of the ni
e properties of ZFC is thatevery well-ordered set is isomorphi
 to an ordinal. That is, the ordinals provide 
anoni
alrepresentations of well-ordered sets. This property fails in Vω+ω. One 
an easily �nd a set Xand well-orderingR in Vω+ω whi
h is isomorphi
 to ω+ω in the larger set theoreti
 universe.For example, 
onsider the set X := {〈0, n〉|n ∈ ω} ∪ {〈1, n〉|n ∈ ω} and well-ordering R



4given by
〈0, 0〉 < 〈0, 1〉 < · · · < 〈0, n〉 < · · · < 〈1, 0〉 < 〈1, 1〉 < · · · < 〈1, n〉 < · · ·Further axioms of ZFC in
lude foundation (or regularity) and 
hoi
e (giving ZFC �Zermelo Fraenkel with Choi
e). The set theories omitting one or both of these axioms arealso of theoreti
al interest.The intuition for the foundation axiom is that the only sets are those whi
h are 
on-stru
ted in the von Neumann hierar
hy. Foundation is often formulated as the followingelementary statement:

• Foundation: For every nonempty X, there is some x ∈ X su
h that x ∩X is empty.The foundation axiom prevents anomalous sets satisfying X ∈ X.The 
hoi
e axiom 
an be formulated in many equivalent ways [29℄. For example:
• Choi
e: If X is a set of nonempty sets, then there is a fun
tion f : X →

⋃
X su
hthat f(x) ∈ x for all x ∈ X.

• Well-Ordering prin
iple: For every set X there is some binary relation whi
h well-orders X. (To be de�nite, we are referring to a re�exive well-ordering.)In order to des
ribe either of these axioms, one needs to �rst 
onstru
t pairs in orderto assert the existen
e of a fun
tion or relation. By 
onsidering �downward 
losed� setsrelative to an ordering, we 
an reformulate the Well-Ordering Prin
iple without referringto relations.
• Alternative Well-Ordering Prin
iple: For every set X there is a set C su
h that:1. C is a set of subsets of X.2. For all x, y ∈ X if ∀A ∈ C(x ∈ A ≡ y ∈ A), then x = y. That is, C 
ontainsenough sets to distinguish between di�erent elements of X.3. For all A,B ∈ C, either A ⊆ B or B ⊆ A.4. For all nonempty Y ⊆ X, there exist A ∈ C and y ∈ Y su
h that A and Y aredisjoint, and for every B ∈ C either B ⊆ A or y ∈ B.This alternative form of the well-ordering prin
iple 
an be formulated without needingto 
onstru
t intermediate 
on
epts su
h as ordered pairs. To see that the well-orderingprin
iple implies the alternative form, let C be the set of Y ⊆ X su
h that ∀y ∈ Y ∀x ∈

X.x ≤ y ⊃ x ∈ Y where ≤ is the well-ordering of X (i.e., Y is downward-
losed withrespe
t to ≤). To see that the alternative form of the well-ordering prin
iple implies theoriginal form, one 
an use C to de�ne a well-ordering by x ≤ y if ∀Y ∈ C.y ∈ Y ⊃ x ∈ Y .



51.2 What is Dependent Type Theory?The usual method for making the axioms of set theory formal is to do so within �rst-orderlogi
. DeTSeT is a form of set theory whi
h formulates the axioms in a form of dependenttype theory. This was done previously in Automath (see [35℄).Generally speaking, a type theory in
ludes terms and types and some notion of whena term has a type. In dependent type theory (at least in the form we 
onsider it here),the types are 
losed under a Π-
onstru
tor, and the terms are 
losed under λ-abstra
tionand appli
ation. That is, we have types of the form (Πx : A.B(x)) where A is a typeand B(x) is a type depending on x : A. Semanti
ally, this is the type of fun
tions f withdomain A su
h that for ea
h a ∈ A, f(a) ∈ B(a). Π-types are the dependently typedgeneralization of simple fun
tion types. Given 
ertain types for variables and 
onstants,some terms will be well-typed and some types will be well-formed. That is, we will havean indu
tive 
hara
terization of when a term M inhabits a type A in a 
ontext Γ relativeto a signature Σ. Likewise, we will have an indu
tive 
hara
terization of when a type is�well-formed� in a 
ontext. More a

urately, we will de�ne when a type A is well-formedat level i with i ∈ {0, 1, 2} and we will de�ne when two terms M and N 
an be 
he
ked tobe equal at type A. We will then say that a term M has type A when it 
an be 
he
ked tobe equal to itself at type A.There is always room for variation in the presentation of type theories. In presentationsof �pure type systems� [3℄, terms and types are 
ombined into a single universe of �pseudo-terms�. In presentations of the parti
ular type theory LF [27℄ there are three levels of�obje
ts,� �families,� and �kinds.� We will not strive for generality and will restri
t ourselvesto just what we need to de�ne the parti
ular dependent type theory whi
h serves as theframework for the dependently typed set theory DeTSeT.The parti
ular dependent type theory we will use will be just strong enough to 
onve-niently formulate the set theory des
ribed above. The dependent type theory is a modi�edversion of the type theory LF (also 
alled λP ) as implemented in Twelf [27℄, whi
h itself
an essentially be tra
ed ba
k to the AutoMath family of type theories [10℄. Simply put,the type theory 
an be obtained from LF via the following modi�
ations:1. Restri
t LF to three primitive type families: set, prop and pfM where M should beof type prop.2. Restri
t LF by restri
ting the 
omplexity of types (Type0, Type1 and Type2). Thisrestri
ts the terms to be se
ond-order λ-terms (with a further restri
tion on the o
-
urren
e of propositional variables).3. Extend LF to allow produ
t types Σx:set(pf (φx)) for ea
h term φ : set → prop.On the term level, we in
lude the pairing 
onstru
tor, �rst and se
ond de
onstru
torsand the 
orresponding redu
tions.4. Extend LF to in
lude proof irrelevan
e, so that all terms of type pfM are equal (where
M : prop). (A more general way of in
orporating proof irrelevan
e in LF is dis
ussedin [28℄. Proof irrelevan
e was also 
onsidered earlier as part of the AutoMath proje
t.)The purpose of ea
h modi�
ations to LF is to allow a natural representation of mathemati
s,while keeping the language as restri
ted and simple as possible.



61.3 What is DeTSeT?DeTSeT refers to the dependent type theory des
ribed above with a �xed set of logi
al
onstants appropriate for a ZFC style set theory. Propositions in DeTSeT 
orrespond toterms of type prop. Proofs in DeTSeT 
orrespond to terms of type pfM for someM : prop.Sets (or �untyped obje
ts�) in DeTSeT 
orrespond to terms of type set. Typed obje
tsin DeTSeT 
orrespond to terms of type 
lP for some P : set → prop. Many terms willa
tually be of a type su
h as
Πx1 : A1 · · ·Πxn : An.Bwhere B is either prop, pfM , set, or 
lP . We 
an des
ribe these terms as �parameterized�propositions, proofs, sets, or typed obje
ts.The logi
al 
onstants of DeTSeT 
orrespond to the ZFC axioms des
ribed above, plusa des
ription operator and a dependent set 
onstru
tor (
orresponding to a dependentlytyped form of separation).2 An Algorithmi
 Formulation of DeTSeTLet V be a 
ountably in�nite set of variables. (Note that variables are untyped.) Let L bea set (disjoint from V) 
onsisting of 46 logi
al 
onstants named as follows:in eq eqE notimp equiv and orxm
ases notE impI impEequivI1 equivI2 equivEimp1 equivEimp2andEquiv orEquiv all exallI allE exEquiv exuexuEquiv setextAx emptyset emptysetAxsetadjoin setadjoinAx powerset powersetAxsetunion setunionAx omega omega0AxomegaSAx omegaIndAx replAx foundationAxwellorderingAx des
r dset
onstr dset
onstrIdset
onstrEL dset
onstrERaLet A, Af and Au be disjoint in�nite sets, ea
h disjoint from both V and L. We 
allthe members of A abbreviations, the members of Af folding rules and the members of Auunfolding rules. Taking the union of the disjoint sets L, A, Af and Au, we obtain the set

C of 
onstants.We use a, b, f, g, a0, a1, . . . to denote generi
 abbreviations, and use c, c0, c1, . . . to denotegeneri
 
onstants. For ea
h abbreviation a, we 
hoose a distinguished folding rule (a)f ∈ Afand unfolding rule (a)u ∈ Au. We assume these are 
hosen distin
tly, so that (a)f = (b)fi� a = b i� (a)u = (b)u.De�nition 2.1 The set of terms is indu
tively de�ned using the following grammar:
M :: C|V|(MM)|(λVM)|〈M,M〉|π1(M)|π2(M)



7We often omit parentheses whi
h should surround appli
ation or λ-abstra
tion. Appli
ationasso
iates to the left, as usual.The set of types is indu
tively de�ned using the following grammar:
A :: set|prop|pfM |
lM |ΠV : A.AAs is 
ommon in dependent type theory, we use the notation A→ B to stand for Πx : A.Bwhere x does not o

ur free in B.The set of signatures is indu
tively de�ned as follows:signatures (Σ) ·|Σ, a : A = Mwhere a ∈ A. We assume ea
h a is listed at most on
e in any signature Σ.The set of 
ontexts is indu
tively de�ned as follows:
ontexts (Γ) ·|Γ, x : Awhere x ∈ V. We assume ea
h variable x in a 
ontext Γ is listed only on
e.We de�ne the set of free variables FV(M) of a termM and the set free variables FV(A)of a type A in the usual way.Sin
e we use λxM instead of λx : AM , the de�nition of terms is independent of thede�nition of types. We 
hoose this representation be
ause we only 
onsider normal terms,for whi
h we 
an re
onstru
t the type of x given the intended type of the term.For terms and types, we have the usual notion of α-
onversion for renaming of boundvariables. For 
onvenien
e, we assume α-equivalent terms as �equal� and assume there areno 
on�i
ts with bound variable names whenever 
onvenient.We let [M/x]W denote the term (resp., type) obtained by substituting the term M forfree o

urren
es of the variable x in the term (resp., type) W . This 
an be te
hni
allyde�ned by indu
tion on W . Similarly, we let θ(W ) denote the result of simultaneouslysubstituting �nitely many variables as de�ned in the usual way.We 
onsider redu
tion relations indu
ed by the following redu
tions, again, in the usualway:

β: ((λxM)N) →β [N/x]M

π1: π1(〈M,N〉) →π1
M

π2: π2(〈M,N〉) →π2
NWe say a term or type is β ′-normal if there are no β-redexes, no π1-redexes and no

π2-redexes.Ea
h of these redu
tions (along with any 
ombinations of the redu
tions) is substitutive.That is, if θ is a substitution and W (for a term or type W ) redu
es to W ′, then θ(W )redu
es to θ(W ′). A proof 
ould follow the same outline as Propositions 2.22 and 2.24in [12℄.Note that βπ1π2-redu
tion is 
on�uent. We use M↓ to denote the βπ1π2-normal formof M , whi
h is unique if it exists. Of 
ourse, some terms have no normal form.Two forms of redu
tion we do not build into the notion of redu
tion are η and π:
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η: (λx(Mx)) →η M if x is not free in M .
π: 〈π1(M), π2(M)〉 →π MInstead, there will be some rules in the typing judgment where we either want to η-expandor π-expand on the �y. We introdu
e some notation to fa
ilitate this.

• If M is a term of the form (λxN), then let x
M
λ denote x and B

M
λ denote N . If Mis any other term, then let x

M
λ be a variable not o

urring in M and B

M
λ denote

(Mx
M
λ ). Note that in the �rst 
ase, (λxM

λ B
M
λ ) is identi
al to M . In the se
ond 
ase,

(λxM
λ B

M
λ )η-redu
es to M .

• If M is a term of the form 〈N,P 〉, then let fst
M denote N and snd

M denote P . If Mis any other term, then let fst
M denote π1(M) and snd

M denote π2(M). In the �rst
ase, 〈fstM , snd
M〉 is identi
al to M . In the se
ond 
ase, 〈fstM , snd

M〉 π-redu
es to
M .2.1 Types of Logi
al ConstantsEa
h logi
al 
onstant is asso
iated with a type. We list the 
orresponden
e here, along witha short explanation for the type. We write LT (c) to denote the type of c ∈ L given in thelist below.First, we have logi
al 
onstants 
orresponding to formulas in �rst-order logi
 with equal-ity.

• in : set → set → prop� the membership relation. We often write X ∈ Y for the term (in Y X), whi
h hastype prop if it is well-typed.
• eq : set → set → prop� the equality relation. We often write X = Y for the term (eqX Y ), whi
h has typeprop if it is well-typed.
• not : prop → prop� negation. We often write ¬M for the term (notM), whi
h has type prop if it iswell-typed.
• imp : prop → prop → prop� impli
ation. We may write (M ⊃ N) for the term (impM N), whi
h has type propif it is well-typed.
• equiv : prop → prop → prop� equivalen
e. We may write (M ≡ N) for the term (equivM N), whi
h has typeprop if it is well-typed.
• and : prop → prop → prop� 
onjun
tion. We may write (M ∧N) for the term (andM N), whi
h has type propif it is well-typed.
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• or : prop → prop → prop� disjun
tion. We may write (M ∨N) for the term (orM N), whi
h has type prop ifit is well-typed.
• all : (set → prop) → prop� universal quanti�
ation. We use ∀x.φ to denote the set (all (λx : set.φ)).
• ex : (set → prop) → prop� existential quanti�
ation. We use ∃x.φ to denote the set (ex (λx : set.φ)).
• exu : (set → prop) → prop� unique existential quanti�
ation. We use ∃!x.φ to denote the set (exu (λx : set.φ)).Next we have logi
al 
onstants 
orresponding to dedu
tion rules for 
lassi
al �rst-orderlogi
 with equality. The rules for impli
ation and universal quanti�
ation represent standardnatural dedu
tion rules. The xm
ases 
onstant is a 
ases rule relying on ex
luded middlefor arbitrary formulas, thus guaranteeing the logi
 is 
lassi
al. Equivalen
e is taken asprimitive with 
orresponding natural dedu
tion rules. Conjun
tion, disjun
tion, existentialquanti�
ation and unique existential quanti�
ation are also taken as primitive, but withaxioms whi
h essentially de�ne ea
h in terms of impli
ation and universal quanti�
ation.
• eqE : Πx : set.Πy : set.ΠP : (set → prop).(pf (x = y)) → (pf (P x)) → pf (P y)� a rule for repla
ing equal obje
ts with equal obje
ts in a 
ontext. Intuitively, if

(eqE x y P u v) is well-typed, then it is a proof of (P y) whenever u is a proof of x = yand v is a proof of (P x).
• xm
ases :

ΠM : prop.ΠN : prop.((pfM) → pfN) →
((pf¬M) → pfN) → pfNIf we 
an prove N fromM and we 
an prove N from ¬M , then we have a proof of N .

• notE : ΠM : prop.ΠN : prop.(pfM) → (pf¬M) → pfNIf we prove both M and ¬M , then we have a proof of N .
• impI : ΠM : prop.ΠN : prop.((pfM) → pfN) → pf (M ⊃ N)If we prove N from M , then we have a proof of M ⊃ N .
• impE : ΠM : prop.ΠN : prop.(pf (M ⊃ N)) → (pfM) → pfNIf we prove M ⊃ N and M , then we have a proof of N .
• equivI1 : ΠM : prop.ΠN : prop.(pfM) → (pfN) → pf (M ≡ N)If we prove M and N , then we have a proof of M ≡ N .
• equivI2 : ΠM : prop.ΠN : prop.(pf¬M) → (pf¬N) → pf (M ≡ N)If we prove ¬M and ¬N , then we have a proof of M ≡ N .
• equivEimp1 : ΠM : prop.ΠN : prop.(pf (M ≡ N)) → (pfM) → pfNIf we prove M ≡ N and M , then we have a proof of N .
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• equivEimp2 : ΠM : prop.ΠN : prop.(pf (M ≡ N)) → (pfN) → pfMIf we prove M ≡ N and N , then we have a proof of M .
• andEquiv : ΠM : prop.ΠN : prop.pf ((M ∧N) ≡ ¬(M ⊃ ¬N))This axiom �de�nes� ∧ in terms of ¬ and ⊃.
• orEquiv : ΠM : prop.ΠN : prop.pf ((M ∨N) ≡ (¬M ⊃ N))This axiom �de�nes� ∨ in terms of ¬ and ⊃.
• allI : ΠP : (set → prop).(Πx : set.pf (Px)) → pf (∀x.Px)If we have a proof of Px for a generi
 x, then we have a proof of ∀x.Px.
• allE : ΠP : (set → prop).(pf (∀x.Px)) → Πx : set.pf (Px)If we have a proof of ∀x.Px, then we have a proof of Px where x is any set.
• exEquiv : ΠP : (set → prop).pf ((∃x.Px) ≡ ¬(∀x.¬(Px)))This axiom �de�nes� existential quanti�
ation (ex).
• exuEquiv :

ΠP : (set → prop).pf ((∃!x.Px) ≡ (∃x.(Px) ∧ (∀y.(Py) ⊃ (x = y))))This axiom �de�nes� unique existential quanti�
ation (exu).Now we turn to the set theory itself. We start with extensionality. For most of theaxioms of ZFC, we 
an give 
onstru
tors along with axioms 
hara
terizing the 
onstru
tedsets. One variation from ZFC is that we take setadjoin (intuitively taking two sets xand y to the set {x} ∪ y) to be a primitive 
onstru
tor instead of taking unordered pairing(taking x and y to {x, y}) as primitive. There are two reasons for this 
hoi
e. First, one 
aneasily des
ribe �nitely enumerated sets {a1, . . . , an} in terms of setadjoin and the emptyset. Se
ond, the ordinal su

essor of α 
an be represented as (setadjoin αα), thus makingthe formulation of the axiom of in�nity simpler (in terms of primitives).
• setextAx : pf (∀x.∀y.(∀z.(z ∈ x) ≡ (z ∈ y)) ⊃ (x = y))� Set extensionality. Two sets x and y are equal if they 
ontain the same elements.
• emptyset : set� the empty set. We use ∅ to denote the term emptyset.
• emptysetAx : pf (∀x.¬(x ∈ ∅))� nothing is in the empty set.
• setadjoin : set → set → set� adjoining a set to another set. (setadjoin x y) intuitively represents {x} ∪ y.We will use {M1, . . . ,Mn} where M1, . . . ,Mn are terms as shorthand for the term

(setadjoinM1 (setadjoin · · · (setadjoinMn emptyset) · · ·)).
• setadjoinAx : pf (∀x.∀y.∀z.(z ∈ (setadjoin x y)) ≡ ((z = x) ∨ (z ∈ y)))� axiom 
hara
terizing setadjoin.
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• powerset : set → set� the power set 
onstru
tor. We use P(X) for the term (powersetX).
• powersetAx : pf (∀x.∀y.(y ∈ P(x)) ≡ (∀z.(z ∈ y) ⊃ (z ∈ x)))� axiom 
hara
terizing the power set.
• setunion : set → set� union of a 
olle
tion of sets. We use ⋃

X for the term (setunionX).
• setunionAx : pf (∀x.∀y.(y ∈

⋃
x) ≡ (∃z.(y ∈ z) ∧ (z ∈ x)))� axiom 
hara
terizing ⋃.

• omega : set� the �rst in�nite ordinal. We use ω to denote the term omega.
• omega0Ax : pf (∅ ∈ ω)� the empty set (the zero ordinal) is in ω.
• omegaSAx : pf (∀x.(x ∈ ω) ⊃ ((setadjoin xx) ∈ ω))� ω is 
losed under ordinal su

essor.
• omegaIndAx :

pf (∀x.((∅ ∈ x) ∧ (∀y.((y ∈ ω) ∧ (y ∈ x)) ⊃ ((setadjoin y y) ∈ x)))
⊃ (∀y.(y ∈ ω) ⊃ (y ∈ x)))� ω is the least set 
ontaining ∅ (the zero ordinal) and 
losed under ordinal su

essor.This is the indu
tion prin
iple for the natural numbers.The remaining axioms do not 
orrespond dire
tly to set 
onstru
tors in DeTSeT.

• replAx :
ΠR : (set → set → prop).pf (∀A.(∀y.(y ∈ A) ⊃ (∃!z.Ryz))

⊃ (∃B.∀y.(y ∈ B) ≡ (∃x.(x ∈ A) ∧ (Rxy))))� Repla
ement Axiom.
• foundationAx : pf (∀x.(∃y.y ∈ x) ⊃ (∃y.(y ∈ x) ∧ ¬(∃z.(z ∈ y) ∧ (z ∈ x))))� Foundation Axiom. If x is nonempty, then there is a y ∈ x su
h that y and x aredisjoint.
•

wellorderingAx : pf (∀X.∃C.(((∀A.(A ∈ C) ⊃ (∀x.(x ∈ A) ⊃ (x ∈ X)))

∧(∀x.∀y.(((x ∈ X) ∧ (y ∈ X))

⊃ ((∀A.(A ∈ C) ⊃ ((x ∈ A) ≡ (y ∈ A))) ⊃ (x = y)))))

∧(∀A.∀B.((A ∈ C) ∧ (B ∈ C))

⊃ ((∀x.(x ∈ A) ⊃ (x ∈ B)) ∨ (∀x.(x ∈ B) ⊃ (x ∈ A)))))

∧(∀Y.((∀y.(y ∈ Y ) ⊃ (y ∈ X)) ∧ (∃y.y ∈ Y ))

⊃ (∃A.∃y.(((A ∈ C) ∧ (y ∈ Y ))

∧¬(∃z.(z ∈ A) ∧ (z ∈ Y )))

∧(∀B.(B ∈ C) ⊃ ((∀x.(x ∈ B) ⊃ (x ∈ A)) ∨ (y ∈ B))))))� our formulation of the Alternative Well-Ordering Prin
iple des
ribed earlier. Theaxiom is equivalent to the Axiom of Choi
e.



12 The logi
al 
onstants thus far are su�
ient for en
oding any ZFC theorem and proof.However, the purpose of DeTSeT is to allow more 
onvenient representations of theoremsand proofs than �rst-order ZFC. For this reason we add two more 
on
epts: a des
riptionoperator and a dependent set 
onstru
tor. (We 
onje
ture these new 
on
epts do not 
hangethe expressive power or dedu
tive strength of the theory over ZFC.)
• des
r : ΠP : (set → prop).(pf (∃!x.Px)) → 
lP� des
ription operator. Given a predi
ate P and a proof that exa
tly one set satis�es
P , return an obje
t in the 
lass determined by P . Note that the des
ription operatoris not de�ned on predi
ates for whi
h there is no proof that a unique element satis�es
P .

• dset
onstr : ΠA : set.((
l (inA)) → prop) → set� a dependent set 
onstru
tor. Given a set A and a proposition φ(x) dependingon a member x of A, (dset
onstrA (λx : (
l (inA)).(φ(x)))) represents the set
{x ∈ A|φ(x)}. In fa
t, we use {x ∈ A|φ} to denote the term (dset
onstrA (λx :
(
l (inA)).φ)).

• dset
onstrI :
ΠA : set.ΠP : ((
l (inA)) → prop).

Πa : (
l (inA)).(pf (P a)) → pf (π1(a) ∈ {x ∈ A|P x})� an introdu
tion rule for the dependent set 
onstru
tor.
• dset
onstrEL :

ΠA : set.ΠP : ((
l (inA)) → prop).Πy : set.
(pf (y ∈ {x ∈ A|P x})) → pf (y ∈ A)� a left elimination rule for the dependent set 
onstru
tor.

• dset
onstrERa :
ΠA : set.ΠP : ((
l (inA)) → prop).Πa : (
l (inA)).

(pf (π1(a) ∈ {x ∈ A|P x})) → pf (P a)� a right elimination rule for the dependent set 
onstru
tor.2.2 Types for Folding and Unfolding AbbreviationsWhen an abbreviation a : A = M is de
lared in a signature, we need to be able to foldand unfold o

urren
es a to the de�nition M . One way to do this is using δ-redu
tion toexpand a to M in pla
e. The advantage of δ-redu
tion is that this makes type 
he
kingmore powerful. Unfortunately, it also means that to 
he
k if two terms are equal one mayneed to expand all abbreviations in the two terms and redu
e to a normal form. Whenthere are too many nested abbreviations (a situation unavoidable in mathemati
s), this isan unreasonable operation.The alternative we take is the following. Whenever a : A = M o

urs in a signature,one is allowed to use the fa
t that a has type A and, when appropriate, use the 
onstant
(a)f to fold M to be a and the 
onstant (a)u to unfold a to be M . To make this pre
ise,we de�ne a partial fun
tion Leib(A,M,N) whi
h takes a type A and two terms M and Nand, if de�ned, returns a type B. This fun
tion is de�ned by indu
tion on the type A asfollows:
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• Leib((Πx : B.C),M,N) :=

(Πx : B.Leib(C, [x/xM
λ ]BM

λ , [x/x
N
λ ]BN

λ ))when Leib(C, [x/xM
λ ]BM

λ , [x/x
N
λ ]BN

λ ) is de�ned.
• Leib(prop,M,N) := pfM → pfN .
• Leib(set,M,N) := (ΠP : (set → prop).pf (P M) → pf (P N).
• Leib(
l φ,M,N) := (ΠP : (set → prop).pf (P π1(M)) → pf (P π1(N)).Note that there is no 
ase 
orresponding to when A is pfP . Thus, the fun
tion is partial,and in parti
ular is not de�ned for types of the form Πx1 : A1 · · ·Πxn : AnpfP . One 
annotfold or unfold abbreviations of su
h a type, but due to proof irrelevan
e, there is no reasonto do so. Any two terms of a type of the form Πx1 : A1 · · ·Πxn : AnpfP will already beequal (in terms of the typing judgments).Intuitively, Leib(A,M,N) represents Leibniz equality of A and is of the form Πx1 :

A1. · · ·Πxn : An.set or Πx1 : A1. · · ·Πxn : An.
lP . If A is of the form Πx1 : A1. · · ·Πxn :
An.prop, then Leib(A,M,N) 
orresponds to impli
ation (and so one obtains equivalen
eby 
ombining Leib(A,M,N) with Leib(A,N,M).Now, given a de�nition a : A = M in a signature M , if Leib(A, a,M) and Leib(A,M, a)are de�ned (either both are de�ned or both are unde�ned), then the folding 
onstant (a)fhas type Leib(A,M, a) and the unfolding 
onstant (a)u has type Leib(A, a,M). See therules xaf and xau in Figure 1.2.3 Typing JudgmentsWe next introdu
e judgments relating terms and types in 
ontexts.

• ⊢ Σ sig means Σ is a valid signature.
• ⊢Σ Γ 
tx means Γ is a valid 
ontext.
• Γ ⊢Σ A : Typei means the type A is a valid type at level i ∈ {0, 1, 2}.
• Γ ⊢Σ M ∼ N ↑ A means we 
an 
he
k M and N are equal as members of the type A.
• Γ ⊢Σ M ∼ N ↓ A means we 
an extra
t a type A su
h that M and N are equal in A.We have listed the judgments in the order above be
ause the order seems a natural one forexplanation. In terms of dependen
ies, they are listed in the wrong order. In order to knowif a signature Σ or a 
ontext Γ is valid, we must 
he
k if types are valid. In order to 
he
kif a type su
h as pfM is valid in a 
ontext Γ, we must 
he
k if M has type prop (i.e., if Mequals itself at type prop) in 
ontext Γ. One way to 
he
k if a term P has a type pfM isto extra
t a type pfN and 
he
k if M and N are equal at type prop.A

ordingly, we begin by giving the algorithmi
 rules for the last two judgments fordetermining if two terms are 
ongruent relative to a type, as well as rules for determining



14if A is a valid type. These rules are given in Figure 1. The rules for validity of signaturesand 
ontexts are given in Figure 2. In the rule coercepf (the rule whi
h builds in proofirrelevan
e), we make use of the normal forms of the terms Q and R. If either of theseterms has no normal form, the rule does not apply. (That is, an impli
it premiss of therule is that Q and R have a normal form.) We 
onje
ture that if the signature Σ is valid,the 
ontext Γ is valid, and Γ ⊢ M ∼ M ↓ pfQ is derivable, then Q has a normal form. Ifthis is true, then the impli
it premiss would also be redundant. For the re
ord, here is thegeneral 
onje
ture:Conje
ture 1: If ⊢ Σ sig, ⊢Σ Γ 
tx, and Γ ⊢Σ M ∼ N ↓ A hold, then the type A has anormal form.For 
onvenien
e, we refer to two spe
ial 
ases of judgments using shorthand.
• Γ ⊢ M ↑ A stands for Γ ⊢ M ∼ M ↑ A, intuitively meaning we 
an 
he
k the term
M has the type A.

• Γ ⊢ M ↓ A stands for Γ ⊢ M ∼ M ↓ A, intuitively meaning we 
an extra
t the type
A for M .3 Developing a Signature for Basi
 Mathemati
sStarting from the logi
al 
onstants given above, one 
an 
onstru
t a signature of abbre-viations whi
h in
ludes the basi
 inferen
e rules one wants as well as the usual obje
ts ofmathemati
al interest: ordered pairs, Cartesian produ
ts, and fun
tions. Note that in par-ti
ular one 
an use these abbreviations to en
ode simply typed λ-
al
ulus within DeTSeT.Without giving an entire su
h signature, we list some of the abbreviations along withtheir types. In some 
ases we will also in
lude the term de�ning the abbreviation. Sin
emany terms (espe
ially those 
orresponding to proofs) will be large and di�
ult to under-stand when written out in full detail, we will adopt some notation 
onventions.First, we 
an give a modi�ed form of the right elimination rule for the dependent set
onstru
tor dset
onstr. The logi
al 
onstant 
orresponding to the right elimintation ruleis dset
onstrERa. Suppose A has type set, P has type ((
l (inA)) → prop) and a hastype (
lA). Then (dset
onstrERaAP a) is a term whi
h expe
ts a proof of π1(a) ∈

{x ∈ A|P x} and returns a proof of (P a). Suppose y is of type set and u is of typepf (y ∈ {x ∈ A|P x}). Can we prove (P y) holds? Stri
tly speaking, this term is ill-typedsin
e P expe
ts a term of type 
l (inA) and y is of type set. However, we 
an use a proof(any proof) of y ∈ A to form a term, essentially equal to y, of type 
l (inA). Note that
(dset
onstrELAP y u) is of type pf (y ∈ A). So, the pair 〈y, (dset
onstrELAP y u)〉 hastype 
l (inA). Now, we 
an form the term

(dset
onstrERaAP 〈y, (dset
onstrELAP y u)〉u)whi
h has type pf (P 〈y, (dset
onstrELAP y u)). This allows us to apply the right elimi-nation rule to an arbitrary y whi
h we do not know a priori is a member of the boundingset A. We will abbreviate this rule using the name dset
onstrER whi
h has type
ΠA : set.ΠP : ((
l (inA)) → prop).Πy : set.(pf (y ∈ {x ∈ A|P x}))

→ pf (P 〈y, (dset
onstrELAP y u))
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x : A ∈ Γ

xv
Γ ⊢Σ x ∼ x ↓ A

c ∈ L
xs

Γ ⊢Σ c ∼ c ↓ LT (c)

a : A = M ∈ Σ
xa

Γ ⊢Σ a ∼ a ↓ A

a : A = M ∈ Σ Leib(A,M, a) = B
xaf

Γ ⊢Σ (a)f ∼ (a)f ↓ B

a : A = M ∈ Σ Leib(A, a,M) = B
xau

Γ ⊢Σ (a)u ∼ (a)u ↓ B

Γ ⊢Σ M ∼ P ↓ (Πx : A.B) Γ ⊢Σ N ∼ Q ↑ A
xa

Γ ⊢Σ (MN) ∼ (PQ) ↓ ([N/x]B)

Γ ⊢Σ M ∼ N ↓ 
lφ
xpi1

Γ ⊢Σ π1(M) ∼ π1(N) ↓ set Γ ⊢Σ M ∼ N ↓ 
lφ
xpi2

Γ ⊢Σ π2(M) ∼ π2(N) ↓ pf (φ π1(M))

Γ, z : A ⊢Σ [z/xM
λ ]BM

λ ∼ [z/xN
λ ]BN

λ ↑ [z/x]B z ∈ V fresh
cλz

Γ ⊢Σ M ∼ N ↑ (Πx : A.B)

Γ ⊢Σ fst
M ∼ fst

N ↑ set Γ ⊢Σ snd
M ∼ snd

N ↑ pf (φ fst
M)

cp
Γ ⊢Σ M ∼ N ↑ 
lφ

Γ ⊢Σ M ∼ N ↓ B B ∈ {set, prop}
coerce

Γ ⊢Σ M ∼ N ↑ B

Γ ⊢Σ M ∼M ↓ pfQ
Γ ⊢Σ N ∼ N ↓ pfR Γ ⊢Σ Q

↓ ∼ P ↑ prop
Γ ⊢Σ R

↓ ∼ P ↑ prop
coercepf

Γ ⊢Σ M ∼ N ↑ pfP
Γ ⊢Σ A : Typei Γ, z : A ⊢Σ [z/x]B : Typej

i ∈ {0, 1}, j ∈ {0, 1, 2}
z ∈ V fresh

vtΠ
Γ ⊢Σ (Πx : A.B) : Typemax(i+1,j)

vto
Γ ⊢Σ set : Type0

vtp
Γ ⊢Σ prop : Type1

Γ ⊢Σ M ∼M ↑ prop
vtpf

Γ ⊢Σ pfM : Type0

Γ ⊢Σ M ∼M ↑ (set → prop)
vtcl

Γ ⊢Σ 
lM : Type0

Γ ⊢Σ A : Typei i ∈ {0, 1}
vtu

Γ ⊢Σ A : Typei+1Figure 1: Rules for Algorithmi
 Typing Judgments
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emptysig

⊢ · sig
⊢ Σ sig · ⊢Σ A : Type2 · ⊢Σ M ∼M ↑ A a ∈ A \ dom(Σ)

conssig
⊢ Σ, a : A = M sig

emptyctx
⊢Σ · 
tx

⊢Σ Γ 
tx Γ ⊢Σ A : Type1 x ∈ V \ dom(Γ)
consctx

⊢Σ Γ, x : A 
txFigure 2: Rules for Valid Signatures and Contextsand is de�ned by the term
λAλPλyλu(dset
onstrERaAP 〈y, (dset
onstrELAP y u)〉u)While this proof term is of a reasonable size, and 
an be understood given the explanationabove, more 
omplex proof terms will be large and di�
ult to understand. A way to avoidthis problem, is to use a temporary symbol to denote subterms (ex
ept variables) whi
hhave the type pfM for some M . Ea
h su
h subterm 
an be thought of as a �proof step� or�proof line.� For example, the subterm (dset
onstrELAP y u) above has type pf (y ∈ A)in the appropriate 
ontext Γ. We 
an use the symbol L1 to denote the proof term and thenrewrite the de�nition of dset
onstrER as

λAλPλyλu(dset
onstrERaAP 〈y,L1〉u)This notation has the advantage that it hides the details of proofs (whi
h are unimportantin type-
he
king be
ause of proof irrelevan
e). As we introdu
e this temporary symbol L1,we should expli
itly write what the term L1 denotes. We will 
all these temporary symbols(whi
h will be named Li for some i) �proof steps� and list them after the term is given. Inorder to represent the term as a whole, it is enough to know what term ea
h proof steprepresents. However, to understand the term, it is helpful to also give the type of ea
h proofstep. Hen
e we will give ea
h proof step in the formLi pfM by:Pwhere P is the term Li represents and pfM is the type of P in the appropriate 
ontext.When the proof steps are listed in order, they obtain the appearan
e of a linearized naturaldedu
tion proof. We leave the 
ontext impli
it, but as a further aid to readability, wesometimes in
lude lines of the formLet x have type Awhen x is a bound variable of type A and
D Assume Mwhen D is a bound variable of type pfM . To be pre
ise, we in
lude these lines whenever the
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orresponding bound variable is in the 
ontext of some but not all proof steps. The �Let�or �Assume� statement will pre
ede the �rst proof step whi
h assumes the variable is in
ontext, but it is the task of the reader to note when the variable has been dis
harged fromthe 
ontext. Again, no 
ontext or type information is ne
essary to uniquely re
onstru
t theterm as a whole. All one needs is the unique term asso
iated with ea
h proof step Li.Using a proof step representation, we 
an write the abbreviation dset
onstrER asfollowsdset
onstrER : ΠA : set .Πφ : (
l (inA) → prop) .Πx : set .
ΠD : pf (x ∈ {a ∈ A |φ a }) . pf (φ 〈 x,L1 〉)
= λAλφλxλD dset
onstrERaAφ 〈 x,L1 〉Dusing proof stepL1 : pf (x ∈ A) by: dset
onstrELAφxDNote that the type of φ in dset
onstrER is 
l (inA) → prop. One important nota-tional simpli�
ation is simply to write any 
lass type 
lP as P . Given this simpli�
ation,we 
an write the type of φ as (inA) → prop. A further simpli�
ation is to omit the �in�in 
lass types indu
ed by sets (as is the 
ase here). That is, we 
an write the type of φ as
A→ prop. Hen
e we 
an write the abbreviation dset
onstrER as follows:dset
onstrER : ΠA : set .Πφ : (A → prop) .Πx : set .
ΠD : pf (x ∈ {a ∈ A |φ a }) . pf (φ 〈 x,L1 〉)
= λAλφλxλD dset
onstrERaAφ 〈 x,L1 〉Dusing proof stepL1 : pf (x ∈ A) by: dset
onstrELAφxDIn addition to the usual quanti�ers, we 
an de�ne dependent bounded quanti�ers dalland dex along with inferen
e rules. Intuitively, (dallA (λxφ)) means ∀x ∈ A.φ(x). Thereason for saying these are dependent quanti�ers is be
ause within the body of the binder one
an use the (proof of the) fa
t that the bound variable is in the bounding set. For example,if P represents the set of positive real numbers, then one 
an write ∃x ∈ P.(x2−1

x
= 0)where one needs to know x 6= 0 (whi
h should follow from x ∈ P ) to form the proposition

(x2−1
x

= 0).dall : ΠA : set . (A → prop) → prop = λAλφ {a ∈ A |φ a } = Adex : ΠA : set . (A → prop) → prop = λAλφ¬{a ∈ A |φ a } = ∅Note that the term de�ning dall is
λAλφ((dset
onstrA (λx(φ x))) = A)That is, (dallAφ) is de�ned to be the proposition {x ∈ A|φ(x)} = A. One might try tode�ne (dallAφ) as ∀x.x ∈ A ⊃ (φ x), ex
ept that this is ill-typed (sin
e x would havetype set).From now on, we will use (∀x ∈ A.φ) to denote a term of the form (dallA (λxφ)) anduse (∃x ∈ A.φ) to denote a term of the form (dexA (λxφ)).One 
an also de�ne dependent versions of 
onjun
tion (dand) and impli
ation (dimp).This allows one to represent a proposition su
h as A∧B where one needs to know A is truein order to 
onstru
t B. For example, 
onsider the proposition (x > 0) ∧ (x2−1

x
= 0). In



18order to fa
ilitate these abbreviations, we �rst de�ne prop2set, whi
h embeds propositionsinto sets by taking a proposition φ to the set {∅} if φ is true and to ∅ if φ is false. We alsoprove a rule prop2setE whi
h says the proposition is true if the 
orresponding set has anelement.prop2set : prop → set = λφ {a ∈ P ∅ |φ }prop2setE : Πφ : prop .Πx : set . pf (x ∈ (prop2set φ)) → pfφ
= λφ λxλD dset
onstrER (P ∅) (λa φ) xL1using proof stepL1 : pf (x ∈ {a ∈ P ∅ |φ }) by: (prop2set)u φ (λAx ∈ A)DNow we 
an de�ne dand. Note that the de�nition of dand makes use of prop2setE in aproof term.dand : Πφ : prop . (pfφ → prop) → prop = λφ λψ ∃a ∈ prop2set φ . ψL2using proof stepsL1 : pf (π1(a) ∈ (prop2set φ)) by: π2(a)L2 : pfφ by: prop2setE φ π1(a)L1We now simplify the notation by omitting all o

urren
es of π1 and π2. It is left to thereader to re
ognize when one of these is omitted. The idea is that if a term has a 
lasstype, but is used as if it has type set, then a π1 has been omitted. If a term has a 
lasstype, but is used as if it has a proof type, then a π2 has been omitted. We 
an now presentdand as follows:dand : Πφ : prop . (pfφ → prop) → prop = λφ λψ ∃a ∈ prop2set φ . ψL2using proof stepsL1 : pf (a ∈ (prop2set φ)) by: aL2 : pfφ by: prop2setE φ aL1We de�ne dependent impli
ation similarly:dimp : Πφ : prop . (pfφ → prop) → prop = λφ λψ ∀a ∈ prop2set φ . ψL2using proof stepsL1 : pf (a ∈ (prop2set φ)) by: aL2 : pfφ by: prop2setE φ aL1We 
an de�ne false.false : prop = ∅ ∈ ∅We use ⊥ to denote the term false.The following are rules for eliminating the empty set, eliminating false, and introdu
ingnegation.emptysetE : Πx : set . pf (x ∈ ∅) → Πφ : prop . pfφ
= λxλD λφ notE (x ∈ ∅)φDL2using proof stepsL1 : pf (∀y .¬y ∈ ∅) by: emptysetAxL2 : pf (¬x ∈ ∅) by: allE (λy ¬y ∈ ∅)L1 x



19falseE : Πφ : prop . pf⊥ → pfφ = λφ λD emptysetE ∅L1φusing proof stepL1 : pf (∅ ∈ ∅) by: (false)u DnotI : Πφ : prop . (pfφ → pf⊥) → pf (¬φ)
= λφ λD xm
ases φ (¬φ) (λE L2) (λF F)using proof stepsL1 : pf⊥ by: DEL2 : pf (¬φ) by: falseE (¬φ)L1We 
an also derive a rule for proof by 
ontradi
tion:
ontradi
tion : Πφ : prop . (pf (¬φ) → pf⊥) → pfφ
= λφ λD xm
ases φφ (λE E) (λF L2)using proof stepsL1 : pf⊥ by: DFL2 : pfφ by: falseE φL1The way to 
onstru
t proof terms should be 
lear from the examples above. Below welist a number of other logi
al rules whi
h 
an be derived. For the sake of brevity, we omitthe proof terms and give only the types.dnegE : Πφ : prop . pf (¬¬φ) → pf φdnegI : Πφ : prop . pfφ → pf (¬¬φ)
ontrapositive1 : Πφ : prop .Πψ : prop . (pfφ → pfψ) → pf (¬ψ) → pf (¬φ)
ontrapositive2 : Πφ : prop .Πψ : prop . (pf (¬φ) → pfψ) → pf (¬ψ) → pfφ
ontrapositive3 : Πφ : prop .Πψ : prop . (pf (¬φ) → pf (¬ψ)) → pfψ → pfφ
ontrapositive4 : Πφ : prop .Πψ : prop . (pfφ → pf (¬ψ)) → pfψ → pf (¬φ)andI : Πφ : prop .Πψ : prop . pfφ → pfψ → pf (φ ∧ ψ)andEL : Πφ : prop .Πψ : prop . pf (φ ∧ ψ) → pfφandER : Πφ : prop .Πψ : prop . pf (φ ∧ ψ) → pfψorIL : Πφ : prop .Πψ : prop . pfφ → pf (φ ∨ ψ)orIR : Πφ : prop .Πψ : prop . pfψ → pf (φ ∨ ψ)orE : Πφ : prop .Πψ : prop . pf (φ ∨ ψ) → Πχ : prop . (pfφ → pfχ)
→ (pfψ → pfχ) → pfχorIDemorgan : Πφ : prop .Πψ : prop . (pf (¬φ) → pf (¬ψ) → pf⊥) → pf (φ ∨ ψ)exE : Πφ : (set → prop) . pf (∃x . φ x) → Πψ : prop . (Πx : set . pf (φ x) → pfψ)
→ pfψexI : Πφ : (set → prop) .Πx : set . pf (φ x) → pf (∃y . φ y)



20equivI : Πφ : prop .Πψ : prop . (pfφ → pfψ) → (pfψ → pfφ) → pf (φ ≡ ψ)equivE : Πφ : prop .Πψ : prop .Πχ : prop . pf (φ ≡ ψ) → (pfφ → pfψ → pfχ)
→ (pf (¬φ) → pf (¬ψ) → pfχ) → pfχWe derive natural dedu
tion rules 
orresponding to the set theory axioms, as well asre�exivity of equality: eqI. We de�ne true and give an introdu
tion rule trueI as well.We use ⊤ to denote the term true.setext : ΠA : set .ΠB : set . (Πx : set . pf (x ∈ A) → pf (x ∈ B)) →
(Πx : set . pf (x ∈ B) → pf (x ∈ A)) → pf (A = B)eqI : ΠA : set . pf (A = A)setadjoinIL : Πx : set .ΠA : set . pf (x ∈ (setadjoin xA))setadjoinIR : Πx : set .ΠA : set .Πy : set . pf (y ∈ A) → pf (y ∈ (setadjoin xA))setadjoinE : Πx : set .ΠA : set .Πy : set . pf (y ∈ (setadjoin xA)) → Πφ : prop .
(pf (y = x) → pfφ) → (pf (y ∈ A) → pfφ) → pfφtrue : prop = ∅ ∈ {∅}trueI : pf⊤powersetI : ΠA : set.ΠX : set.(Πx : set.pf (x ∈ X) → pf (x ∈ A)) → pf (X ∈ (P A))powersetE : ΠA : set.ΠX : set.Πx : set.pf (X ∈ (P A)) → pf (x ∈ X) → pf (x ∈ A)setunionI : ΠA : set.Πx : set.ΠX : set.pf (x ∈ X) → pf (X ∈ A) → pf (x ∈ (

⋃
A))setunionE : ΠA : set .Πx : set . pf (x ∈ (

⋃
A)) → Πφ : prop .

(ΠX : set . pf (x ∈ X) → pf (X ∈ A) → pfφ) → pfφEquality is symmetri
 and transitive. We also in
lude a few variations on equality rules.symeq : Πx : set .Πy : set . pf (x = y) → pf (y = x)transeq : Πx : set .Πy : set .Πz : set . pf (x = y) → pf (y = z) → pf (x = z)symtrans1eq : Πx : set .Πy : set .Πz : set . pf (x = y) → pf (z = y) → pf (x = z)eqE2 : Πx : set .Πy : set .Πφ : (set → prop) . pf (x = y) → pf (φ y) → pf (φ x)uniqinunit : Πx : set .Πy : set . pf (x ∈ {y}) → pf (x = y)eqinunit : Πx : set .Πy : set . pf (x = y) → pf (x ∈ {y})symtrans2eq : Πx : set .Πy : set .Πz : set . pf (x = y) → pf (z = y) → pf (z = x)boxeq : Πx1 : set .Πy1 : set .Πx2 : set .Πy2 : set . pf (x1 = y1) → pf (x2 = y2)
→ pf (y1 = y2) → pf (x1 = x2)The following are rules for dependent quanti�ers and dependent propositional 
onne
-



21tives.dallI : ΠA : set .Πφ : (A → prop) . (Πa : A . pf (φ a)) → pf (∀a ∈ A . φ a)dallE : ΠA : set .Πφ : (A → prop) . pf (∀a ∈ A . φ a) → Πa : A . pf (φ a)dexI : ΠA : set .Πφ : (A → prop) .Πa : A . pf (φ a) → pf (∃b ∈ A . φ b)dexE : ΠA : set .Πφ : (A → prop) . pf (∃a ∈ A . φ a) → Πψ : prop .
(Πa : A . pf (φ a) → pfψ) → pfψdandI : Πφ : prop .Πψ : (pfφ → prop) .ΠD : pfφ . pf (ψD) → pf (dandφψ)dandEL : Πφ : prop .Πψ : (pfφ → prop) . pf (dand φψ) → pf φdandER : Πφ : prop .Πψ : (pfφ → prop) .ΠD : pf (dand φψ) . pf (ψL1)using proof stepL1 : pfφ by: dandEL φψDdimpI : Πφ : prop .Πψ : (pfφ → prop) . (ΠD : pfφ . pf (ψD)) → pf (dimp φψ)dimpE : Πφ : prop .Πψ : (pfφ → prop) . pf (dimp φψ) → ΠD : pfφ . pf (ψD)The following rules are useful for spe
ial 
ases, su
h as when a negated proposition isassumed. Some of the rules are 
lassi
al in nature.va
uousImpI : Πφ : prop .Πψ : prop . pf (¬φ) → pf (φ ⊃ ψ)trivialImpI : Πφ : prop .Πψ : prop . pfψ → pf (φ ⊃ ψ)ex
ludedmiddle : Πφ : prop . pf (φ ∨ (¬φ))notimpE : Πφ : prop .Πψ : prop . pf (¬(φ ⊃ ψ)) → pf (φ ∧ (¬ψ))notimpE1 : Πφ : prop .Πψ : prop . pf (¬(φ ⊃ ψ)) → pfφnotimpE2 : Πφ : prop .Πψ : prop . pf (¬(φ ⊃ ψ)) → pf (¬ψ)notorE : Πφ : prop .Πψ : prop . pf (¬(φ ∨ ψ)) → pf ((¬φ) ∧ (¬ψ))notorE1 : Πφ : prop .Πψ : prop . pf (¬(φ ∨ ψ)) → pf (¬φ)notorE2 : Πφ : prop .Πψ : prop . pf (¬(φ ∨ ψ)) → pf (¬ψ)notandE : Πφ : prop .Πψ : prop . pf (¬(φ ∧ ψ)) → pf ((¬φ) ∨ (¬ψ))notexE : Πφ : (set → prop) . pf (¬∃A . φA) → pf (∀A .¬φA)notdexE : ΠA : set.Πφ : (A→ prop).pf (¬∃a ∈ A . φ a) → pf (∀a ∈ A .¬φ a)notallE : Πφ : (set → prop) . pf (¬∀A . φA) → pf (∃A .¬φA)notdallE : ΠA : set.Πφ : (A→ prop).pf (¬∀a ∈ A . φ a) → pf (∃a ∈ A .¬φ a)



22 We now give more rules for equivalen
e.reflequiv : Πφ : prop . pf (φ ≡ φ)symequiv : Πφ : prop .Πψ : prop . pf (φ ≡ ψ) → pf (ψ ≡ φ)transequiv : Πφ : prop .Πψ : prop .Πχ : prop . pf (φ ≡ ψ) → pf (ψ ≡ χ)
→ pf (φ ≡ χ)symtrans1equiv : Πφ : prop .Πψ : prop .Πχ : prop . pf (φ ≡ ψ) → pf (χ ≡ ψ)
→ pf (φ ≡ χ)boxequiv : Πφ1 : prop .Πψ1 : prop .Πφ2 : prop .Πψ2 : prop . pf (φ1 ≡ ψ1)
→ pf (φ2 ≡ ψ2) → pf (ψ1 ≡ ψ2) → pf (φ1 ≡ φ2)The following are modi�ed versions of the rule 
orresponding to the eqE logi
al 
on-stant, whi
h 
orresponds to the Leibniz property of equality. The version eqCE here (andthe symmetri
 version eqCE2) allow one to repla
e equal terms of a 
lass type (as opposedto type set) within a term. Note that the types of a and b below (written as φ) are 
lφand the type of ψ (written as φ → prop) is 
lφ → prop. (We 
onje
ture that it wouldnot be possible to de�ne a term of the types of eqCE or eqCE2 using the signature of logi
al
onstants used in DeTSeT if proof irrelevan
e were not part of the type theory. That is,proof irrelevan
e seems to be vital for redu
ing �typed Leibniz equality� in the form of eqCEto �untyped Leibniz equality� in the form of eqE.)eqCE : Πφ : (set → prop).Πa : φ.Πb : φ.Πψ : (φ→ prop).pf (a = b)
→ pf (ψ a) → pf (ψ b)eqCE2 : Πφ : (set → prop).Πa : φ.Πb : φ.Πψ : (φ→ prop).pf (a = b)
→ pf (ψ b) → pf (ψ a)The following is a de�nition of the subset relation:subset : set → set → prop = λAλB ∀a ∈ A . a ∈ BWe use M ⊆ N to denote a term of the form (subsetM N). We next give rules relatingto subset and powerset.subsetI1 : ΠA : set .ΠB : set . (Πa : A . pf (a ∈ B)) → pf (A ⊆ B)subsetI2 : ΠA : set.ΠB : set.(Πx : set.pf (x ∈ A) → pf (x ∈ B)) → pf (A ⊆ B)subsetE : ΠA : set .ΠB : set .Πx : set . pf (A ⊆ B) → pf (x ∈ A) → pf (x ∈ B)subset2powerset : ΠA : set .ΠB : set . pf (A ⊆ B) → pf (A ∈ (P B))setextsub : ΠA : set .ΠB : set . pf (A ⊆ B) → pf (B ⊆ A) → pf (A = B)powersetI1 : ΠA : set .ΠB : set . pf (B ⊆ A) → pf (B ∈ (P A))powersetsubset : ΠA : set .ΠB : set . pf (A ⊆ B) → pf ((P A) ⊆ (P B))



23The following de�nes binary union:binunion : set → set → set = λAλB
⋃
{A,B}Re
all {A,B} is shorthand for the term (setadjoinA (setadjoinB emptyset)) as de-s
ribed in Se
tion 2.1. From now on, we will use A∪B to denote the term (binunionAB).The following abbreviations 
orrespond to dedu
tion rules for binary unions:binunionIL : ΠA : set .ΠB : set .Πx : set . pf (x ∈ A) → pf (x ∈ (A ∪ B))binunionIR : ΠA : set .ΠB : set .Πx : set . pf (x ∈ B) → pf (x ∈ (A ∪ B))binunionE
ases : ΠA : set .ΠB : set .Πx : set .Πφ : prop . pf (x ∈ (A ∪ B))

→ (pf (x ∈ A) → pfφ) → (pf (x ∈ B) → pfφ) → pfφbinunionE : ΠA : set.ΠB : set.Πx : set.pf (x ∈ (A ∪B)) → pf ((x ∈ A) ∨ (x ∈ B))binunionLsub : ΠA : set .ΠB : set . pf (A ⊆ (A ∪ B))binunionRsub : ΠA : set .ΠB : set . pf (B ⊆ (A ∪ B))We next de�ne binary interse
tion and give derived rules.bininterse
t : set → set → set = λAλB {a ∈ A | a ∈ B }We use (M ∩N) to denote (bininterse
tM N).bininterse
tI : ΠA : set.ΠB : set.Πx : set.pf (x ∈ A) → pf (x ∈ B)
→ pf (x ∈ (A ∩B))bininterse
tEL : ΠA : set .ΠB : set .Πx : set . pf (x ∈ (A ∩ B)) → pf (x ∈ A)bininterse
tER : ΠA : set .ΠB : set .Πx : set . pf (x ∈ (A ∩ B)) → pf (x ∈ B)De�nining set di�eren
e is also easy.setminus : set → set → set = λAλB {a ∈ A | ¬a ∈ B }We now turn to pairs, Cartesian produ
ts and fun
tions. This is enough to interpretsimply typed λ-
al
ulus and so should provide the basis for importing the libraries of the-orem provers su
h as Isabelle-HOL [26℄, HOL-light [15℄ and HOL4 into DeTSeT.iskpair : set → prop
= λu ∃a ∈

⋃
u . ∃b ∈

⋃
u . u = {{a}, {a, b}}kpairiskpair : Πx : set .Πy : set . pf (iskpair {{x}, {x, y}})kpair : set → set → iskpair = λxλy 〈 {{x}, {x, y}}, kpairiskpair x y 〉We will use 〈〈M,N〉〉 to denote the term (kpairM N).
artprod : set → set → setWe use A× B to denote the term (
artprodAB).
artprodpairin : ΠA : set .ΠB : set .Πa : A .Πb : B . pf (〈〈 a, b 〉〉 ∈ (A × B))
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artprodpair : ΠA : set .ΠB : set . A → B → (A × B)
artprodfst : ΠA : set .ΠB : set . (A × B) → A
artprodsnd : ΠA : set .ΠB : set . (A × B) → B
artprodfstpairEq : ΠA : set .ΠB : set .Πa : A .Πb : B .pf (
artprodfstAB (
artprodpairAB a b) = a)
artprodsndpairEq : ΠA : set .ΠB : set .Πa : A .Πb : B .pf (
artprodsndAB (
artprodpairAB a b) = b)
artprodpairsurjEq : ΠA : set .ΠB : set .Πa : (A × B) .pf (
artprodpairAB (
artprodfstAB a) (
artprodsndAB a) = a)breln : set → set → set → propdpset
onstr : ΠA : set .ΠB : set . (A → B → prop) → setWe use the notation {〈〈x, y〉〉 ∈ A×B|φ} to denote the term
(dpset
onstrAB (λxλyφ)).fun
Set : set → set → setap2 : ΠA : set .ΠB : set . (fun
SetAB) → A → Blam2 : ΠA : set .ΠB : set . (A → B) → (fun
SetAB)fun
ext2 : ΠA : set .ΠB : set .Πf : (fun
SetAB) .Πg : (fun
SetAB) .
(Πa : A . pf (ap2AB f a = ap2AB g a)) → pf (f = g)beta2 : ΠA : set.ΠB : set.Πf : (A→ B).Πa : A.pf ((ap2AB (lam2AB f) a) = (f a))eta2 : ΠA : set .ΠB : set .Πf : (fun
SetAB) . pf ((lam2AB (ap2AB f)) = f)An if operator is useful for de�ning obje
ts or fun
tions that depend on 
onditions.if : ΠA : set . prop → A → A → Aiftrue : ΠA : set .Πφ : prop .Πa : A .Πb : A . pfφ → pf (ifAφa b = a)iffalse : ΠA : set .Πφ : prop .Πa : A .Πb : A . pf (¬φ) → pf (ifAφa b = b)iftrueorfalse : ΠA : set .Πφ : prop .Πa : A .Πb : A . pf (ifAφa b ∈ {a, b})

4 The Distributivity ExampleAn example 
onsidered several times within the Ωmega group is the distributivity propertyof binary union and interse
tion A∩(B∪C)) = (A∩B)∪(A∩C). (This is part of Theorem



251.1.4(d) in [4℄. The proof in [4℄ was studied in [1, 7℄.) We formalize the problem as thetype of the abbreviation bs114d and give a proof as a term of this type in Figure 3.5 Wizard of Oz DiaLog Examples5.1 Formalizing the First DiaLogWizard of Oz Experiment: TypedSetsThe following abbreviations 
on
ern typed sets and are relevant to the �rst Wizard of Ozexperiment in the DiaLog proje
t [5℄. We begin by de�ning �typed� versions of set opera-tions su
h as binary interse
tion, powerset, and 
omplement relative to a set U . That is,we de�ne the operations restri
ted to subsets of a given set. Sin
e the power set of U isthe set of subsets of U , we 
an use this set as the 
lass type of subsets of U . First, we 
anprove that if X and Y are subsets of U , then so is X ∩ Y :bininterse
tT_lem : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf ((A ∩ B) ∈ (P U))Next we 
an use this fa
t to de�ne the �typed� binary interse
tion operator whi
h 
arriesthe information that the inputs and outputs are subsets of U :bininterse
tT : ΠU : set . (P U) → (P U) → (P U)
= λU λAλB 〈A ∩ B, bininterse
tT_lem U AB 〉We use A∩̂B to denote the term (bininterse
tT U AB) (where U is a �xed bound vari-able). We 
ould overload the symbol ∩ to be typed interse
tion if the two argumentshave type 
l (inU) and untyped interse
tion otherwise, but we 
hoose to avoid overloadingsymbols for the sake of 
larity.A similar pro
ess de�nes a �typed� binary union operator.binunionT_lem : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf ((A ∪ B) ∈ (P U))binunionT : ΠU : set . (P U) → (P U) → (P U)
= λU λAλB 〈A ∪ B, binunionT_lemU AB 〉We use A∪̂B to denote the term (binunionTU AB).We de�ne a �typed� powerset operator (note that the output type is one �untyped�powerset higher than the input type).powersetT_lem : ΠU : set .ΠA : (P U) . pf ((P A) ∈ (P P U))powersetT : ΠU : set . (P U) → (P P U)
= λU λA 〈 P A, powersetT_lem U A 〉We use P̂A to denote the term (powersetTU A).We next de�ne a typed version of set di�eren
e (setminusT) and a typed version of
omplement (
omplementT).setminusT_lem : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf ((setminusAB) ∈ (P U))
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bs114d : ΠA : set.ΠB : set.ΠC : set.pf ((A ∩ (B ∪ C)) = ((A ∩ B) ∪ (A ∩ C)))
= λAλB λC setextsub (A ∩ (B ∪ C)) ((A ∩ B) ∪ (A ∩ C))L10L21using proof stepsLet a have type (A ∩ (B ∪ C))L1 : pf (a ∈ (A ∩ (B ∪ C))) by: aL2 : pf (a ∈ (B ∪ C)) by: bininterse
tERA (B ∪ C) aL1
D Assume a ∈ BL3 : pf (a ∈ A) by: bininterse
tELA (B ∪ C) aL1L4 : pf (a ∈ (A ∩ B)) by: bininterse
tIAB aL3DL5 : pf (a ∈ ((A ∩ B) ∪ (A ∩ C))) by: binunionIL (A ∩ B) (A ∩ C) aL4
E Assume a ∈ CL6 : pf (a ∈ A) by: bininterse
tELA (B ∪ C) aL1L7 : pf (a ∈ (A ∩ C)) by: bininterse
tIAC aL6 EL8 : pf (a ∈ ((A ∩ B) ∪ (A ∩ C))) by: binunionIR (A ∩ B) (A ∩ C) aL7L9 : pf (a ∈ ((A ∩ B) ∪ (A ∩ C)))by: binunionE
asesB C a (a ∈ ((A ∩ B) ∪ (A ∩ C)))L2 (λDL5) (λE L8)L10 : pf ((A ∩ (B ∪ C)) ⊆ ((A ∩ B) ∪ (A ∩ C)))by: subsetI1 (A ∩ (B ∪ C)) ((A ∩ B) ∪ (A ∩ C)) (λaL9)Let b have type ((A ∩ B) ∪ (A ∩ C))L11 : pf (b ∈ ((A ∩ B) ∪ (A ∩ C))) by: b
F Assume b ∈ (A ∩ B)L12 : pf (b ∈ A) by: bininterse
tELAB bFL13 : pf (b ∈ B) by: bininterse
tERAB bFL14 : pf (b ∈ (B ∪ C)) by: binunionILBC bL13L15 : pf (b ∈ (A ∩ (B ∪ C))) by: bininterse
tIA (B ∪ C) bL12L14
G Assume b ∈ (A ∩ C)L16 : pf (b ∈ A) by: bininterse
tELAC bGL17 : pf (b ∈ C) by: bininterse
tERAC bGL18 : pf (b ∈ (B ∪ C)) by: binunionIRBC bL17L19 : pf (b ∈ (A ∩ (B ∪ C))) by: bininterse
tIA (B ∪ C) bL16L18L20 : pf (b ∈ (A ∩ (B ∪ C)))by: binunionE
ases (A ∩ B) (A ∩ C) b (b ∈ (A ∩ (B ∪ C)))L11 (λF L15) (λG L19)L21 : pf (((A ∩ B) ∪ (A ∩ C)) ⊆ (A ∩ (B ∪ C)))by: subsetI1 ((A ∩ B) ∪ (A ∩ C)) (A ∩ (B ∪ C)) (λbL20)Figure 3: Proof of Distributivity Property



27setminusT : ΠU : set . (P U) → (P U) → (P U)
= λU λAλB 〈 setminusAB, setminusT_lem U AB 〉
omplementT_lem : ΠU : set .ΠA : (P U) . pf ((setminusU A) ∈ (P U))
omplementT : ΠU : set . (P U) → (P U)
= λU λA 〈 setminusU A, 
omplementT_lem U A 〉We use K̂A to denote (
omplementTU A).We next give proof prin
iples (omitting de�nitions, i.e., proof terms) for �typed sets�:setextT : ΠU : set .ΠA : (P U) .ΠB : (P U) . (Πx : U . pf (x ∈ A) → pf (x ∈ B))
→ (Πx : U . pf (x ∈ B) → pf (x ∈ A)) → pf (A = B)subsetTI : ΠU : set .ΠA : (P U) .ΠB : (P U) . (Πx : U . pf (x ∈ A) → pf (x ∈ B))
→ pf (A ⊆ B)powersetTI : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf (A ⊆ B) → pf (A ∈ P̂ B)powersetTE : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf (A ∈ P̂ B) → pf (A ⊆ B)powersetTI1 : ΠU : set .ΠA : (P U) .ΠB : (P U) . (Πx : U . pf (x ∈ A)

→ pf (x ∈ B)) → pf (A ∈ P̂ B)powersetTE1 : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U . pf (A ∈ P̂ B)
→ pf (x ∈ A) → pf (x ∈ B)
omplementTI : ΠU : set .ΠA : (P U) .Πx : U . pf (¬x ∈ A) → pf (x ∈ K̂A)
omplementTE : ΠU : set .ΠA : (P U) .Πx : U . pf (x ∈ K̂A) → pf (¬x ∈ A)
omplementTI1 : ΠU : set .ΠA : (P U) .Πx : U . pf (x ∈ A) → pf (¬x ∈ K̂A)
omplementTE1 : ΠU : set .ΠA : (P U) .Πx : U . pf (¬x ∈ K̂A) → pf (x ∈ A)bininterse
tTEL : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U . pf (x ∈ A ∩̂B)
→ pf (x ∈ A)bininterse
tTER : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U . pf (x ∈ A ∩̂B)
→ pf (x ∈ B)bininterse
tTI : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U .pf (x ∈ A) → pf (x ∈ B) → pf (x ∈ A ∩̂B)bininterse
tTEL
ontra : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U .pf (¬x ∈ A) → pf (¬x ∈ A ∩̂B)bininterse
tTER
ontra : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U .pf (¬x ∈ B) → pf (¬x ∈ A ∩̂B)
ontrasubsetT : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U . pf (A ⊆ K̂B)
→ pf (x ∈ B) → pf (¬x ∈ A)
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ontrasubsetT1 : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U . pf (A ⊆ B) →pf (¬x ∈ B) → pf (¬x ∈ A)
ontrasubsetT2 : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf (A ⊆ B) → pf (K̂B ⊆ K̂A)
ontrasubsetT3 : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf (K̂B ⊆ K̂A) → pf (A ⊆ B)doubleComplementI1 : ΠU : set .ΠA : (P U) .Πx : U . pf (x ∈ A) → pf (x ∈ K̂ (K̂A))doubleComplementE1 : ΠU : set .ΠA : (P U) .Πx : U . pf (x ∈ K̂ (K̂A)) → pf (x ∈ A)doubleComplementSub1 : ΠU : set .ΠA : (P U) . pf (A ⊆ K̂ (K̂A))doubleComplementSub2 : ΠU : set .ΠA : (P U) . pf (K̂ (K̂A) ⊆ A)doubleComplementEq : ΠU : set .ΠA : (P U) . pf (A = K̂ (K̂A))bininterse
tTSub1 : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf (A ∩̂B ⊆ A)bininterse
tTSub2 : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf (A ∩̂B ⊆ B)
omplementTnotinterse
tT : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U .pf (x ∈ K̂A) → pf (¬x ∈ A ∩̂B)
omplementImpComplementInterse
t : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U .pf (x ∈ K̂A) → pf (x ∈ K̂ (A ∩̂B))
omplementSubsetComplementInterse
t : ΠU : set .ΠA : (P U) .ΠB : (P U) .pf (K̂A ⊆ K̂ (A ∩̂B))
omplementInPowersetComplementInterse
t : ΠU : set .ΠA : (P U) .ΠB : (P U) .pf (K̂A ∈ P̂ (K̂ (A ∩̂B)))
ontraSubsetComplement : ΠU : set .ΠA : (P U) .ΠB : (P U) .pf (A ⊆ K̂B) → Πx : U . pf (x ∈ B) → pf (x ∈ K̂A)
omplementT
ontraSubset : ΠU : set.ΠA : (P U).ΠB : (P U).pf (A ⊆ K̂B)

→ pf (B ⊆ K̂A)binunionTIL : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U . pf (x ∈ A)
→ pf (x ∈ A ∪̂B)binunionTIR : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U . pf (x ∈ B)
→ pf (x ∈ A ∪̂B)binunionTIL
ontra : ΠU : set.ΠA : (P U).ΠB : (P U).Πx : U.pf (¬x ∈ A∪̂B)
→ pf (¬x ∈ A)binunionTIR
ontra : ΠU : set.ΠA : (P U).ΠB : (P U).Πx : U.pf (¬x ∈ A∪̂B)
→ pf (¬x ∈ B)binunionTSub1 : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf (A ⊆ A ∪̂B)



29binunionTSub2 : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf (B ⊆ A ∪̂B)inInterse
tImpInUnion : ΠU : set .ΠA : (P U) .ΠB : (P U) .ΠC : (P U) .Πx : U .pf (x ∈ A ∩̂B) → pf (x ∈ A ∪̂C)inInterse
tImpInUnion2 : ΠU : set .ΠA : (P U) .ΠB : (P U) .ΠC : (P U) .Πx : U .pf (x ∈ A ∩̂B) → pf (x ∈ B ∪̂C)inInterse
tImpInInterse
tUnions : ΠU : set.ΠA : (P U).ΠB : (P U).ΠC : (P U).
Πx : U . pf (x ∈ A ∩̂B) → pf (x ∈ (A ∪̂C) ∩̂ (B ∪̂C))interse
tInPowersetInterse
tUnions : ΠU : set.ΠA : (P U).ΠB : (P U).ΠC : (P U).pf (A ∩̂B ∈ P̂ ((A ∪̂C) ∩̂ (B ∪̂C)))inComplementUnionImpNotIn1 : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U .pf (x ∈ K̂ (A ∪̂B)) → pf (¬x ∈ A)inComplementUnionImpInComplement1 : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U .pf (x ∈ K̂ (A ∪̂B)) → pf (x ∈ K̂A)binunionTE1 : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U . pf (x ∈ A ∪̂B) →pf ((x ∈ A) ∨ (x ∈ B))binunionTE : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πφ : prop .Πx : U . pf (x ∈ A ∪̂B)
→ (pf (x ∈ A) → pfφ) → (pf (x ∈ B) → pfφ) → pfφbinunionTE
ontra : ΠU : set .ΠA : (P U) .ΠB : (P U) .Πx : U .pf (¬x ∈ A) → pf (¬x ∈ B) → pf (¬x ∈ A ∪̂B)The following are versions of the DeMorgan's Law.demorgan2a1 : ΠU : set.ΠA : (PU).ΠB : (PU).Πx : U.pf (x ∈ K̂(A∪̂B)) → pf (x ∈ K̂A)demorgan2a2 : ΠU : set.ΠA : (PU).ΠB : (PU).Πx : U.pf (x ∈ K̂(A∪̂B)) → pf (x ∈ K̂B)demorgan1 : ΠU : set.ΠA : (PU).ΠB : (PU).pf (K̂(A∩̂B) = (K̂A)∪̂(K̂B))demorgan2 : ΠU : set.ΠA : (PU).ΠB : (PU).pf (K̂(A∪̂B) = (K̂A)∩̂(K̂B))The following rules are espe
ially relevant to the problem woz1_3.woz13rule0 : ΠU : set .ΠA : (P U) .ΠB : (P U) .ΠC : set . pf (C ∈ A ∩̂B)
→ pf (C ∈ U)woz13rule1 : ΠU : set .ΠA : (P U) .ΠB : (P U) .ΠC : (P U) . pf (A ⊆ C)
→ pf (A ∩̂B ⊆ C)woz13rule2 : ΠU : set .ΠA : (P U) .ΠB : (P U) .ΠC : (P U) . pf (B ⊆ C)
→ pf (A ∩̂B ⊆ C)



30 woz1_1 : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf (K̂A ∈ P̂ (K̂ (A ∩̂B)))

= λU λAλB powersetTI1U (K̂A) (K̂ (A ∩̂B)) (λxλDL3)using proof stepsL1 : pf (¬x ∈ A) by: 
omplementTE U AxDL2 : pf (¬x ∈ A ∩̂B) by: bininterse
tTEL
ontra U AB xL1L3 : pf (x ∈ K̂ (A ∩̂B)) by: 
omplementTI U (A ∩̂B) xL2Figure 4: woz1_1woz1_2 : ΠU : set .ΠA : (P U) .ΠB : (P U) .ΠC : (P U) .ΠD : (P U) .pf (K̂ ((A ∪̂B) ∩̂ (C ∪̂D)) = ((K̂A) ∩̂ (K̂B)) ∪̂ ((K̂C) ∩̂ (K̂D)))

= λU λAλB λC λD eqCE (in (P U)) (K̂ (C ∪̂D)) ((K̂C) ∩̂ (K̂D))

(λX K̂ ((A ∪̂B) ∩̂ (C ∪̂D)) = ((K̂A) ∩̂ (K̂B)) ∪̂X)L1L4using proof stepsL1 : pf (K̂ (C ∪̂D) = (K̂C) ∩̂ (K̂D)) by: demorgan2U C DL2 : pf (K̂ (A ∪̂B) = (K̂A) ∩̂ (K̂B)) by: demorgan2U ABL3 : pf (K̂ ((A ∪̂B) ∩̂ (C ∪̂D)) = (K̂ (A ∪̂B)) ∪̂ (K̂ (C ∪̂D)))by: demorgan1U (A ∪̂B) (C ∪̂D)L4 : pf (K̂ ((A ∪̂B) ∩̂ (C ∪̂D)) = ((K̂A) ∩̂ (K̂B)) ∪̂ (K̂ (C ∪̂D)))by: eqCE (in (P U)) (K̂ (A ∪̂B)) ((K̂A) ∩̂ (K̂B))

(λX K̂ ((A ∪̂B) ∩̂ (C ∪̂D)) = X ∪̂ (K̂ (C ∪̂D)))L2L3Figure 5: woz1_2woz13rule3 : ΠU : set .ΠA : (P U) .ΠB : (P U) .ΠC : (P U) . pf (A ⊆ B)
→ pf (A ⊆ C) → pf (A ⊆ B ∩̂C)woz13rule4 : ΠU : set.ΠA : (P U).ΠB : (P U).ΠC : (P U).ΠD : (P U). pf (A ⊆ C)
→ pf (B ⊆ D) → pf (A ∩̂B ⊆ C ∩̂D)Finally, we formulate abbreviations with types 
orresponding to the �ve problems inthe Wizard of Oz experiment des
ribed in [5℄. We also give sample proof terms. To analyzethe proof attempts of students, alternative proofs will likely need to be 
onsidered. In fa
t,one likely needs to 
onsider partial proof terms whi
h 
ould be represented by terms whi
hhave free variables of proof type whi
h need to be instantiated with subproofs. Theseabbreviations are woz1_1 (see Figure 4), woz1_2 (see Figure 5), woz1_3 (see Figure 6),woz1_4 (see Figure 7), and woz1_5 (see Figure 8).5.2 Formalizing the Se
ond DiaLog Wizard of Oz Experiment: Re-lationsThe following abbreviations 
on
ern relations and are relevant to the se
ond Wizard of Ozexperiment in the DiaLog proje
t [6, 30℄.
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woz1_3 : ΠU : set .ΠA : (P U) .ΠB : (P U) .ΠC : (P U) .pf (A ∩̂B ∈ P̂ ((A ∪̂C) ∩̂ (B ∪̂C)))
= λU λAλB λC powersetTIU (A ∩̂B) ((A ∪̂C) ∩̂ (B ∪̂C))L5using proof stepsL1 : pf (A ⊆ A ∪̂C) by: binunionTSub1 U ACL2 : pf (A ∩̂B ⊆ A ∪̂C) by: woz13rule1U AB (A ∪̂C)L1L3 : pf (B ⊆ B ∪̂C) by: binunionTSub1 U BCL4 : pf (A ∩̂B ⊆ B ∪̂C) by: woz13rule2U AB (B ∪̂C)L3L5 : pf (A ∩̂B ⊆ (A ∪̂C) ∩̂ (B ∪̂C))by: woz13rule3U (A ∩̂B) (A ∪̂C) (B ∪̂C)L2L4Figure 6: woz1_3
woz1_4 : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf (A ⊆ K̂B) → pf (B ⊆ K̂A)

= λU λAλB λD subsetTIU B (K̂A) (λxλE L2)using proof stepsL1 : pf (¬x ∈ A) by: 
ontrasubsetT U AB xDEL2 : pf (x ∈ K̂A) by: 
omplementTI U AxL1Figure 7: woz1_4
woz1_5 : ΠU : set .ΠA : (P U) .ΠB : (P U) . pf (K̂ (A ∪̂B) ∈ P̂ (K̂A))

= λU λAλB powersetTI1 U (K̂ (A ∪̂B)) (K̂A) (λxλDL1)using proof stepL1 : pf (x ∈ K̂A) by: demorgan2a1 U AB xDFigure 8: woz1_5



32 We omit the de�nition of breln1, but the idea is that (breln1M R) holds i�R ⊆ M×M(i.e., R is a binary relation on M). We will use (breln1M) � whi
h has type set → prop� as a 
lass type.breln1 : set → set → propThe following 
orrespond to derivable rules whi
h are useful for this domain:breln1all1 : ΠM : set .ΠR : (breln1M) .Πφ : (set → prop) .
(Πa : M .Πb : M . pf (〈〈 a, b 〉〉 ∈ R) → pf (φ 〈〈 a, b 〉〉)) → pf (∀c ∈ R . φ c)subbreln1 : ΠM : set .ΠR : (breln1M) .ΠS : (breln1M) .
(Πa : M .Πb : M . pf (〈〈 a, b 〉〉 ∈ R) → pf (〈〈 a, b 〉〉 ∈ S)) → pf (R ⊆ S)eqbreln1 : ΠM : set .ΠR : (breln1M) .ΠS : (breln1M) .
(Πa : M .Πb : M . pf (〈〈 a, b 〉〉 ∈ R) → pf (〈〈 a, b 〉〉 ∈ S)) →
(Πa : M .Πb : M . pf (〈〈 a, b 〉〉 ∈ S) → pf (〈〈 a, b 〉〉 ∈ R)) → pf (R = S)We de�ne the inverse of a binary relation R on M using the �set of pairs 
onstru
tor�dpset
onstr. We will do this in three steps: de�ne the untyped set whi
h is the inverseof R, prove this untyped set is a binary relation on M , pair the previous two abbreviationsto have an inverse operator whi
h expe
ts a binary relation on M and returns a binaryrelation on M . Expli
itly de�ning the untyped set is optional.breln1invset : ΠM : set . (breln1M) → set
= λM λR {〈〈a, b〉〉 ∈ M × M | 〈〈 b, a 〉〉 ∈ R }breln1invprop : ΠM : set .ΠR : (breln1M) . pf (breln1M (breln1invsetM R))breln1inv : ΠM : set . (breln1M) → (breln1M)
= λM λR 〈 breln1invsetM R, breln1invpropM R 〉We use R−1 to denote the term (breln1invM R) where M is a �xed bound variable.Now that we have de�ned the inverse operator, we 
an derive two proof rules. We
an always use these two proof rules instead of expanding the de�nition of breln1inv orbreln1invset above.breln1invI : ΠM : set .ΠR : (breln1M) .Πa : M .Πb : M . pf (〈〈 a, b 〉〉 ∈ R)
→ pf (〈〈 b , a 〉〉 ∈ R−1)breln1invE : ΠM : set .ΠR : (breln1M) .Πa : M .Πb : M . pf (〈〈 b, a 〉〉 ∈ R−1)
→ pf (〈〈 a, b 〉〉 ∈ R)Following a similar outline, we de�ne the 
omposition of two relations on a set.breln1
ompset : ΠM : set . (breln1M) → (breln1M) → set
= λM λRλS {〈〈a, b〉〉 ∈ M × M | ∃c ∈ M . (〈〈 a, c 〉〉 ∈ R) ∧ (〈〈 c, b 〉〉 ∈ S) }breln1
ompprop : ΠM : set.ΠR : (breln1M).ΠS : (breln1M).pf (breln1M (breln1
ompsetM RS))breln1
omp : ΠM : set . (breln1M) → (breln1M) → (breln1M)
= λM λRλS 〈 breln1
ompsetM RS, breln1
omppropM RS 〉



33We use R ◦ S to denote the term (breln1
ompM RS) where M is a �xed bound variable.Introdu
tion and elimination rules for ◦ follow:breln1
ompI : ΠM : set.ΠR : (breln1M).ΠS : (breln1M).Πa : M.Πb : M.Πc : M.pf (〈〈 a, c 〉〉 ∈ R) → pf (〈〈 c, b 〉〉 ∈ S) → pf (〈〈 a, b 〉〉 ∈ R ◦ S)breln1
ompE : ΠM : set .ΠR : (breln1M) .ΠS : (breln1M) .Πa : M .Πb : M .pf (〈〈 a, b 〉〉 ∈ R ◦ S) → pf (∃c ∈ M . (〈〈 a, c 〉〉 ∈ R) ∧ (〈〈 c, b 〉〉 ∈ S))Finally, we de�ne a notion of binary union on binary relations on M . This time wedo not expli
itly de�ne the untyped set sin
e in fa
t the untyped set is already de�nedby binunion (for whi
h we use the in�x notation ∪). Note that in the de�nition ofbreln1union below the term (R ∪ S) is shorthand for (binunionRS) whi
h in turn isshorthand for (binunion π1(R) π1(S)).breln1unionprop : ΠM : set.ΠR : (breln1M).ΠS : (breln1M).pf (breln1M (R ∪ S))breln1union : ΠM : set . (breln1M) → (breln1M) → (breln1M)
= λM λRλS 〈R ∪ S, breln1unionpropM RS 〉Note that X ∪Y is already used for untyped binary union (binunionX Y ) and ∪̂ is alreadyused for typed binary union (binunionTU AB) relative to a �xed U . For binary union ofbinary relations on a �xed set M , we use R∪̇S to denote (breln1unionM RS). Rules for
∪̇ follow:breln1unionIL : ΠM : set .ΠR : (breln1M) .ΠS : (breln1M) .Πa : M .Πb : M .pf (〈〈 a, b 〉〉 ∈ R) → pf (〈〈 a, b 〉〉 ∈ R ∪̇S)breln1unionIR : ΠM : set .ΠR : (breln1M) .ΠS : (breln1M) .Πa : M .Πb : M .pf (〈〈 a, b 〉〉 ∈ S) → pf (〈〈 a, b 〉〉 ∈ R ∪̇S)breln1unionI : ΠM : set .ΠR : (breln1M) .ΠS : (breln1M) .Πa : M .Πb : M .pf ((〈〈 a, b 〉〉 ∈ R) ∨ (〈〈 a, b 〉〉 ∈ S)) → pf (〈〈 a, b 〉〉 ∈ R ∪̇S)breln1unionE : ΠM : set .ΠR : (breln1M) .ΠS : (breln1M) .Πa : M .Πb : M .pf (〈〈 a, b 〉〉 ∈ R ∪̇S) → pf ((〈〈 a, b 〉〉 ∈ R) ∨ (〈〈 a, b 〉〉 ∈ S))breln1unionE
ases : ΠM : set.ΠR : (breln1M).ΠS : (breln1M).Πa : M.Πb : M.pf (〈〈 a, b 〉〉 ∈ R ∪̇S) → Πφ : prop . (pf (〈〈 a, b 〉〉 ∈ R) → pfφ) →
(pf (〈〈 a, b 〉〉 ∈ S) → pfφ) → pfφbreln1unionCommutes : ΠM : set.ΠR : (breln1M).ΠS : (breln1M).pf (R ∪̇S = S ∪̇R)We now give four abbreviations woz2Ex (see Figure 9), woz2W (see Figure 10), woz2A (seeFigures 11 and 12), and woz2B (see Figure 13). The types of these abbreviations 
orrespondto the problem in the Wizard of Oz experiment des
ribed in [30℄. We in
lude sample proofterms as well. As with the other Wizard of Oz experiment, one should 
onsider other proofterms and partial proofs (proof terms with variables) to evaluate student responses.



34 woz2Ex : ΠM : set .ΠR : (breln1M) . pf (R = (R−1)−1)
= λM λR setextsubR (R−1)−1 L3L6using proof stepsLet a have type MLet b have type M
D Assume 〈〈 a, b 〉〉 ∈ RL1 : pf (〈〈 b, a 〉〉 ∈ R−1) by: breln1invIM Ra bDL2 : pf (〈〈 a, b 〉〉 ∈ (R−1)−1) by: breln1invIM R−1 b aL1L3 : pf (R ⊆ (R−1)−1) by: subbreln1M R ((R−1)−1) (λa λb λDL2)Let a have type MLet b have type M
E Assume 〈〈 a, b 〉〉 ∈ (R−1)−1L4 : pf (〈〈 b, a 〉〉 ∈ R−1) by: breln1invEM R−1 b a EL5 : pf (〈〈 a, b 〉〉 ∈ R) by: breln1invEM Ra bL4L6 : pf ((R−1)−1 ⊆ R) by: subbreln1M ((R−1)−1)R (λa λb λE L5)Figure 9: woz2Ex6 Future WorkThere are many avenues of resear
h left for the future. We dis
uss several possibilities here.6.1 Equality ReasoningAt the obje
t level, we have equality between sets (given by eq) and equivalen
e betweenpropositions (given by equiv). There is no obje
t-level notion of equality between fun
tiontypes or proof types. Indeed, due to proof irrelevan
e, there is no need to 
onsider equalitybetween terms of a proof type, sin
e any two terms are always equal if they are the sameproof type. By a �proof type� here, we mean any type of the form

Πx1 : A1 · · ·Πxn : AnpfM.We have already de�ned a partial fun
tion Leib whi
h in a sense 
orresponds to equalityat arbitrary types, ex
ept those whi
h return a proof type. We 
an give an alternativepartial fun
tion Eq as follows:
• Eq((Πx : B.C),M,N) :=

(Πx : B.Eq(C, [x/xM
λ ]BM

λ , [x/x
N
λ ]BN

λ ))when Eq(C, [x/xM
λ ]BM

λ , [x/x
N
λ ]BN

λ ) is de�ned.
• Eq(prop,M,N) := pf (M ≡ N).
• Eq(set,M,N) := (ΠP : (set → prop).pf (M = N)
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woz2W : ΠM : set.ΠR : (breln1M).ΠS : (breln1M).pf ((R ◦ S)−1 = S−1 ◦ R−1)
= λM λRλS setextsub (R ◦ S)−1 (S−1 ◦ R−1)L9L18using proof stepsLet a have type MLet b have type M
D Assume 〈〈 a , b 〉〉 ∈ (R ◦ S)−1L1 : pf (〈〈 b , a 〉〉 ∈ R ◦ S) by: breln1invEM (R ◦ S) b aDL2 : pf (∃ c ∈ M . (〈〈 b , c 〉〉 ∈ R) ∧ (〈〈 c , a 〉〉 ∈ S))by: breln1
ompEM RS b aL1Let c have type M
E Assume (〈〈 b , c 〉〉 ∈ R) ∧ (〈〈 c , a 〉〉 ∈ S)L3 : pf (〈〈 c , a 〉〉 ∈ S) by: andER (〈〈 b , c 〉〉 ∈ R) (〈〈 c , a 〉〉 ∈ S) EL4 : pf (〈〈 a , c 〉〉 ∈ S−1) by: breln1invIM S c aL3L5 : pf (〈〈 b , c 〉〉 ∈ R) by: andEL (〈〈 b , c 〉〉 ∈ R) (〈〈 c , a 〉〉 ∈ S) EL6 : pf (〈〈 c , b 〉〉 ∈ R−1) by: breln1invIM Rb cL5L7 : pf (〈〈 a , b 〉〉 ∈ S−1 ◦ R−1) by: breln1
ompIM S−1R−1 a b cL4L6L8 : pf (〈〈 a , b 〉〉 ∈ S−1 ◦ R−1)by: dexEM (λc (〈〈 b , c 〉〉 ∈ R) ∧ (〈〈 c , a 〉〉 ∈ S))L2

(〈〈 a , b 〉〉 ∈ S−1 ◦ R−1) (λc λE L7)L9 : pf ((R ◦ S)−1 ⊆ S−1 ◦ R−1)by: subbreln1M ((R ◦ S)−1) (S−1 ◦ R−1) (λa λb λDL8)Let a have type MLet b have type M
F Assume 〈〈 a , b 〉〉 ∈ S−1 ◦ R−1L10 : pf (∃ c ∈ M . (〈〈 a , c 〉〉 ∈ S−1) ∧ (〈〈 c , b 〉〉 ∈ R−1))by: breln1
ompEM S−1R−1 a bFLet c have type M
G Assume (〈〈 a , c 〉〉 ∈ S−1) ∧ (〈〈 c , b 〉〉 ∈ R−1)L11 : pf (〈〈 c , b 〉〉 ∈ R−1) by: andER (〈〈 a , c 〉〉 ∈ S−1) (〈〈 c , b 〉〉 ∈ R−1)GL12 : pf (〈〈 b , c 〉〉 ∈ R) by: breln1invEM Rb cL11L13 : pf (〈〈 a , c 〉〉 ∈ S−1) by: andEL (〈〈 a , c 〉〉 ∈ S−1) (〈〈 c , b 〉〉 ∈ R−1)GL14 : pf (〈〈 c , a 〉〉 ∈ S) by: breln1invEM S c aL13L15 : pf (〈〈 b , a 〉〉 ∈ R ◦ S) by: breln1
ompIM RS b a cL12L14L16 : pf (〈〈 a , b 〉〉 ∈ (R ◦ S)−1) by: breln1invIM (R ◦ S) b aL15L17 : pf (〈〈 a , b 〉〉 ∈ (R ◦ S)−1)by: dexEM (λc (〈〈 a , c 〉〉 ∈ S−1) ∧ (〈〈 c , b 〉〉 ∈ R−1))L10

(〈〈 a , b 〉〉 ∈ (R ◦ S)−1) (λc λG L16)L18 : pf (S−1 ◦ R−1 ⊆ (R ◦ S)−1)by: subbreln1M (S−1 ◦ R−1) ((R ◦ S)−1) (λa λb λF L17)Figure 10: woz2W
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woz2A : ΠM : set .ΠR : (breln1M) .ΠS : (breln1M) .ΠT : (breln1M) .pf ((R ∪̇S) ◦ T = (R ◦ T ) ∪̇ (S ◦ T ))
= λM λRλS λT setextsub (R ∪̇S) ◦ T (R ◦ T ) ∪̇ (S ◦ T )L12L27using proof stepsLet a have type MLet b have type M
D Assume 〈〈 a , b 〉〉 ∈ (R ∪̇S) ◦ TL1 : pf (∃ c ∈ M . (〈〈 a , c 〉〉 ∈ R ∪̇S ∧ 〈〈 c , b 〉〉 ∈ T ))by: breln1
ompEM (R ∪̇S)T a bDLet c have type M
E Assume 〈〈 a , c 〉〉 ∈ R ∪̇S ∧ 〈〈 c , b 〉〉 ∈ TL2 : pf (〈〈 a , c 〉〉 ∈ R ∪̇S) by: andEL (〈〈 a , c 〉〉 ∈ R ∪̇S) (〈〈 c , b 〉〉 ∈ T ) EL3 : pf ((〈〈 a , c 〉〉 ∈ R) ∨ (〈〈 a , c 〉〉 ∈ S)) by: breln1unionEM RS a cL2
F Assume 〈〈 a , c 〉〉 ∈ RL4 : pf (〈〈 c , b 〉〉 ∈ T ) by: andER (〈〈 a , c 〉〉 ∈ R ∪̇S) (〈〈 c , b 〉〉 ∈ T ) EL5 : pf (〈〈 a , b 〉〉 ∈ R ◦ T ) by: breln1
ompIM RT a b cF L4L6 : pf (〈〈 a , b 〉〉 ∈ (R ◦ T ) ∪̇ (S ◦ T ))by: breln1unionILM (R ◦ T ) (S ◦ T ) a bL5
G Assume 〈〈 a , c 〉〉 ∈ SL7 : pf (〈〈 c , b 〉〉 ∈ T ) by: andER (〈〈 a , c 〉〉 ∈ R ∪̇S) (〈〈 c , b 〉〉 ∈ T ) EL8 : pf (〈〈 a , b 〉〉 ∈ S ◦ T ) by: breln1
ompIM S T a b cG L7L9 : pf (〈〈 a , b 〉〉 ∈ (R ◦ T ) ∪̇ (S ◦ T ))by: breln1unionIRM (R ◦ T ) (S ◦ T ) a bL8L10 : pf (〈〈 a , b 〉〉 ∈ (R ◦ T ) ∪̇ (S ◦ T ))by: orE (〈〈 a , c 〉〉 ∈ R) (〈〈 a , c 〉〉 ∈ S)L3

(〈〈 a , b 〉〉 ∈ (R ◦ T ) ∪̇ (S ◦ T )) (λF L6) (λG L9)L11 : pf (〈〈 a , b 〉〉 ∈ (R ◦ T ) ∪̇ (S ◦ T ))by: dexEM (λc (〈〈 a , c 〉〉 ∈ R ∪̇S) ∧ (〈〈 c , b 〉〉 ∈ T ))L1
(〈〈 a , b 〉〉 ∈ (R ◦ T ) ∪̇ (S ◦ T )) (λc λE L10)L12 : pf ((R ∪̇S) ◦ T ⊆ (R ◦ T ) ∪̇ (S ◦ T ))by: subbreln1M ((R ∪̇S) ◦ T ) ((R ◦ T ) ∪̇ (S ◦ T )) (λa λb λDL11)Figure 11: woz2A, Part 1
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Let a have type MLet b have type M

E0 Assume 〈〈 a , b 〉〉 ∈ (R ◦ T ) ∪̇ (S ◦ T )L13 : pf ((〈〈 a , b 〉〉 ∈ R ◦ T ) ∨ (〈〈 a , b 〉〉 ∈ S ◦ T ))by: breln1unionEM (R ◦ T ) (S ◦ T ) a b E0

F0 Assume 〈〈 a , b 〉〉 ∈ R ◦ TL14 : pf (∃ c ∈ M . (〈〈 a , c 〉〉 ∈ R) ∧ (〈〈 c , b 〉〉 ∈ T ))by: breln1
ompEM RT a bF0Let c have type M
G0 Assume (〈〈 a , c 〉〉 ∈ R) ∧ (〈〈 c , b 〉〉 ∈ T )L15 : pf (〈〈 a , c 〉〉 ∈ R) by: andEL (〈〈 a , c 〉〉 ∈ R) (〈〈 c , b 〉〉 ∈ T )G0L16 : pf (〈〈 a , c 〉〉 ∈ R ∪̇S) by: breln1unionILM RS a cL15L17 : pf (〈〈 c , b 〉〉 ∈ T ) by: andER (〈〈 a , c 〉〉 ∈ R) (〈〈 c , b 〉〉 ∈ T )G0L18 : pf (〈〈 a , b 〉〉 ∈ (R ∪̇S) ◦ T ) by: breln1
ompIM (R ∪̇S)T a b cL16L17L19 : pf (〈〈 a , b 〉〉 ∈ (R ∪̇S) ◦ T )by: dexEM (λc (〈〈 a , c 〉〉 ∈ R) ∧ (〈〈 c , b 〉〉 ∈ T ))L14

(〈〈 a , b 〉〉 ∈ (R ∪̇S) ◦ T ) (λc λG0L18)
D1 Assume 〈〈 a , b 〉〉 ∈ S ◦ TL20 : pf (∃ c ∈ M . (〈〈 a , c 〉〉 ∈ S) ∧ (〈〈 c , b 〉〉 ∈ T ))by: breln1
ompEM S T a bD1Let c have type M
E1 Assume (〈〈 a , c 〉〉 ∈ S) ∧ (〈〈 c , b 〉〉 ∈ T )L21 : pf (〈〈 a , c 〉〉 ∈ S) by: andEL (〈〈 a , c 〉〉 ∈ S) (〈〈 c , b 〉〉 ∈ T ) E1L22 : pf (〈〈 a , c 〉〉 ∈ R ∪̇S) by: breln1unionIRM RS a cL21L23 : pf (〈〈 c , b 〉〉 ∈ T ) by: andER (〈〈 a , c 〉〉 ∈ S) (〈〈 c , b 〉〉 ∈ T ) E1L24 : pf (〈〈 a , b 〉〉 ∈ (R ∪̇S) ◦ T ) by: breln1
ompIM (R ∪̇S)T a b cL22L23L25 : pf (〈〈 a , b 〉〉 ∈ (R ∪̇S) ◦ T )by: dexEM (λc (〈〈 a , c 〉〉 ∈ S) ∧ (〈〈 c , b 〉〉 ∈ T ))L20

(〈〈 a , b 〉〉 ∈ (R ∪̇S) ◦ T ) (λc λE1L24)L26 : pf (〈〈 a , b 〉〉 ∈ (R ∪̇S) ◦ T )by: orE (〈〈 a , b 〉〉 ∈ R ◦ T ) (〈〈 a , b 〉〉 ∈ S ◦ T )L13
(〈〈 a , b 〉〉 ∈ (R ∪̇S) ◦ T ) (λF0L19) (λD1L25)L27 : pf ((R ◦ T ) ∪̇ (S ◦ T ) ⊆ (R ∪̇S) ◦ T )by: subbreln1M ((R ◦ T ) ∪̇ (S ◦ T )) ((R ∪̇S) ◦ T ) (λa λb λE0L26)Figure 12: woz2A, Part 2
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woz2B : ΠM : set .ΠR : (breln1M) .ΠS : (breln1M) .ΠT : (breln1M) .pf ((R ∪̇S) ◦ T = ((T−1 ◦ S−1)−1) ∪̇ ((T−1 ◦ R−1)−1))
= λM λRλS λT transeq ((R ∪̇S) ◦ T ) ((T−1 ◦ R−1)−1 ∪̇ (T−1 ◦ S−1)−1)
((T−1 ◦ S−1)−1 ∪̇ (T−1 ◦ R−1)−1)L11L12using proof stepsL1 : pf ((T−1 ◦ S−1)−1 = ((S−1)−1 ◦ (T−1)−1)) by: woz2WM T−1 S−1L2 : pf ((T−1 ◦ R−1)−1 = ((R−1)−1 ◦ (T−1)−1)) by: woz2WM T−1R−1L3 : pf (T = (T−1)−1) by: woz2ExM TL4 : pf (S = (S−1)−1) by: woz2ExM SL5 : pf (R = (R−1)−1) by: woz2ExM RL6 : pf ((R ∪̇S) ◦ T = (R ◦ T ) ∪̇ (S ◦ T )) by: woz2AM RS TL7 : pf ((R ∪̇S) ◦ T = ((R−1)−1 ◦ T ) ∪̇ (S ◦ T ))by: eqCE (breln1M)R (R−1)−1

(λX (R ∪̇S) ◦ T = (X ◦ T ) ∪̇ (S ◦ T ))L5L6L8 : pf ((R ∪̇S) ◦ T = ((R−1)−1 ◦ T ) ∪̇ ((S−1)−1 ◦ T ))by: eqCE (breln1M)S (S−1)−1

(λX (R ∪̇S) ◦ T = ((R−1)−1 ◦ T ) ∪̇ (X ◦ T ))L4L7L9 : pf ((R ∪̇S) ◦ T = ((R−1)−1 ◦ (T−1)−1) ∪̇ ((S−1)−1 ◦ (T−1)−1))by: eqCE (breln1M)T (T−1)−1

(λX (R ∪̇S) ◦ T = ((R−1)−1 ◦ X) ∪̇ ((S −1)−1 ◦ X))L3L8L10 : pf ((R ∪̇S) ◦ T = (T−1 ◦ R−1)−1 ∪̇ ((S−1)−1 ◦ (T−1)−1))by: eqCE2 (breln1M) ((T−1 ◦ R−1)−1) ((R−1)−1 ◦ (T−1)−1)
(λX (R ∪̇S) ◦ T = X ∪̇ ((S−1)−1 ◦ (T−1)−1))L2L9L11 : pf ((R ∪̇S) ◦ T = (T−1 ◦ R−1)−1 ∪̇ (T−1 ◦ S−1)−1)by: eqCE2 (breln1M) (T−1 ◦ S−1)−1 ((S−1)−1 ◦ (T−1)−1)

(λX (R ∪̇S) ◦ T = (T−1 ◦ R−1)−1 ∪̇X)L1L10L12 : pf ((T−1 ◦ R−1)−1 ∪̇ (T−1 ◦ S−1)−1 = (T−1 ◦ S−1)−1 ∪̇ (T−1 ◦ R−1)−1)by: breln1unionCommutesM (T−1 ◦ R−1)−1 (T−1 ◦ S−1)−1Figure 13: woz2B
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• Eq(
lφ,M,N) := (ΠP : (set → prop).pf (π1(M) = π1(N)).One 
an show by indu
tion that for every non-proof type A, Eq(A,M,N) is inhabited i�

Leib(A,M,N) is inhabited.When repla
ing equals for equals within subterms, we need to know that if F and Gare equal at type (Πx : AB) and M and N are equal at type A, then (FM) and (GN)are equal at type [M/x]B (or [N/x]B). Making sense of this 
an be tri
ky, sin
e the types
[M/x]B and [N/x]B are di�erent, but should also be, in some sense, �the same�. The notionof �sameness� here should 
orrespond to a form of isomorphism. That is, the existen
e ofterms (in 
ontext) f : [M/x]B → [N/x]B and g : [N/x]B → [M/x]B su
h that the terms
f ◦ g and g ◦ f are �equal� to the identity fun
tion at the appropriate types.Assuming we 
an prove the existen
e of terms showing su
h types are isomorphi
, we
ould de�ne �
ongruen
e� types as follows:

• Cong1((Πx : B.C),M,N) :=

(Πx : B.Πy : B.Πu : Eq(B, x, y).Cong1(C, [x/xM
λ ]BM

λ , f([y/xN
λ ]BN

λ )))when Cong1(B, x, y) and Cong1(C, [x/xM
λ ]BM

λ , [y/x
N
λ ]BN

λ ) are de�ned and where f :
[y/x]C → C is a term indu
ed by the isomorphism of [y/x]C and C (in a 
ontextwith x, y and u).

• Cong1((Πx : B.C),M,N) :=

(Πx : B.Πy : B.Cong1(C, [x/xM
λ ]BM

λ , f([y/xN
λ ]BN

λ )))when Cong1(C, [x/xM
λ ]BM

λ , f([y/xN
λ ]BN

λ )) is de�ned but Cong1(B, x, y) is not de�ned(i.e., B is a proof type) and where f : [y/x]C → C is a term indu
ed by the isomor-phism of [y/x]C and C.
• Cong1(prop,M,N) := pf (M ≡ N).
• Cong1(set,M,N) := pf (M = N)

• Cong1(
lφ,M,N) := pf (π1(M) = π1(N).The expe
ted results are the following:1. For ea
h type A with Γ ⊢ A : Typei with i ∈ {0, 1}, if Cong1(A, x, x) is de�ned, thenthere is a term CA su
h that Γ, x : A ⊢ CA ↑ Cong1(A, x, x).2. For ea
h logi
al 
onstant c of type A, if Cong1(A, c, c) is de�ned (i.e., A is not a prooftype), then Cong1(A, c, c) 
an be shown to be inhabited.3. Cong1(A,M,M) is inhabited (at least in some signature extended with new abbrevi-ations of proof type) whenever · ⊢Σ M ∼M ↑ A and A is not a proof type.4. If Eq(A,M,M), then Cong1(A,M,M).



40 There are alternative (not ne
essarily equivalent) possible de�nitions of 
ongruen
etypes. For example, the following de�nition of Cong2(A,B,M,N) avoids isomorphismof types by 
arrying two types as arguments. The idea is it is inhabited when M has type
A, N has type B, A and B are isomorphi
, and, up to isomorphism, M and N are equal.

• Cong2((Πx : B.C), (Πy : B′.C ′),M,N) :=

(Πx : B.Πy : B′.Πu : Cong2(B,B′, x, y).Cong2(C,C ′, [x/xM
λ ]BM

λ , f([y/xN
λ ]BN

λ )))when Cong2(B,B′, x, y) and Cong2(C,C ′, [x/xM
λ ]BM

λ , [y/x
N
λ ]BN

λ ) are de�ned.
• Cong2((Πx : B.C), (Πy : B′.C ′),M,N) :=

(Πx : B.Πy : B′.Cong2(C,C ′, [x/xM
λ ]BM

λ , [y/x
N
λ ]BN

λ ))when Cong2(C, [x/xM
λ ]BM

λ , f([y/xN
λ ]BN

λ )) is de�ned but Cong2(B, x, y) is not de�ned.
• Cong2(prop, prop,M,N) := pf (M ≡ N).
• Cong2(set, set,M,N) := pf (M = N)

• Cong2(
lφ, 
lψ,M,N) := pf (π1(M) = π1(N).Note that Cong2(A,B,M,N) is only de�ned when A and B have similar stru
ture andneither are proof types. What is the �best� de�nition of 
ongruen
e types is questionableand left open.One 
an use 
ongruen
e types to repla
e equals by equals within terms and underneathbinders. For instan
e, one 
ould de�ne judgments Γ ⊢E M = N : A for whether two termsare equal up to a given set E of equations in 
ontext, then prove that if the judgment holdsand A is not a proof type, then Cong1(A,M,N) (or Cong2(A,A,M,N)) is inhabited. Attype prop, this means we 
an prove equivalen
e of M and N . If we know M and we 
anprove M ≡ N , then we 
an derive N . The details are left for future work.6.2 ComputationsOne would like to use programs su
h as 
omputer algebra systems to determine the truthof purely 
omputational propositions and then build a DeTSeT proof term. This 
ouldespe
ially be useful when working with, e.g., the natural numbers, real numbers, et
.6.3 Indu
tive De�nitionsOne 
an en
ode indu
tively de�ned sets, relations and fun
tions in ZFC (and so in DeTSeT).We sket
h how su
h an en
oding 
an be done by example.Suppose S is intended to be the set indu
tively de�ned to 
ontain an element nil andto be 
losed under a binary 
onstru
tor cons. We 
an de�ne a proposition φ(x, y) to be
∀z.z ∈ y ≡ ((z = ∅) ∨ (∃a1, a2 ∈ x∃b1, b2.φ(a1, b1) ∧ φ(a2, b2) ∧ ∃v ∈ b1∃w ∈ b2.z = 〈v, w〉))



41Using extensionality we know for all x there is at most one y su
h that φ(x, y) holds. Note
φ(∅, {∅}) holds. For ea
h �nite ordinal n ∈ ω, assume φ(i, Si) holds for i ∈ n. Then φ(n, Sn)holds where

Sn := {∅} ∪ {〈v, w〉|v, w ∈ S0 ∪ · · · ∪ Sn−1}One 
an prove by indu
tion on ω that for all n ∈ ω , Sn is the unique set su
h that
φ(n, Sn). Using repla
ement, {S0, S1, . . . , Sn, . . .} is a set.1 We �nally de�ne S to be
⋃
{S0, S1, . . . , Sn, . . .} and de�ne nil := ∅ ∈ S and cons(v, w) := 〈v, w〉 ∈ S for v, w ∈ S.One 
an prove the usual indu
tion prin
iple for S using this de�nition.Using similar te
hniques one 
an de�ne re
ursive fun
tions on an indu
tively de�neddomain su
h as S.Dire
t support for spe
ifying indu
tive de�nitions whi
h fall ba
k on the 
onstru
tionabove would be useful. For example, one 
ould spe
ify S asindu
tive S {nil:S.
ons:S -> S -> S.}whi
h should de�ne S : set, nil : S and cons : S → S → S and prove the importantindu
tion prin
iples (hiding the de�nitions and proofs from the user).6.4 Importing Libraries: MetaMath, Isabelle-HOL/ZF, HOL-light,HOL4, MizarOne of the most important immediate 
on
erns is the building of a large DeTSeT libraryby importing the libraries of existing systems.Translating the library of MetaMath [22℄ should be relatively easy sin
e MetaMath isfully formal and is based on ZFC. Note that MetaMath in
ludes a 
onstru
tion of the realnumbers. One should also be able to translate the Isabelle-ZF library in a fairly dire
tmanner.Mizar [2℄ has a very large library, but does not use a formal notion of a proof obje
t.The Mizar 
he
ker reads text �les (Mizar arti
les) and a

epts or reje
ts these �les basedon 
riteria native to the 
ode of Mizar. One 
ould imagine writing an interpreter forMizar arti
les whi
h generates 
orresponding DeTSeT abbreviations. Mizar is based on anextension of ZFC (Tarski-Grothendie
k set theory, whi
h assumes every set is a member ofa universe modelling ZFC). This extension will likely only prevent small parts of the Mizarlibrary from being dire
tly translated into DeTSeT.Finally, using the en
oding of simply typed λ-
al
ulus in DeTSeT, a translation fromIsabelle-HOL and the various members of the HOL family (HOL-light and HOL4) shouldbe possible. There has already been work building proof terms for these libraries whi
hallows the libraries of one system to be imported into the others (see for example [25, 21℄).1This is an important appli
ation of the axiom of repla
ement.



426.5 ModulesWe have des
ribed here how to en
ode mathemati
al information in a single, large signatureof abbreviations. One would like to have a module system whi
h allows several people toindependently develop parts of the overall signature without 
on
ern about interferen
efrom other people developing a di�erent part of the signature.6.6 En
oding TextsThe library should be further extended by en
oding mathemati
s from textbooks. Ofparti
ular interest are portions of Number Theory [14℄, Real Analysis [11, 4℄, Algebra [17℄,Topology [24℄, and Category Theory [19℄.6.7 Natural Input and OutputMu
h work 
ould be done with respe
t to input and output of DeTSeT terms and types. Asan example, one 
ould 
onsider the input spe
i�
ation language PAM whi
h is used in thesystem S
unak [9, 8℄. S
unak was also able to interpret a LaTeX proof from a textbook as aspe
i�
ation language [7℄. Optimally, one would like to be able to s
an a mathemati
al textand obtain a 
orresponding signature of abbreviations (
on
epts and proofs). Certainlythere must be interesting intermediate stages whi
h 
ould be studied at the moment. Onepossibility would be to allow proofs to be spe
i�ed in s
ripts or arti
les similar to thoseused by Mizar [2℄.In terms of output, the hope is that one 
ould indi
ate whi
h parts of a signature onewishes to output and a system 
ould use this to write an arti
le or even a book. The outputrepresentation 
ould be either a typesetting language like LaTeX, a markup language likeOmDo
 [18℄ whi
h 
ould be used by A
tiveMath [23℄, or a do
ument language likePLATO [34, 20℄ whi
h 
ould be used to mediate between systems and editors.6.8 Uni�
ation and Mat
hingOne 
an de�ne an erasure from the dependent types of DeTSeT to simple types. Usingthis erasure and by Currying away the produ
t types 
orresponding to 
lass types, one 
aneasily adapt Huet's algorithm for higher-order pre-uni�
ation [16℄ to DeTSeT. However,it is probably worthwhile to develop algorithms for uni�
ation and mat
hing dire
tly forDeTSeT.6.9 Proof Sear
hWe need methods for �nding proofs or �lling gaps in proofs. This boils down to thefollowing problem: Given a valid signature Σ and a valid 
ontext Γ and a type su
h that
Γ ⊢Σ A : Typei (for i ∈ {0, 1, 2}), �nd a term M su
h that Γ ⊢Σ M ∼M ↑ A.A spe
ial 
ase would involve 
reating an e�
ient algorithm for answering the questionof whether there exists a �one-step� M su
h that Γ ⊢Σ M ∼ M ↑ A. One would need to



43be pre
ise about what �one-step� means. One easy possibility 
an be seen by 
onsideringimitations and proje
tions from Huet's pre-uni�
ation algorithm [16℄. Ea
h imitation orproje
tion partially instantiating a variable of a proof type 
an be 
onsidered as essentially�one-step� in partially �lling a proof. A �one-step� 
ompletion of a proof (in a 
ontext Γ)
ould be an imitation or a proje
tion where any newly introdu
ed existential variables 
anbe �lled using variables from the 
ontext Γ. More than likely, however, one would also liketo 
onsider 
ertain equality steps as �one-step� even if these do not 
orrespond simply toan imitation or proje
tion.The idea of what �one-step� means is related to the issue of granularity (as studiedin [30℄) whi
h is being studied in the tutoring 
ontext as part of the DiaLog proje
t [5, 6℄.This also relates to 
he
king textbook proofs [7℄. A step �lling a gap in a proof would be atthe appropriate level of granularity for a given student (or reader) if the type 
orrespondingto the gap 
ould be �lled in �one-step� where �one-step� is de�ned relative to the student(reader) model. The head of an imitation step 
ould in prin
iple be any logi
al 
onstant orabbreviation from Σ, but 
ould also be restri
ted to a subset of 
onstants and abbreviations.Thus, su
h a student (reader) model 
ould be de�ned, at least in part, by giving a subsetof abbreviations from Σ that the student (reader) is expe
ted to �know.�6.10 Compa
t RepresentationIn the formulation of DeTSeT given here, terms whi
h 
orrespond to proof terms are β-normal, even though by proof irrelevan
e it is not ne
essary to 
ompute β-normal formsto 
he
k if two proof terms are equal. (Any two proof terms of the same type are equal,regardless of their normal forms.) We 
ould avoid this by distinguishing in the syntaxof terms between proof terms and non-proof terms. This should make some proof termssmaller sin
e we 
ould share subproofs within a term more easily. (At the moment one
an only share subproofs by making abbreviations.) One 
ould also form more 
ompa
trepresentation by allowing impli
it arguments (as in Twelf [27℄) or by extending the termstru
ture to in
lude admissable rules (su
h as repla
ing equals for equals). In any 
ase, onemust prove that the new term representation 
an be mapped to the original representationin a type preserving way.6.11 Theory and Semanti
sWe have given an algorithmi
 formulation of DeTSeT. In the future, a theoreti
al formula-tion should be given. In su
h a formulation, the λ on terms should probably 
arry the typeso that ea
h term has at most one type. One 
ould hopefully prove that the algorithmi
formulation and theoreti
al formulation are equivalent (in an appropriate sense).One should be able to de�ne a semanti
s and prove a soundness and (hopefully) 
om-pleteness results relating the theoreti
al formulation of the type theory with the givensemanti
s. Su
h a semanti
s 
ould be set theoreti
 (using ideas from Henkin models), 
ate-gory theoreti
 (using, for example, either sli
e 
ategories or �brations) or perhaps by usingpers over models of simple type theory.



446.12 Relationship to �rst-order ZFCThe motivation for DeTSeT was to give a usable formulation of ZFC. The fa
t that DeTSeTis at least as expressive and proof-theoreti
ally strong seems obvious from the formulationgiven here. We 
onje
ture that DeTSeT is a
tually equivalent to ZFC in the followingsenses:
• There is a translation taking ea
h M su
h that · ⊢Σ M ∼ M ↑ prop to a �rst-orderproposition M ′.
• For every M su
h that · ⊢Σ M ∼ M ↑ prop, there is a term P su
h that · ⊢Σ P ∼
P ↑ pfM i� M ′ is provable in ZFC.

• For every proposition N in the language of �rst-order set theory there is a DeTSeTterm M su
h that · ⊢Σ M ∼M ↑ prop and su
h that N ≡M ′ is provable in ZFC.This would also imply ZFC and DeTSeT have the same 
onsisten
y strength.6.13 Choi
eThe formulation of the axiom of 
hoi
e is a bit awkward. An easier formulation wouldinvolve a 
hoi
e operator (similar to those 
ommonly used in HOL). However, this wouldseem to in
rease the proof strength of the theory beyond ZFC. The problem is that one
ould use the 
hoi
e operator within the de�nition of a set, whi
h does not seem to bepossible in ZFC. The status of 
hoi
e operators in DeTSeT (or extensions of DeTSeT) andthe relation to ZFC should be 
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