o N

SetComprehensionin Church's
Type Theory

AutomatedTheoremProving in Extensional Type
Theory

Chad E. Brown

cebrown@andrew.cmu.ed u

Department of Mathematical Sciences

Carnegie Mellon University



Simply Typed A-calculus

f (truth values)
Simple Types 7T (individuals)
(functions from to )



Simply Typed A-calculus

f (truth values)
Simple Types 7T (individuals)

(functions from to )

Variables ( )
Parameters ( )
Logical Constants ( )
Application
-abstraction

Terms:



Propositions

-

Propositions:



Propositions

-

Propositions:
M
M
M

Abbreviations:

M means M

M means M

M means M

M  means M



Propositions

-

Propositions:
M

M
M

Sentences = Closed Propositions
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Automated Theorem Proving
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# Given: M — Goal: Find a Proof of M
#® Tps- Higher-Order Theorem Proving System (Andrews)

# Traditional Trs Search Procedures:
» Use Expansion Trees
s Matings (Andrews, Bibel)
s Higher-Order Uni cation (Huet)

s Primitive Substitutions (Andrews)

#® Searches in Elementary Type Theory

L (No Extensionality) J
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LEAF2

LEAF1

Connection: (LEAF1 . LEAF2)

Expansion Proof: Expansion Tree + Complete Mating
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Search Expansion Tree for

N

(EXP)

/ \ LEAF{ \LEAFZ

LEAF3 LEAF4

LEAF3
New Var LEAEA

New Tree and JForm

.

LEAF1 LEAF2
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Search Expansion Tree for

N

(EXP)

/ \ LEAF{ \LEAFZ

LEAF3 LEAF4

LEAF3

Unify | | / LEAF4

Success! LEAF1 LEAF2
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Seailch

Find a Complete Mating

Solve for Instantiations of Expansion Variables
(Uni cation)

Duplicate Expansions

Primsubs - Introducing a Logical Constant
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Primiti ve Substitutions
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Any set variable at the head of a e xible node may
require a Primsub.

Primsubs: For each

There may be in nitely many constants In

Can we restrict ?
Can we restrict the forms of instantiations ?

Dif cult to Get any Restrictions without Extensionality

o |
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Let be

If two functions agree on all arguments, then they are equal.

Combining Boolean and Functional Extensionality:

Two sets are equal if they contain the same elements.

o |
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The Sets and May Differ.

We May Need to Consider a Set Instantiation

. May Differ from

We May Need to Consider Logical Constant  ina
Proof.



Extensional Theorems

-

Let be the sentence



Extensional Theorems

-

Let be the sentence

Tes traditionally proves theorems of elementary type
theory (no extensionality).



Extensional Theorems

-

Let be the sentence

Tes traditionally proves theorems of elementary type
theory (no extensionality).

Previous Tps search procedures cannot prove



Extensional Theorems

-

Let be the sentence

Tes traditionally proves theorems of elementary type
theory (no extensionality).

Previous Tps search procedures cannot prove

Can simply include Boolean extensionality as a
hypothesis



Extensional Theorems

-

Let be the sentence

Tes traditionally proves theorems of elementary type
theory (no extensionality).

Previous Tps search procedures cannot prove

Can simply include Boolean extensionality as a
hypothesis

Drawback: Using

L In the hypothesis requires instantiating and

|



Extensional Theorems

-

Let be the sentence

Tes traditionally proves theorems of elementary type
theory (no extensionality).

Previous Tps search procedures cannot prove

Can simply include Boolean extensionality as a
hypothesis

Drawback: Using

In the hypothesis requires instantiating and J
L Want: A better way to build in extensionality.
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Sequents

-

Sequents = Finite Multiset of Sentences

Intuitively,

Next: Rules for Deriving Sequents

In Extensional Type Theory
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Sound and Complete w.r.t. -Models (Chaps. 2-5)

Admissible Rules (by Completeness):

Cut-Elimination!
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Rules De ne a Sequent Calculus (Relative to )

Sound and Complete w.r.t. -Models (Chaps. 2-5)

Conservation and Independence Results (Chap. 6)

Enough to Consider Signature

not a propositional type
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Need a Version of Expansion Proofs for
Extensional Proofs

Generalize Expansion Trees to
Extensional Expansion Dags

Need a Method of Searching for
Extensional Expansion Proofs
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Reconsider:
The proof requires no extensionality.

Expansion Proof Corresponds to
Sequent Calculus Derivation
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Extensional Expansion Proofs =
(Closed) Extensional Expansion Dags with
No Vertical Paths

Extensional Expansion Proofs correspond to
Sequent Derivations.

Base Automated Search on
Extensional Expansion Dags
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Use Primsubs on Expansion Variables
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Maximal Solution:



SetConstraints
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Reconsider

Lower Bound Constraints:

Simultaneous Minimal Solution:
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-

Upper and Lower Bound Set Constraints may be
Recursive.

Least Solution: Empty Set (Trivial)
Combine with a Non-Recursive Lower Bound:

Least Solution: Finite Binary Trees with Leaves and
Constructor

Tps can Automatically Generate Such Solutions using
Knaster-Tarski Fixed Point Theorem.

|
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THM2F

If Is monotone, then has a xed point.
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THM2F "

Recursive Set Constraint for

The Natural Monotone Set Function to Consider Is

But We Cannot Syntactically Determine If Is
Monotone.

Use the “Monotone Approximation”
Tps Solves for  with

Tes Proves Using Monotonicity of
(Hypothesis).
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