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SimpleTypes

Simple Types T :
o (truth values)
� (individuals)
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SimpleTypes

Simple Types T :
o (truth values)
� (individuals)

(� � ) (functions from � to � )

o� “sets of individuals” (characteristic functions of sets)
o(o�) “sets of sets”
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Simply Typed � -Terms

Terms:

x� Variables (V)
A� Parameters (P)
c� Logical Constants (S)

(F�� B � )� Application
(�y � A � )�� � -abstraction
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x� Variables (V)
A� Parameters (P)
c� Logical Constants (S)

(F�� B � )� Application
(�y � A � )�� � -abstraction

Equality of terms: � � �

� -conversion Changing Bound Variables
� -reduction (( �y � A � ) B ) �� ! [B=y]A
� -reduction (�y � (F�� y)) �� ! F (y� =2 Free(F))
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Simply Typed � -Terms

Terms:

x� Variables (V)
A� Parameters (P)
c� Logical Constants (S)

(F�� B � )� Application
(�y � A � )�� � -abstraction

Equality of terms: � � �

Every term has a unique � � -normal form,
up to � -conversion.
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Logical Constants

: oo – negation
_ooo – disjunction
� �

o(o� ) – universal quanti�cation over type �

= �
o�� – equality
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Abbreviations for Logical Operators

(A o _ B o) means (_oooA o B o)

(A o � B o) means (: A o _ B o)

(8 x� A o) means (� �
o(o� ) �x � A o).

(9 x� A o) means (:8 x� : A o).
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Church'sTypeTheory

Chur ch's Type Theor y:

Simply typed � -calculus with the signature

f: ; _g [ f � �
�
� � 2 T g

(and perhaps a description or choice operator).
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Church'sTypeTheory

Chur ch's Type Theor y:

Simply typed � -calculus with the signature

f: ; _g [ f � �
�
� � 2 T g

(and perhaps a description or choice operator).

Axioms of Extensionality

Axiom of Description or Choice

Axiom of In�nity

Elementary Type Theory (TPS – for automated theorem
proving)
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Church'sTypeTheory

Chur ch's Type Theor y:

Simply typed � -calculus with the signature

f: ; _g [ f � �
�
� � 2 T g

(and perhaps a description or choice operator).

Axioms of Extensionality

Axiom of Description or Choice

Axiom of In�nity

Extensional Type Theory (TPS and LEO – automated
theorem proving)
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Multi-Modal Logic

“Propositional” Symbols:

PROP = f P; Q; : : :g

“Modalities”:
M OD = f R; S; : : :g

Multi-Modal WFF's (' ,  , : : :):

Pj: ' j' _  jhRi ' j[R]'
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Multi-Modal Logic

Standard Translation to First-Order (relative to x):

Associate each P 2 PROP with some predicate P.

Associate each R 2 M OD with some relation R.

STx(P) = P(x)

STx(: ' ) = : STx(' )

STx(' _  ) = STx(' ) _ STx( )

STx(hRi ' ) = 9y(R(x; y) ^ STy(' ))

STx([R]' ) = 8y(R(x; y) � STy(' ))

Note: ST translates to a predicate on x.
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EncodingMulti-Modal Logic

Associate each P 2 PROP with some predicate Po�.

Associate each R 2 M OD with some relation Ro�� .

H ST(P) = P
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Multi-Modal Fragment of Higher-Order

PROP = f P; Q; : : :g � Vo� [ Po�

M OD = f R; S; : : :g � Vo�� [ Po�

Multi-Modal Formulas are
certain terms (' ,  , : : :) of type o�:

Pj: ' j(' _  )j(� R ' )j( R ' )

No inductive translation is required.
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Next...

Two directions:

1. Generalize the types.

2. Extend to Hybrid Logic.
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Generalizing the Types

(Properties on type � )

PROP� = f Po� ; Qo� ; : : :g � Vo� [ Po�

(Relations between � and � )

M OD�;� = f Ro� � ; So� � ; : : :g � Vo� � [ Po� �

� -Multi-Modal Formulas M M F � (terms of type o� ):

Po� j: � ' j(' _ �  )j(� �;� Ro� � ' o� )j( �;� Ro� � ' o� )
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Examples

Let 2o� (o� ) stand for [�U o� �x � :Ux].

Intuitively, (2 U x) means x 2 U.
Let Po� 2 PROP� .
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Intuitively, (2 U x) means x 2 U.
Let Po� 2 PROP� .

[2 ]P is in M M F o�
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Examples

Let 2o� (o� ) stand for [�x � �U o� :Ux].
Let OPENo(o� ) 2 PROPo� .

h2iOPEN is in M M F �

This is true at x� iff x is in some P in OPEN .
Represents union of a collection
(Automatic proof of equivalence by TPS )

– p.15/20



Hybrid Logic

Multi-Modal Plus Nominals:

N OM = f i; j; : : :g

“At” operator:
@i '

Maybe downarrow binder:

# x:' (x)

First-Order Translation:
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First-Order Translation

Associate nominals i with variable i .

STx(i ) = (x = i )

STx(@i ' ) = [i=x]STx(' )

STx(y) = (x = y) (y is a “nominal variable”)

STx(# y:' ) = [x=y]STx(' )
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EncodingHybrid Logic with GeneralTypes

Nominals at type � :

N OM � = f i � ; j � ; : : :g � V� [ P�

� -Hybrid Formula H F � is a term of type o� constructed as
� -Multi-Modal Plus:

(U� i � ) where U� is (�x � �y � (x = y))

(@�;� j � ' o� )o� where @�;� is �z � �V o� �x � :V z

(#� (�i � : ' o� )) (i � is a “nominal variable”)

where #� is �W o�� :�x � (W x x)
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(Note this does not depend x.)
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Examples

Po� 2 PROP�

eo� 2 N OM o�

(Uo� e) � [2 ](P ^ : P)
Valid if e is empty.

(Uo� e) � [2 ](P ^ : P)
Valid if e is the unique empty set (extensionality).

@� ;(o� ) e[2 ] (P ^ : P)
True at b� iff e is empty (does not depend on b).

Automatic proofs in TPS
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Conclusion

Using � -terms, the standard translation from
Multi-Modal (and Hybrid) Logic to �rst-order logic
becomes an easier translation into higher-order logic.

The translation shows Hybrid Logic is a natural
fragment of higher-order logic.

By generalizing over types, we obtain a typed form of
Hybrid Logic.
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