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HIGHER-ORDER SEMANTICS AND EXTENSION ALITY

CHRISTOPH BENZM ULLER, CHAD E. BROWN, AND MICHAEL KOHLHASE

Abstract. In this paper we re-examine the semanticsof classicalhigher-order logic with the purpose
of clarifying the role of extensionality. To reachthis goal, we distinguish nine classesof higher-order
models with respectto various combinations of Boolean extensionality and three forms of functional
extensionality. Furthermore, we develop a methodology of abstractconsistencymethods(by providing the
necessarymodel existencetheorems) neededto analyze completenesof (machine-oriented)higher-order
calculi with respectto thesemodel classes

x1. Motivation. In classicalrrst-orderpredicaelogic, it israther simpleto assess
the deductive power of a calculus Pbrst-order logic has a well-estalished and
intuiti veset-theoseticsemanticsreldiveto which completenesgsaneasiy beveriped
using, for instance the abstract consistencymethod (cf. the introductory textbooks
[6,22]). Thiswellunderstoodmeta-theoryhassupportedthe developmentof calculi
adapted to specialapplicationsNsuch as automated theorem proving (cf. [16, 47]
for an overview).

In higher-order logics,the situation is rather di»erent: the intuiti ve set-theoetic
standard semanticscannot give a sensille notion of completenesssinceit does
not admit complete (recursively axiomatizable) calculi [24, 6]. There is a more
geneal notion of semanticq26], the so-calledHenkin models,that allowscomplete
(recursively axiomatizable) calculi and therefore setsthe standard for deductive
power of calculi.

Peter AndrewsQUnifying Principle for Type Theoly [1] provides a method of
higher-order abstract consistencythat hasbecomethe standard tool for complete-
nessproofsin higher-orderlogic, eventhough it canonly beusedto show complete-
nessrelaiveto a certain Hilbert style calculusTs. A calculusC is called complete
relativeto a calculusTy i» (if and only if) C provesall theoremsof T;. SinceTy is
not completewith respectto Henkin models,the notion of completenesshat can
be estalishedby this method is a strictly weaker notion than Henkin completeness
The di»erencesbetweenthesenotions of completenessan largely be analyzed in
terms of availability of various extensionality principles, which can be expressed
axiomatically in higher-order logic.

As a consequencef the limitations of Andrew® Unifying Principle, calculi for
higher-order automated theorem proving [1, 32, 33, 34, 42, 36, 37] and the cor-
respondingtheorem proving systemssuchas Tps [7, 8], or eadier versionsof the
Leo [14] systemare not completewith respectto Henkin models Mor eover, they
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are not even sound with respectto Tj, sincethey (for the most part) employ
¢-conversion, which is not admissible in Ty. In other words, their deductive power
lies somavhere betweenT; and Henkin models Characterizing exactly where re-
vealsimportant theoretical propertiesof thesecalculi that have directconsequences
for the adequacyin various application domains (seethe discussionin section8.1).
Unlik e calculi without computational concerns,calculi for mechanizd reasoning
systemscannot be made complete by simply adding extensionality axioms, since
the seach spacesnduced by their introduction grow prohibiti vely. Being able to
compare and characterize the methodsand computational devicesusedinsteadis a
prerequisitefor further developmentin this area.

In this situation, the aim of this article is to provide a semanticalmeta theory
that will support the development of higher-order calculi for automated theorem
proving just asthe correspondingmethodology doesin brst-order logic. To reach
this goal, we needto estalish:

(1) classe®f modelsthat adequaely characterizethe deductive power of existing
theorem-proving calculi (providing semanticswith respecto which they are
soundand complete),and

(2) amethodology of abstractconsistencymethods(by providing for thesemodel
classeshe necessarynodel existencetheorems,which extend Andr ews@ni-
fying Principle), so that the completenessanalysis for higher-order calculi
will becomealmostassimpleasin brst-order logic.

We fully achieve the prst goal in this article, and take a large step towards the
second. In the model existencetheorems presentedin this article, we have to
assumea new condition called saturation, which limits their utility in completeness
proofs for machine-orientedcalculi. Fortunately, the sauration condition can be
lifted by extensionsof the methodspresentedin this article (seethe discussionin
the conclusion8.2and [12]).

Dueto theinherentcomplexity of higher-ordersemanticavebrstgiveaninformal
exposition of the issuescovered and the techniquesapplied. In Section4, we will
investigae the propertiesof the model classesntr oducedin Section3in moredetail
and corroborate them with example modelsin Section5. We prove model existence
theoremsfor the model classesn Section6. Finally, in Section 7 we will apply
the model existencetheoremsfrom Section6 to the task of proving completeness
of higher-order natural deduction calculi. Section 8 concludesthe article with a
discussionof relaed work, possilde applications, and the sauration assumptionwe
introducedfor the model existencetheorems

The work reported in this article is basedon [15] and signibcantly extendsthe
material presentedhere

x2. Informal exposition. Before we turn to the exposition of the semanticsin
Section2.3, let us specifywhat we meanby Ohigherorder logicO:any simply typed
logical systemthat allows quantibcaion over function and predicae variables
Technicall, we will follow tradition and employ a logical systemHCL basedon
the simply typed é-calculusasintr oducedin [18]; this doesnot restrictthe geneality
of the methodsreportedin this article, sincethe ideascanbecarried over. A relaed
logical systemis discussedn detail in [6].
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2.1. Simply typed é-calculus. To formulate higher-order logic we start with a
collectionof typesT . Weassumeherearesomebasictypesin T andthat whenever
; & 2 T, thenthe function type ( ! &) isin T. Furthermore, we assumethe
types are geneated freel, sothat ( 1! &) ( 2! &) implies ; 2 and
ax as.

HOL -formulae (or terms) are built up from a setV of (typed) variables and
a signature 1 (a set of typed constants) as applicatiors and é-abstractions. We
assumethe setV of variablesof type is countably inbnite for eachtype . The
setw» () of well-formedformulae consistsof thoseformulae which have type
The type of formula A will be annotated as an index, if it is not clear from the
context. We will denote variables with upper-caseletters (X ;Y;Z;X3;X2;::0),
constantswith lower-caseletters (¢ ;f | 3;:::) and well-formed formulae with
upper-casebold letters(A ;B;C1;:::). Finally, weabbreviate multiple applications
andabstractionsin akind of vectornotation, sothat AU k denotesk-fold application
(associding to the left), éXk.A denotesk-fold &-abstraction (associding to the
right) and we usethe square dot @asan abbreviation for a pair of brackets, where
@standsfor the left one with its partner asfar to the right asis consistentwith the
bracketing already presentin theformula. Wemay avoid full bracketing of formulas
in the remainderif the bracketing structureis clear from the context.

We will usethe terms like freeand boundvariables or closedformulae in their
standard meaningand usefreqA) for the setof freevariablesof a formula A. In
particular, alphabetic changeof namesof bound variablesis built into HOL : we
consideralphabetic variants to be identical (viewing the actual representdéion asa
representaive of an alphabetic equivalenceclass)and usea notion of substitution
that avoidsvariable captur eby systemaically renamingbound variables®* Wedenote
a substitution that instantiatesa freevariable X with a formula A with [A=X] and
write 0; [A=X] for the substitution that is identical with 6 but instantiates X with
A. For any term A we denoteby A[B], the term resulting by replacingthe subterm
at position p in A by B.

A structural equality relaion of HOL termsis inducedby a¢-reduction

(EX.A)B! 4 [B=X]A (X.CX)! ¢ C

where X is not freein C. It is well-known that the reduction relaions &, ¢, and
ac areterminating and conBuenton w» (1), sothat thereare unique normal forgns
(cf. [9] for anintroduction). Wewill denotethe &-normal form of aterm A by Ayé,
and the ag-normal form of A by A#,.. If we allow both reduction and expansion
steps,we obtain notions of a-conversion, ¢-corversion and a¢-conversion We say
A and B are a-equal[¢-equal ag-equa] (written A 3B [A B, A 3:B]) whenAis
a-convertible [¢c-convertible, &¢-convertible] to B.

2.2. Higher-orderlogic(HQOL ). In HOL , the setof basetypesisf o;é for truth
valuesandindividuals. Wewill call aformula of type o0 a proposition and a sentence
if it is closed. We will assumethat the signaure § contains logical constantsfor
neation (: o o), disjunction(_o o o), and universalquantibcatior(u( | o) o) for
eachtype . Optionally, 1 may contain primitive equality(= , , ,) for eachtype

1We could also have usedde Bruijn ®indices[19] as a concreteimplementation of this approach at
the syntaxlevel.
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. All other constantsare called parametes, sincethe argumentaion in this article
is parametricin their choice

Wewrite disjunctionsand equaions, i.e,, termsof theform ((_A)B) or (= A)B),
in inbx notation asA _ B and A = B. As we only assumethe logical constants: ,
_,andp (and possildly = ) asprimiti ve, we will useformulae of the form A” B,
A) B,andA, B asshorthandfor theformulae: ((: A) _ (: B)), and(: A) _ B,
and(A) B)"(B) A),respectvely. For eachA 2 w» (1), the standard notations
8X .A and 9X .A for quantibcation areregardedasshorthand for p (éX .A) and
(U (X .: A). Finally, we extend the vector notation for &-bindersto k-fold
quantibcaion: wewill use8X k.A and 9X kKA in the obvious way.

Weoften needto distinguishbetweenatomic and non-atomic formulaein w» o(1)).
A non-atomic formula is any formula whosea-normal form is either of the form
:AA_B,orpy C (whereA,B 2 w»o(1) andC 2 w» | o(1)). An atomic formula
is any other formula in w» o(f)Nincluding primiti ve equaions A = B in caseof
the presencef primiti ve equality.

It is matter of folklore that equality can directy be expressedin HOL . A
prominent exampleis the Leibniz formula for equality

Q :=(BX Y 8P| oPX ) PY):

With this dePnition, the formula (Q AB) (expressingequality of two formulae A
andB of type ) &-reducedo 8P , .(PA)) (PB), whichcanbereadas formulae
A and B arenot equali» thereexistsadiscerningproperty P.? In other words, A and
B areequal,if they areindiscernible. Wewill usethe notation A = B asshorthand
for the &-reduct8P | ,.(PA)) (PB) of (Q AB) (whereP 2 freed) [ free®)).?
There are alternative ways to debneequality in terms of the logical connectives
([6, p. 203]) and the techniquesfor equality introducedin this article carry over to
them (cf. Remaik 4.4).

In this article we useseveral di»erent notions of equality. In order to prevent
misunderstandingsve explain thesedi»erent notions togetherwith their syntactical
representaion here:

If we debnea conceptweuse := (eg., letD := fT,Fg). representsdentity.
We refer to a representdive of the identity relaion on D as an object of the
semanticaldomainD , | , with g . Note that we possildy have one, several, or
noq inD , | foreachdomain D . The remainingtwo notions are related to
syntax. = may occur asa constantsymbolof type ! ! oin asignauref.
Finally, = andQ areusedfor Leibniz equalityasdescribedabove

2.3. Notionsof modelsfor HOL . A modelof HCOL isa collection of non-empty
domains D for all types togetherwith a way of interpreting formulae The
model classesdiscussedin this article will vary in the domains and specibcsof
the evaluation of formulae The relationships betweentheseclasseof modelsare
depictedasa cubein Figure 1. We will discussthe model classesrom bottom to
top, from the most specibcnotion of standard models (ST ) to the most geneal
notion of 8-complexes,motivating the respectve genealizations aswe go along. In
Section 3, where we develop the theory formally basedon the intuitions discussed

2Note that this is symmetric by consideringcomplementsand henceit is su¥cientto use) instead
of, . )
SNote that A = B isa-normali» A and B area-normal. The sameholds for ag-equality.
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Figure 1. Thelandscage of higher-order semantics

here, we will proceedthe other way around, specializingthe notion of a §-model
more and more

The symbolsin the boxesin Figure 1 denotemodel classesthe symbolslabeling
the arrows indicate the propertiesinducing the correspondingspecializaion, and
the r -symbolsnext to the boxesindicate the clausesin the debnition of abstract
consistencyclassegcf. Debnition 6.5) that are neededo estalish a modelexistence
theoremfor this particular classof models(cf. Theorem 6.34).

2.3.1. Standad and Henkin models[ST ;H; M 5,]. A standad model (ST, cf.
Debnition3.51)for HOL providesabxedsetD¢of individualsandasetD, := fT; /g
of truth values All thedomainsfor thefunction typesaredebPnednductively: D | 4
isthe setof functionsf : D | Dj. Theevaluation function E with respecto an
assignment of variablesis obtained by the standard homomorphic construction
that evaluatesa é-abstraction with a function.

One canreconstructthe key idea behind Henkin models(H isomorphic to M gy,
cf. Debnitions 3.50,and Theorem 3.68) by the following obsenation. If the setD4is
inbnite, thesetDg ,, of setsof individualsmustbeuncountably inbnite. Ontheother
hand, any reasondle semanticsof alanguagewith acountable signaurethat admits
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soundand completecalculi must have countable models Leon Henkin genealized
the classof admisside domains for functional types [26]. Instead of requiring
D , 4 (andthusin particular, D¢ ,) to bethe full setof functions (predicaes), it is
su¥acientto requirethat D |, 3 hasenoughmembersthat any well-formedformula
canbeevaluated (in other words, the domainsof function typesarerich enoughto
sdisfy comprehension).Note that with this genealizednotion of amodel, thereare
fewer formulaethat are valid in all models(intuiti vely, for any givenformula there
are more possibilities for counter-models). The genealization to Henkin models
restrictsthe setof valid formulae su¥acienty sothat all of them canbe provenby a
Hilbert-style calculus[26].

Of courseour picture in Figure 1 is not complete here; we can axiomatically
require the existenceof particular (classef) functions, eg., by assumingthe de-
scription or choiceoperators. Wewill not pursuethis here;for a detaileddiscussion
of the semanticissuegaisedby the presencef theselogical constantssee[3]. Note
that even though we can consider model classeswith richer and richer function
spaces,we can never reachstandard models where function spacesare full while
maintaining complete(recursively axiomatizable) calculi.

2.3.2. Modelswithoutboolearextensionality[M a; M 51 ; M ac; M 5]. Thenext gen-
eralization of model classesomesfrom the fact that we want to have logicswhere
the axiom of Boolean extensionality canfail. For instance in the semanticsof nat-
ural languagewe have so-calledverbsand adjectivesof Opopositional attitudeOlik e
believeor obvious. We may not want to commit ourselvesto a logic where the sen-
tenceOdhn believesthat Phil is a woodchuckGautomatically entails Odhn believes
that Phil is a groundhogOsinceJohn might not be aware that OwodchuckOis just
anotherword for OgoundhogO.The axiom of Booleanextensionality doesjust that;
it statesthat whenevertwo propositions are equivalent, they must be equal,and can
be substituted for eachother. Similarly, the formulae obvious(O) and obvious(F)
whereO ;= 2+ 2= 4andF := 8n> 2x"+y"=2z") x =y = z = 0should
not be equivalent, evenif their argumentsare (Both O and F aretrue overthe nat-
ural numbers, but Fermat® last theorem F is non-obvious to most people). These
phenomenahave beenstudied under the headingof Olyper-intensional semanticsO
in theoretical semanticssee[39] for a survey.

To account for this behavior, we have to genealize the classof Henkin models
further so that there are counter-modelsto the examplesabove Obviously, this
involvesweakeningthe assumptionthat D,  f T; Fg sincethis entailsthat the values
of O and F areidentical. We call the assumptionthat D , hastwo elementsproperty
b. In our T-modelswithout property b (M3, Mg, My, My, cf. Debnitions 3.41
and 3.49) we only insist that there is a division of the truth valuesinto OgoodGnd
Obad®nes,which we expressby insisting on the existenceof a valuation & of D,
i.e, afunction 8: D, ! fT,Fgthat is coordinated with the interpretations of the
logicalconstants: , _,andp (for eachtype ). Thuswehaveanotion of validity:
we call a sentenceA valid in sucha model if 8a) T, wherea 2 D, is the value
of the sentenceA. For example there is a J-model (seeExamples5.4 and 5.5)
where woodchuck(phil), groundhog(phil) and believe(john; woodchuck(phil)) are
all valid, but believe(john; groundhog(phil)) is not. In this model, the value of
woodchuck(phil) is di»erent from the value of groundhog(phil) in D,.
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2.3.3. Models without functional extensionality [Ma, Mac, Mg, May, Mag,
Map]. In mathematics (and as a consequencen most higher-order model the-
ories), we assumefunctional extensionality, which states that two functions are
equal, if they return identical valueson all arguments In many applications we
want to usea logic that allows a Pnergrained modeling of propertiesof functions.
For instance if we want to model programsas (higher-order) functions, we might
be interestedin intensional* propertieslike run-time complexity. Consider for in-
stancethe two functions | := éX.X and L := éX.rev(rev(X)), where rev is the
self-inversefunction that reverseghe order of elementsin a list. While the identity
function hasconstant complexity, the function rev is linear in the length of its ar-
gument. As a consequenceeventhough L behaveslike | on all inputs, they have
di»erent time complexity. A logic with a functionally extensional model theory
(which is encodedasproperty f, cf. Debnitions 3.5, 3.41and 3.46) would conf3ae |
and L semanticaly and thus hide this di»erencerenderingthe logic unsuitable for
complexity analysis

To arrive at a model theory which does not require functional extensionality
(which we will a call non-functional model theory in the remainder) we needto
genealize the notion of domainsat function typesand evaluation functions. This
is becausdhe usualconstruction already usessetsof (extensional) functions for the
domains of function type and the property of functionality to construct valuesfor
é-terms.

We build on the notion of applicative structures(cf. Depbnition 3.1) to debnef-
evaluations (cf. Debnition 3.18),wherethe evaluation function isassumedo respect
application and &-conversion. In such models, a function is not uniquely deter-
mined by its behavior on all posside arguments Suchmodelscan be constructed,
for example, by labeling for functions (e.g., a greenand a red version of a func-
tion f ) in order to di»erentiate betweenthem, even though they are functionally
equivalent (cf. Example 5.6). Property b may or may not hold for non-functional
T-Models.

We canfactor functional extensionality (property f) into two independentprop-
erties, property ¢ and property 1. A model saisbesproperty ¢ if it respectsc-
conversion. A model saisbPesproperty 1 if wecanconcludethe valuesof éX.M and
éX.N areidenticalwheneserthevaluesof M andN areidentical for any assignment
of the variable X . Wewill show that a model saisbesproperty f i» it saisbesboth
property ¢ and property 1 (cf. Lemma 3.24).

2.3.4. Andrews@nodels and 8-complees [M 3; Mgc]. Peter Andrews has pio-
neeed the construction of non-functional modelswith his 6-complexesin [1] based
on Kurt Schutte® semi-waluation method [50]. Theseconstructions, where both
functional and Boolean extensionality fail, are {-models as debnedin Debni-
tion 3.41. (Typically they will not even saisfy the property that Leibniz equality
correspondgto identity in the model, but they will havea quotient by Theorem 3.62
which doessatisfy this property.)

2.4. Characterizingthe deductize power of calculi. Thesemodel classesliscussed
in the previous section characterize the deductive power of many higher-order

4Justasin thelinguistic application, theword Ointensional@ usedasasynorym for Onon-atensionalO
eventhough totally di»erent propertiesare intended.
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theorem proverson a semanticlevel. For example Tps [8] can be usedin modes
in which the deductive power is characterized by M 5¢ (or evenM j if ¢-conversion
is disallowed). Note that in particular Tpsis not completewith respectto Henkin
model§ It is not even complet~ef0r M scp, although it can be usedin modeswith
someOxtensionality treament(built into the proof procedure

The incompletenessof Tps for Henkin models® can be seenfrom the fact that
it fails to refute formulae suchascA, ” : c(:: A), where c is a constant of type
o! o, orto proveformulaelike p(éX .BX * AX) ) p(éX .AX ~ BX), where
p isaconstantof type ( ! o) ! o. The problem in the former example is that
the higher-order unibcdion algorithm employed by Tps cannot detemine that A
and :: A denoteidentical semanticobjects (by Boolean extensionality as already
mentioned before), and thus returns failure instead of success In the second
example both functional and Boolean extensionality are neededin order to prove
the theorem.

[21] discusses presentdion of higher-order logic in a brst-order logic basedon
an approach called theorem proving modula It is easyto checkthat this approach
is also incomplete for model classeswith property b. For instancethe approach
cannot prove the formula

8Po oXoYo (PXAPY)) P(XANY)

which is valid in Henkin models and which requiresb. As a result, the theorem
provingmoduloapproachof representinghigher-orderlogicin a brst-orderlogic[21]
canonly be usedfor logicswithout Booleanextensionality in its current form.

2.4.1. Model existencetheorems. For all the notions of model classegexcept,
of course for standard models, where sucha theorem cannot hold for recursively
axiomatizable logical systems)ve presentmodel existencetheoremstying the di»er-
entiating conditions of the modelsto suitable conditions in the abstract consistency
classegcf. Section6.3).

A model existencetheorem for a logical systemS (i.e., a logical languageL g
togetherwith aconsequenceelaion s L s L g)isatheoremof the form:

If asetof sentences of S is a memberof anabstract consisteng class
°, thenthere exists a S-modelfor , .

For the proof we can usethe classicalconstruction in all cases abstract consistent
setsare extendedto Hintikka sets(cf. Section6.2), which induce a valuation on
a term structure (cf DePnition 3.35). We then take a quotient by the congruence
inducedby Leibniz equality in the term model.

2.4.2. Completenes®f calculi. Given a model existencetheorem as described
above we canshow the completenes®f a particular calculusC (i.e., the derivability
relaion s L s L s)byproving that the class® of setsof sentences that are
C-consistent(i.e., cannotberefutedin C) is an abstract consistencyclass Thenthe
model existencetheorem tells us that C-consistentsetsof sentencesre saisbéale
in S. Now we assumethat a sentenceA is valid in S, so: A doesnot have a
S-model and is therefore C-inconsistent. Hence : A is refutablein C. This shows

5In casethe extensionality axioms are not available in the seach space Note that one can add
extensionality axiomsto the calculusin orderto achieveNat leastin theoryNHenkin completenessBut
this increaseghe search spacedrastically and is not feasidde in practice
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refutation completenesf C. For many calculi C, this also shows A is provable,
thus estalishing completenes®f C.

Note that with this argumentaion the completenesgroof for C condensedo
verifying that ° is an abstract consistencyclass,a task that doesnot referto S-
models Thus the usefulnesof model existencetheoremsderivesfrom the fact that
it replaceshe model-theoretic analysisin completenesgroofs with the veribcdion
of some proof-theoretic conditions. In this respecta model existencetheorem is
similar to a Herbrand Theorem, but it is easierto genealize to other logic systems
like higher-orderlogic. The techniquewasdevelopedfor brst-orderlogic by Jaakko
Hintikka and Raymond Snullyan [29,52,53].

x3. Semanticgor higherorderlogic. In this sectionwe will introducethe seman-
tical constructions and discusstheir relationships. We will start out by dePning
applicative structuresand §-evaluations to give an algebraic semanticsfor the sim-
ply typed é-calculus To obtain a modelfor higher-orderlogic, weusea f-valuation
to detemine whether propositions are true or false

3.1. Applicative structures.

Debnition 3.1((Typed) Applicativestructure). A collection D := Dt :=
fD j 2 T gof non-empty setsD , indexed by the setT of types, is called
a typed collection (of sets). Let Dt and Er be typed collections, then a col-
lectonf:=ff :D | E j 2 T gof functions is called a typed function
f:Dr ! Er. Wewill write F (A;B) for the setof functions from A to B and
Fr (Dt ;Er) for the setof typed functions. In the following we will also usethe
notion of atyped function extendedto the n-ary casein the obvious way.

We call the pair (D ; @) a (typed) applicative structure if D Dt is atyped
collection of setsand

@:=f@*:D,s D ! Daj;az2Taq
Each(non-empty) setD is calledthe domainof type and the family of functions

@is calledthe applicationopemtor. Wewrite simply f@afor f{@2 awhenf2 D | 4
anda?2 D areclearin context.

Remark 3.2, Often an applicative structure is debnedto also include an inter-
pretation of the constantsin a givensignaure (for example, in [44]). We preferthis
signaure-independentdepbnition (asin [30]) for our purposes

Remark 3.3 (Currying) . The application operator @ in an applicative structure
is an abstract version of function application. It is no restriction to exclusively use
a binary application operator, which correspondsto unary function application,
sincewe candebnehigher-arity application operators from the binary oneby setting
f@@;:::;a") := (:::(f@ad) ::: @a") (OCurryingO).

Debnition 3.4 (Frame). An applicative structure (D ; @) is called a frame if
D,s F (D ;D) and@? isapplication for functions for all types and a.

Debnition 3.5 (Functional/full/standar d applicativestructures) Let A :=
(D ; @) be an applicative structure We say that A is functional if for all types
and & and objectsf, g2 D |, 3, wehavef gwheneverf@a g@a for every



1036 CHRISTOPH BENZM ULLER, CHAD E.BROWN, AND MICHAEL KOHLHASE

a2 D .5 Wesay A isfull if for all types anda andeveryfunctionf :D | Dj
thereisanobjectf 2 D | 5 suchthatf@a f (a) foreverya2 D . Finally, wesay
A isstandadif it isaframeandD , 34 F (D ;Dj) for all types and&. Note
that thesedebnitionsimposerestrictionson the domainsfor function typesonly.

Remark 3.6. It is easyto show that every frameis functional. Furthermore, an
applicative structureis standard i» it is a full frame

Example 3.7 (A pplicative singletonstructure). Wechoosea singleelementaand
debneD := fagfor all types . The pair (Dt ; @?), wherea@?®a = ais a (tri vial)
example of a functional applicative structure It is called the sindeton applicative
structure.

Example 3.8 (A pplicative term structures) If we debneA@B := (AB) for A 2
w» | a(f) and B 2 w» (1), then @: w» | 4(T) w» (1) ! w»s(T) isa
total function. Thus (w» (1) ; @) is an applicative structure The intuition behind
this example is that we can think of the formula A 2 w» , 5(T) asa function
A:w» () ! w»z(T) that mapsB to (AB).

Analogously, we can debPnethe applicative structure (cw» (1) ; @) of closedfor-
mulae (whenweensue Y containsenoughconstantssothat cw» () is non-empty
for all types ).

DePnition 3.9 (Homomorphism). Let A := (D% @') and A2 := (D? @?
be applicative structures A homomorphismirom A 1 to A 2 is a typed function

:D! I DZ?suchthatforalltypes; a2 T ,allf2D?% ,,anda2 D!wehave

(Hh@? (a) (f@'a). Wewrite : Al | AZ2 The two applicative structures
A1 and A ? are called isomorphicif there are homomorphismsi: Al | AZand
j :A2 1 Alwhich are mutually inverseat eachtype.

The mostimportant method for constructing structures(and models)with given
properties in this article is well-known for algebraic structures and consists of
building a suitable congruenceand passingto the quotient structure We will now
develop the formal basisfor it.

Debnition 3.10(A pplicative structure congruences) LetA := (D ; @)beanap-
plicative structure A typed equivalencerelaion s calleda congruencen A i»
forall f;f2 D , sanda;a’2 D (foranytypes anda), f f’anda alimply
f@a f@a’

The equivalencedassfa] of a2 D modulo isthesetofalla®2 D , suchthat
a a% A congruence iscalledfunctionali» for all types anda andf;g2 D | 4,
wehavef gwhenererf@a g@aforeverya2 D .

Lemma3.11. Thea-equalityandag-equalityrelations 5 and 4c arecongruences
onthe applicative structuresw» () andcw» .

Proof. The congruencepropertiesare a direct consequencef the fact that ac-
reduction rulesare debnedto act on subtemm positions. a

8This is called OstensionalQn [44]. We usethe term OfunctionalGo distinguishit from other forms
of extensionality.
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Debnition 3.12(Quotient applicative structure). Let A := (D ;@) be an ap-
plicative structure, acongruenceon A,andD := f[a] jaZ2 D g. Further-
more, let @ bedebnedby [f] @ [a] := [f@a] . (To seethat this debnition
only dependson equivalenceclasseof , considerf®2 [f] anda®2 [a] . Then
f ffanda aimply f@a @a’ Thus, [f@a] [f‘@a% . So @ is
well-debPned.)A= := (D ;@ ) isalsoan applicative structure Wecall A = the
guotientstructure of A for therelaion andthetypedfunctiond : A ! A=
that mapsato [a] its canonicalprojection

Theorem 3.13. Let A beanapplicative structureandlet beacongruencenA ,
thenthe canonicalprojectiond is a surjectie homomorphism Furthermore, A = is
functionali» isfunctional.

Proof. Let A := (D ;@) be an applicative structure To cornvince oursehes
that 0 isindeeda surjective homomorphism, we note that & is surjective by the
debnitionof D . To seethat & isahomomorphismletf2 D , 5, anda?2 Dj,
thend (@ o () [fl @ [a]l [f@a] & (f@a).

The quotient construction collapses to identity, sofunctionality of isequiv-
alent to functionality of A =. Formally, suppose[f] and[g] are elementsof
D , ,suchthat[f] @ [a] [al @ [@ forevery[a] inD . Thisisequiv-
alentto [f@a] [g@a] foreverya2 D andhencef@a g@aforalla2 D .
By functionality of ,wehavef g. Thatis,[f] [a] . a

Lemma3.14. 4 is a functional congruenceon w» (). If § is inPnite for all
types 2 T ,then 4 isalsofunctionaloncws».

Proof. By Lemma3.11, j¢ isacongruencerelaion. To show functionality let
A;B2w»g (1) suchthat AC 4.BC for all C 2 w»5(T) begiven. In particular,
for any variable X 2 Vj that is not freein A or B, we have AX ,:BX and
EX.AX 5€X.BX. By debnitionwehave A EXzAX 3E6XaBX (B.

To show functionality of ac-equality on closedformulae, supposeA and B are
closed. With the samevariable X asabove, let M and N bethe &¢-normal forms of
AX and BX, respectvely. We cannotconcludethat M N sinceX is not a closed
term. Instead, choosea constantcs 2 5 that doesnot occurin A or B. (Sucha
constant must exist, sincewe have assumedhat {5 is inPnite) An easyinduction
on the length of the &¢-reduction sequencdrom AX to M shows that ¢ doesnot
occurin M and Ac  [c=X](AX) ac¢-reducesto [c=X]M . Similarly, ¢ doesnot
occurin N and Bc a¢-reducedo [c=X]N. Sincec is a constant, substituting ¢ for
X cannot introduce new redexes So, simple inductions on the sizesof M and N
show [c=X]M and [c=X]N are a¢-normal. By assumption, we know Ac 4:Bc.
Sincenormal forms are unique, we must have [c=X]M  [c=X]N. Using the fact
that ¢ doesnot occurin eitherM or N, aninduction on the size of M readily shows
M N.SowehaveA (EXaAX 3EXaM  EXaN 5EXaBX (B a

Remark 3.15 Supposewe have a signaure { with a singleconstantce In this
casg c is the only closedag-normal form of type & Sinceé&X.X 6 5 €X.c even
though (€X.X)c a.C ac(€X.c)c wehaveacounterexampleto functionality of 5
on cw». The problem hereisthat we do not haveanother constantdgto distinguish
the two functions. In w» () we could always usea variable.
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Remark 3.16(Assumptionson 1). From now on, weassumef to beinbnitefor
eachtype . Furthermore, weassumehereis a particular cardinal @ suchthat
hascardinality @ for everytype . SinceV iscountable, this impliesw» () and
cw» have cardinality @ for eachtype . Also, whetheror not primiti ve equality
isincluded in the signaure, there canonly be Pnitely many logical constantsin
for eachparticular type . Thus, the cardinality of the setof parametersin { is
also@. In the countable case @ is @.

3.2. {-evaluations. f-evaluations are applicative structureswith anotion of eval-
uation for well-formedformulaein w» (1).

Debnition 3.17(Variable assignment) Let A := (D ;@) be an applicative
structure A typed function ' : V ! D is called a variable assignmeninto A .
Given avariable assignment , variable X , andvaluea2 D , weuse'; [a=X]to
denotethe variable assignmentwith (*; [a=X])(X) aand(; [a&=X]D(Y) ' (Y)
for variablesY other than X.

Depnition 3.18(f-evaluation). Let E: F+(V;D) ! Ft(w»(T);D) be a
total function, whereF 1 (V ;D) isthe setof variable assignmentand F 1+ (w» (1) ;
D) isthe setof typed functions mapping termsinto objectsin D. We will write the
argumentof E asa subscript. So, for eachassignment , we have a typed function

E :w»() ! D. E iscalledan evaluationfunctionfor A if for any assignments
' and g into A, wehave
“E ., .
(2) E (FA) E (F)@E (A)foranyF 2 w» , 5(1) andA 2 w» (1) andtypes
and a.
3) E (A) Ez(A)foranytype andA 2 w» (1), whenever' and g coincide
onfreqdA). -

4) E(A) E (AY,)forallA2w» (1).

WecallJ := (D;@;E) af-evaluationif (D ; @)isanapplicativestructureandE is
an evaluation function for (D ; @). WecallE (A ) 2 D thedenotationof A inJ
for ' . (Note that sinceE isafunction, the denotation in J isunique. However, for
a given applicative structure A , there may be many possille evaluation functions.)

If A isaclosedformula, then E (A) is independentof ' , sincefree@d) = ;. In
thesecaseswe sometimesdrop the referenceto ' from E (A) and simply write
E(A).

Wecallaf-evaluation J := (D ; @; E) functional[full, standad] if the applicative
structure (D ; @) is functional [full, standad]. We say J is a f-evaluation over a
frameif (D ; @) isaframe

f-evaluations genealize {-evaluations overframes which arethe basisfor Henkin
models, to the non-functional case The existenceof an evaluation function that
meetsthe conditions aboveseemdo bethe weakestsituation whereonewould liketo
speakof a model. We cannotin geneal assumehe evaluation function is uniquely
detemined by its valueson constantsasthis requiresfunctionality. For example,
two evaluation functions E and E°on the sameapplicative structure may agreeon
all constants,but give a di»erent value to the term (EXgX). Suchan exampleis
constructedand discussedater in Remark 5.7.
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Remark 3.19(f-evaluations respecta-equality). Let J := (D;@;E) be a -
evalugtion and A4 4B. For all assignments’ into (D; @), we have E (A)
E@&, E®, E(®B).

We can easily show {-evaluations saisfy a Substitution-ValueLemma

Lemma3.20(Substitution-valuelemma). LetJ := (D;@;E) bea f-ewaluation
and' beanassignmentnto J . For any types anda, variablesX 5, andformulae
A2 w» (T) andB 2 w»5(T), wehawrE. g 5-x)(A) E ([B=X]A).

Proof. Using the fact that E respectsi-equality (cf. Remark 3.19)and the other
propertiesof E (cf. Depbnition 3.18), we cancompute

E: e ®=x(A)  E; [ ®)=x((EX.A)X)
E; & 3)=x1(EX.A)@E; £ (8)=x](X)
E (6X.A)@E (B)
E ((6X.A)B)
E (B=X]A): a

We will considertwo weaker notions of functionality. Theseforms are often
discussedn the literature (cf. [28]).

Debnition 3.21(Weakly functional evaluations). Let J (D;@;E) beaf-
evaluation. Wesay J is ¢-functionalif E (A) E (A#y) for any type , formula
A 2 w» (), and assignment’' . We say J is1-functionalif forall ; &4 2 T,
M;N 2 w»5(T), assignments , and variablesX , E (éX .M3) E (X .Nj)
wheneverE. (o=xj(M)  E: [a=xj(N) for everya2 D .

We will now estalish that functionality is equivalent to ¢-functionality and 1 -
functionality combined. We prepatre for this by brst proving two lemmas about
functional f-evaluations.

Lemma3.22. Let J := (D ; @; E) bea functional {-evaluation. For any assign-
ment' intoJ andF 2 w» | 4(1) whereX 2 freef), wehawe

E (X .FX) E (F):

Proof. Leta2 D begiven. SinceX 2 fregF), wehaveE; .-xj(F) E (F).

SinceE respectsi-equality (cf. Remark 3.19), we cancompute
E (BX.FX)@a E. [-=x)((EX.FX)X) E. [=x)(FX) E (F)@a

Genenlizing over a, weconcludeE (EX.FX) E (F) by functionality. a

Lemma3.23. Let J := (D;@; E) bea functional -evaluation. If a formula A
¢-reducedo B in onestep thenfor any assignment intoJ ,E (A) E (B).

Proof. We prove this by induction on the structure of the term A. For the
basecasewhen A is the ¢-redex which is reduced,we apply Lemma 3.22. When
A (FC), then the ¢-reduction either occursin F or C. So, B (GD) where F
¢-reducesto G in onestep(or G F)andD C (or C ¢-reducesto D in one
step). So, by induction wehaveE (F) E (G)andE (C) E (D). It follows
that E (A) E (B).

When A is a é-abstraction, we must usefunctionality. Supposefor sometype
A (éX .C) (and thisis not the ¢-redex reducedto obtain B). ThenB (éX D)
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where C ¢-reducesn one stepto D. By the induction hypothesis,foranya2 D ,
E. [a=x](C)  E. [a=x;(D). SinceE is an evaluation function, we have

E (8X.C)@a E: (ax(8X.C)X)  E: ax)(C)
E @x(D)  E: @mxq((EX.D)X) E (éX.D)@a:

By functionality, E (A) E (éX.C) E (éX.D) E (B). a
Lemma3.24 (Functionality) . LetJ := (D;@;E) bea f-evaluation. ThenJ is
functionali» it is both ¢-functionalandt -functional.

Proof. The fact that functionality implies ¢-functionality now follows from a
simple induction on the number of &g-reduction stepsusing Lemma 3.23 and
Remaik 3.19.

To show functionality impliesT -functionality, letM ; N 2 w» 4(1), anassignment
' andavariable X begiven. SUPPOSEE; [5=x](M)  E: [o=xj(N) for everya2 D .
We needto show E (EX.M) E (é€X.N). This followsfrom functionality since

E (EX-M)@a E'; [a§X]((éX'M )X) E'; [a:X](M )
E. ax)(N)  E: axj(EX.N)X) E (8X.N)@a

for everya2 D .

To show functionality from ¢-functionality and 1 -functionality, letf, g2 D , 3
suchthat f@a g@afor alla2 D begiven. We needto show that f g. Let
F i a G, 5andX bevariablesand' beany assignmentsuchthat ' (F) f
and' (G) g Thenforanya2 D wehaeE, »xj(FX) f@a g@a
E. [a=x](GX), andthus E: (éX.FX) E (&X.GX) by 1 -functionality. Hence

f E(F) E (BX.FX) E (X.GX) E(G) g
by ¢-functionality. a

Lemma3.25(i -functionality and replacement) LetJ := (D ;@;E)beal -func-
tional f-evaluationandB;C 2 w» 4(1). Supposee (B) E (C) for every assign-
ment' into J . Thenfor all formulaeA 2 w» (1), positionsp, andassignments
intoJ , E (A[Blp) E (A[C]p).

Proof. We show the assertionby an induction on the structure of A. If p isthe
top position, we have

E (ABlp) E(B) E(C) E (ACl):

In particular, if A isaconstantor a variable, then p must be the top position and
wearedone Otherwise assume is not the top position. If A isanapplication FD,
we have to considertwo cases A[B], = F[B]4qD and A[B], = F(D[B];) for some
positions g and r. Sincethe secondcaseis analogouswe only show the brst case
By the inductive hypothesiswe have

E (A[B]p) E (F[B];D) E (F[B]y)@E (D)
E (F[Clg)@E (D) E (F[C]4D) E (A[Clp):
If A[B]p = €XaDI[B]q, thenwegetthe assertionfrom T -functionality. By the induc-

tive hypothesis,weknow E; (D[B]lq) Es(D[C]p) for every assignmentg. In par-
ticular, for any assignment andc 2 D3, wehaveE:. (-x;(D[B]q) E: (=x](D[Clp)-
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By 1 -functionality , we have
E (A[Bl,) E (6X.D[B]y) E (EX.D[Cly) E (A[Cp):
Thus we have completedall the casesand proventhe assertion. a

Example 3.26(Singleton evaluation) . Thesingletonapplicativestructure(cf. Ex-
ample 3.7) is a f-evaluation if for any assignment’ and formula A we take
E (A) a whereais the (unigue) memberof D . Note that in this f-evaluation
E(éX.X) E (éX.Y) for any assignment .

For a detailed discussionon the closure conditions neededfor the domains for
function typesto berich enoughfor evaluation functions to exist, wereferthereader
to [2, 4].

Note that the applicativeterm structurew» () from Example3.8cannotbemade
into a f-evaluation by providing an evaluation function. To seethis, supposeE is
an evaluation function for w» (1) and F := E(éX .X) 2 w» | (). SinceE is
assumedo be an evaluation function, we must have

E(A) E ((6X X)A) F@A FA

for every A 2 w» (). In particular, for any constanta 2 { , we must have
Fa E(a) E((éX .X)a) E(eX X)@E(a) F(Fa). Butclealy Fa 6
F(Fa) no matter what F 2 w» | (1) we choose In particular, the OolviousO
choiceof E(éX .X) (&X .X) doesnot work. This examplesuggestshat weneed
to considera-convertible terms equal before we can obtain a term evaluation (cf.
DePnition 3.35).

Debnition 3.27(f-evaluation congruences) A congruenceon a f-evaluation
J (D ; @;E) is a congruenceon the underlying applicative structure (D ; @).
Givenany two variable assignments and @ into (D ; @), wewill usethe notation
' g to indicatethat ' (X) @ (X) for every variable X .

A typed equivalencerelation wasdebnedto be a congruenceif it respectsappli-
cation. In orderto form a quotient of a f-evaluation, we must be able to debne
an evaluation function E  on the quotient structure But E interpretsall terms,
including é-abstractions It is not obvious that one canbndawell-debnedeE that
is really an evaluation function. In fact, the property one needsin order to show
E will beawell-debnedevaluation function is (A)  Eg(A) forall A2 w» ()
and assignments and g with ' @. One can show this by an easyinduction
on the term A if the congruence is functional. However, without the assumption
that is functional, this direct proof will fail when A is a &-abstraction. This is a
geneal problem with trying to prove propertiesof evaluations sincemany objects
in D , 3 may representthe samefunction from D to Ds. Fortunately, thereis a
way to usecombinators to reducesuchinductions to terms which only have very
specialé-abstractions

Debnition 3.28(SK-combinatory formulae). For alltypes ,&,and& wedebne
two families of closedformulae we call combinatos:

K 1 al = éX Ya.x
Scraa (ray ra=€Uya gV aW L (UW(VW)):
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e debnethe set of SK-combinatoy formulae to be the least subsetof the set
-1 W» (1) containing every K and S, every constantc 2  and every variable,
that is closedunder application.

As shownin [3], everyformula canbeé-expandedto an SK-combinatory formula.

Lemma3.29. For every type and A 2 w» (Y), there is an SK-combinatoy
formula A2 w» () sudthat A°a-reducedo A.

Proof. SeeProposition 1in [3]. The main di»erenceto this setupis the signaure,
and this playsno role in the proof. a

Now, wecanshow E (A) E,(A) for SK-combinatory A whenerer' o.

Lemma3.30. Let J (D ; @; E) bea f-evaluation, acongruencendJ , and’
and g assignmentsnto J with ' g . For every SK-combinatoly formula A, we
haweE (A) Ez(A).

Proof. The proof is by induction on the SK-combinatory formula A. If A is
avariable X, wehaveE (X) ' (X) @(X) Eg(X). If Aisclosed(eg., a
constantin § or acombinator), thenE (A) Eg(A), socertainly E (A) Eg(A).
Finally, if A is an application of two SK-combinatory formulae F and B, then by
the inductive hypothesiswe have E (F) Ei(F) and E (B) E,(B). Since
respectsapplication, E (FB) E (F)@E (B) Esz(F)@E;(B) Eg4(FB). a

We canusethis resultto show the sameproperty holds for all formulae

Lemma3.31. Let J (D ; @;E) bea f-evaluation," andg assignmentinto J
with'  @,and acongruencend . Forevery formulaA,wehawE (A) Ez(A).

Proof. Let A 2 w» () for sometype . By Lemma 3.29 there is an SK-
combinatory formula A°that &-reducesto A. By Remark 3.19and Lemma 3.30,
wehaveE (A) E (A9 E;(AY E,(A). a

Remark 3.32(Correspondencevith logical relaions). Lemma3.3lisessentialy
an instanceof the OBasid_emmaOfor logical relaions (Lemma 8.2.5in [44]). In
fact, isfunctional, i» is alogical reldion over the applicative structure If
is not functional, it still saisbesthis OBasicLemmaOproperty, which makesit a
pre-logical relation in the senseof [31].

Debpnition 3.33(Quotient f-evaluation). LetJ (D ; @; E) beaf-evaluation,

a congruenceon J andlet (D ;@ ) be the quotient applicative structure of
(D ; @) with respecto

For eachA 2 D , wechoosea representsive A 2 A. So [A ] A. Note

that [a] afor everya 2 D . For any assignment' into J =, let' bethe
assignmentinto J givenby' (X) :="' (X) . Note that' 0 ' .Sowecan
debneE asd E ,andcallJ = := (D ;@ ;E )thequotienty-evaluationof

J modulo . (By Lemma3.31,thedebnitionof E doesnot dependon the choice
of representdives)

This debnitionis justibpedby the following theorem.

Theorem 3.34(Quotient -evaluation theorem). If J isa f-evaluationand is
acongruencenJ ,thenJ = isa Y-evaluation.

Proof. We provethat E is an evaluation function by verifying the conditions
in Debnition 3.18. For any assignment into the quotient applicative structure, let
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' bethe assignmentwith ' 0 ' asin Depnition 3.33. First, we compute
E, @& E), 8 E [, 08 ' ' . Sinced isahomomorphism
we have

E (FA) o (E (FA)

o (B (FI@E (A)

8 (B (@ 6 (E (A)

E (FH@ E (A):
If ' and g coincideon free@), thenE (A) [E (A)] [Es (A E, (A)
sincethis entailsthat' and g coincide on freed) too (as we have chosenpar-
ticulan_’,epresentaives_;or eachequivalenceclass).Finally, E (A) [E (A)]
[E (A1 E (AY)). a

2
Debnition 3.35(Term evaluations for ). Let cw»('ﬂ)yé1 be the gollection of

closed well-formed formulae in &-normal form and A@%B be (AB)yé.,) For the
debnition of an evaluation function let' be an assignmentinto cw» (ﬂ)yé. Note
that 6 ;=" fredp) is a substitution, sincefree{)A) is Pnite  Thus we can choose
E3(A) : é(A)ya. We call TE()? := (cw»yé;@a;Eé) the a-term evaluation
for 1.

Analogousl, we candebneT E(T) % := ( cwrty ; @ E¥) the &¢-term evalua-
tion for 1.

The nameterm evaluation in the previous debnition is justibPedby the following
lemma.

Lemma3.36. T E(Y) s aﬂ-a@luation andT E(T) % s a functional {-e\aluation.

Proof. The fact that (QW» ('ﬂ)yé; @?) is an applicative structure is immediate:
For eachtype , cw» (‘ﬂ)yé1 is non-empty (by the assumptionin Remark 3.16)and

. ? ? ?
@ :cw» o a(MY, cw» (MY, ! cwsa(TY,:

We next checkthat E?2 is an evaluation function.
(1) B'X) " 0 OO s oo
(2) E® respectsapplication since o(FAY , O(FY ,0(AY, Y, where 6
I fregFA) s -
B) E*(A) " eanyA Yy (A Y, E%(A) whenever' and’ ©
coincideon free@). 5 -

(4) E(A) oAV, oWV, E‘é(Ag;a)Whereé | freqA)”

A similar argument shows that T E(1) *° is a J-evaluation. Also, one can show
T E(1) * is functional using an argumentsimilar to Lemma 3.14since is inbnite
at all typesby Remark 3.16. (Alternatively, one can simply apply Lemma 3.14
and Theorem 3.13to note that the applicative structure cw» (1) = . is functional.
The applicative structure cw» (1) = . is isomorphic to the applicative structure
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? R
(cw» ()Y ac’ @°¢). One can easiy show that functionality is presened under iso-
morphism.) a

Remark 3.37. Note that T E(T) % is not a functional 9-evaluation since for in-
stance for any constanthy 52 1

(EXzha aX)@%Cs h@°C
for all C in T Ex(T)® but éX.hX 6 h.

Remark 3.38 One can show that an evaluation function E for an applicative
structure (D ; @) is uniquely detemmined by its valuesE (c) on the constantsc 2
and its valuesk (S) and E (K) on the combinators S and K. Whenthe applicative
structure is functional, eventhe valuesof eachE(S) and E(K) are detemined, so
that E is uniquely detemined by its valuesg(c) forc 2 1.

Debnition 3.39(Homomorphism on {-evaluations). LetJ ! := (D;@%E?Y)
andJ 2 := (D ?; @? E?) be J-evaluations. A -homomorphismis a typed function

:D! | DZ?suchthat is a homomorphism from the applicative structure
(D 1; @") to the applicative structure (D 2, @%) and E(A)  EZ2. (A) for every
A 2 w» (1) andassignment forJ *.

3.3. -models. The semanticnotions so far are independentof the setof base
types Now, wespecializtheseto obtain anotion of modelsby requiring specializd
behavior on the type o of truth values For this we usethe notion of a f-valuation
which givesa truth-v alue interpretation to the domain D, of a {-evaluation con-
sistentwith the intuiti ve interpretations of the logical constants Sincemodelsare
semanticentitiesthat are constructedprimarily to make a staaementabout the truth
or falsity of aformula, the requirementthat thereexistsa f-valuation is perhapsthe
most geneal condition under which one wantsto speakof a model. Thus we will
debPneour mostgenerl notion of semanticsas{-evaluations that have §-valuations.

Depnition 3.40 Fix two valuesT 6 F. LetJ := (D;@;E) be a f-evalua-
tion andd: D, ! fT,Fgbea (total) function. We debnesereral propertiesthat
characterize logical operators with respectto & in the table shown in Figure 2.

[ prop. [ where holds when [ for all |
L:(n) | n2 Da o on@a) T i» ©a F a2 Do

L (d |d2Do o o | 8d@a@b) T » 6@ Tordd T |ab2 Do
[~(0) |c2Do o o | 8(c@a@b) T » 6@ Tanddb) T|ab2 Do
L, () |i2Do o o | 0(@a@b) T i» 0@ Forod) T |ab2 Do

L, (e) | e2Dog o o oe@a@b) T i» 0©(a) 0&(b) a;b2 Do
Lg(®) [ 02D, g1 o | B(0@) T i» 8a2D of@a T |f2D o
Lg(0) | 02D, o o | 0(6@) T i» 9a2D o6f@a) T |f2D . o
L-(@ [92D+ 1o |6(q@a@b) T i» a b ab2D

Figure 2. Logical propertiesin f-models

Depnition 3.41(f-model). LetJ := (D;@;E) beaf-evaluation. A function
0: D, ! fT,Fgiscalleda f-valuationfor J if L. (E(:)) andL_(E(_)) hold,
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and for everytype Lg(E(n )) holds. In thiscaseM := (D;@;E;0) iscalleda
T-model

For the caseof (the optional) primiti ve equality, i.e, when= 2 1, , , for all
types ,wesay M isa T-modelwith primitive equalityif L_ (E(= )) holdsfor every
type

Wesay that ' is an assignmentinto M if it is an assignmentinto the underying
applicative structure (D ; @). Furthermore,' satisbesaformula A 2 w» o(T) in M
(wewriteM E- A)iIf6(E (A)) T. WesaythatAisvalidin M (andwrite M E A)
if M - Afor all assignments . WhenA 2 cw»,(), wedrop the referenceto the
assignmentand usethe notation M E A. Finally, we say that M is a §-modelfor a
set, cw»o(T) (wewrite M ) ifM F AforallA2 .

A f-modelM := (D ; @; E;d) iscalledfunctional[full, standad] if the applicative
structure (D ; @) is functional [full, standad]. Similarly, M is called ¢-functional
[ -functional] if the evaluation (D ; @; E) is ¢-functional [T -functional]. We say M
is a f-model over a frameif (D ; @) is aframe

Remark 3.42(Adding primiti ve equality). In the debnition of {-model above,
the addition of property L_ (E(= )) addressinghe caseof primiti ve equality above
has a purely practical motivation: calculi with a primiti ve treament of equality,
seefor instance[10, 11], may provide a more e»ective approach to equdional
reasoningin higher-orderlogic than the exclusive useof Leibniz equality. Therefore
weenrichour theory to automatically alsoaddresshe situation where (alwayshbuilt-
in) Leibniz equality and (optional) primiti ve equality are simultaneously present
in the language The geneglization to primiti ve equality is lesstrivial than the
genealization to other (optional) primiti ve logical connectvessuchas” or ) .
This is the main reasonwhy we built primiti ve equality directly into our theory
while we omit other logical primiti ves(cf. alsoRemarks 3.47and 6.9).

Lemma3.43(Truth and falsity in -models). Let M := (D;@;E;d) be a §-
modeland’ anassignmentLet T, := 8Po.P _: PandF, := : To. Thend(E (Ty))

Tandd(E (Fo)) F

Proof. Let P beavariableoftypeo. Wehave®(E (T,)) T,i»&E (P_: P))
T for every assignment . The propertiesof & show that this statementis equivalent
tod("' (P)) Tord(' (P)) F, whichisalwaystrue sincedmapsinto f T, Fg. Note
further that 6(E (Fo)) Fsinced(E (T,)) T. a

Remark 3.44 Let M := (D;@;E; 6) bea f-model. By Lemma 3.43,D, must
have at leastthe two elementsE (T,) and E (F,), and 6 must be surjective

Remark 3.45 In contrast to the caseof Henkin models, Debnition 3.41 only
constrainsthe functional behavior of the valuesof the logical constantswith respect
to 6. This doesnot fully specifythesevaluessince

M neednot be functional,
and there canbe morethan two truth values

We will now introduce semanticalpropertiescalledq, ¢, f, and b, which we will
useto characterize di»erent classe®f {-models

Debnition 3.46(Propertiesq, ¢, 1, fandb). Givena {-modelM := (D; @;E;
0), wesay that M haspropety
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i»forall 2T thereissomeq 2D , , ,suchthatL_(q ) holds.

i» M is ¢-functional.

i» M isT -functional.

i» M isfunctional. (This is generlly associded with functional extensionality.)
i» Do hasat most two elements By Lemma 3.44 we can assumewithout loss
of geneanlity that D, fT,;Fg, 0 is the identity function, E (T,) T and
E (Fo) F. (Thisis geneally associged with Boolean extensionality.)

o +~70Q

Remark 3.47(Choice of logical constants) The work presentedn this article is
basedon the choice of the primiti ve logical constants: , _, and p . We have
alsointroducedshorthand for formulas constructedusing”,) ,, , and existential
guantibcaion. One can (easily; cf. Lemma 3.48) verify that in any f-model M
(D; @; E; 6), eachof the propertiesL (E(EXoYo-X " Y)), Ly (E(EXoYoX ) Y)),
L (E(&XoYoX , Y)) andLg(E(EP | o.9X .PX)) (for eachtype ) hold with
respectto 8. In this sense our choice of logical constants and shorthand for
other logical constantsis su¥%cient. However, Leibniz equality Q will only saisfy
L_(E(Q )) for eachtype i» the model saisbesproperty g (cf. Remak 3.52and
Theorem3.63).

On the other hand, in the absenceof extensionality, one can gain some(limited)
expressve power by including extra logical constantssuchas” in the signaure
This is the casesincethere may be several objectsin ¢ 2 Do o o Suchthat L (c)
holds. So, onecould havea f-modelM (D ; @; E; 6) (where” isalsoin ) such
that L~ (E(")) holds,but E(*) 6 E(EXoYe: (0 X _: Y)). Wewill not investigde
this possibility here

Our choiceof logical constantsdi»ers from AndrewsChoice[6] who considers
primiti ve equality asthe only logical primiti vefrom which all other logical operators
are debnedusing the debnitionsin Figure 3. For the sake of clarity, we write
g for = when= is not being written in inpx notation. For Henkin models,
the debnitionsin Figure 3 are appropriate. However, without extensionality, the
situation is quite di»erent. Supposel] (D ; @; E) isaf-evaluation where= 2
for everytype .Letd:D, ! fT,Fgbeafunction suchthatL_(E(= )) holdsfor
eachtype . Thefactthatd(E(T,)) Tfollowsdirectly fromL2 © °(E(=° © ©))
and reRBeivity of (meta-level) equality. Unfortunately, this is the last debnition
which is cleatly appropriate without further assumptions Solong asD, hasmore
than one element one can show &(E (F,)) F. So, let us explicitly assumeD,

T, = qozo! ol o

Fo = (8X0To) =9 © (8XaX)

“ol o = °Fo

M = q' °(eX .To)

Mot ot o 1= EXoYo.(EGo o 0.GToTo) = (ot of o) °(éGo o1 o:GXY)
) o o o T EXYa(X =2 (X MY))

ol oo = XoYor (X N1Y)

1 = éP, o(: p éX . (PX))

Figure 3. A debnition of logical constants from equality in
Henkin models



HIGHER-ORDER SEMANTICS AND EXTENSION ALITY 1047

has more than one element which is anyway met by {-models (cf. Remark 3.44).
Next, weinvestiggewhetherL. (E(: )) holds. Leta2 D, begiven. By L2 (E(=°)),
we know 6(E (= °)@E (Fo)@a) Tis equivalentto E(F,) a So if E(=°)@
E(Fop)@a) T,thend(a) O&E(F,) F. For the converse supposed(a) F.
This, in geneal, doesnot imply E(F,) a. However, if we assumea is the
uniguememberof D, suchthat 8@ F, then we can concludeE(F,) a. In
particular, if D, hasonly two elementsthen 6 mustbeinjectiveand wecanconclude
E(Fo,) a So Booleanextensionality is requiredto ensuethat L. (E(: )) holds
for this debnitionof : .

We now investigae whether Lg(E(1 )) holds for p debnedasin Figure 3.
Let f 2 D | , be given. Supposed(E(= ' °)@E(&X .To,)@f) T. Then, by
L. °%(E(= ' 9), weknow E(éX .T,) f. This doesguaranteeE(T,) f@aand
henced(f@a) Tfor everya2 D . However, showing the converserequiresthat
M isfunctional (i.e., strong functional extensionality is given). Supposed(E (= )@
E(éX .T,)@f) F. WecanconcludeE(éX .T,) 6 f, but thisisof little value If J
is not functional, then thesemay be di»erent representdivesin D | , of the same
function. If J isfunctional, there must be somea 2 D suchthat E(T,) 6 f@a.
However, this still doesnot imply 6(f@a) F. If D, hasonly two elementsthenthe
factsthat E(T,) 6 f@aandE(T,) 6 E(Fo) implyE(F,) f@a henced(f@a) F.

Similar obsenations apply to the other debnitionsin Figure 3. Thesedepnitions
do show that at leastT, and F, are debnéle from primiti ve equality (solong asD,
hasat leasttwo elements).Furthermore, if D, hasexactly two elements isdebndle
from primiti ve equality. Weconjecturethat this isasmuch asonecandebnen terms
of primiti ve equality without extensionality assumptions That is, we conjecture
that without assumingD, hastwo elementsthere may beno objectn 2 Dy, o such
that L. (n) holds. Furthermore, we conjecture that without assumingfunctionality
andthat D, hastwo elementstheremay beno objectd 2 Do o o Suchthat L (d)
holds, and there may beno objectd 2 D , o) , suchthat Lg(8) holds.

The next lemmaformally veripesthat L (E(éXoYo.X , Y)) holdswith respect
to the valuation of a J-model, asindicated in the remartk above

Lemma3.48(Equivalence) Let M := (D ; @;E;6) bea f-model," an assign-
mentinto M, andA;B 2 w»o(1). 6(E (A, B)) Ti» 6(E (A)) 8&(E (B)).

Proof. Suppose®(E (A , B)) T. This implies 8(E (: A _ B)) T and
6E (: B_A)) T.If6(E (A) T,thend(E (: A_B)) Timplies§(E (B)) T,
sod(E (A) T OE (B)). If 8(E (A)) F thend(E (: B_A)) Timplies
6(E (B)) F,sod(E (A)) F 6&(E (B)). Sincethesearethe only two posside
valuesfor 6(E (A)), wehaved(E (A)) O&(E (B)).

Supposed(E (A)) O(E (B)). Either 8(E (A)) &E (B)) Tor &E (A))
6(E (B)) F. An easyconsidertion of both caseseripes5(E: (: A_B)) Tand
oE (: B_A)) T.Henced(E (A, B)) T a

Wenext debneclasse®f J-modelsin which certain propertieshold. Theseclasses
aredenotedby M where 2 fa;ac;ai ;af;ab;ach;aib;afbg. The subscripté is
always included to emphasiz that &-equal terms are interpreted to be identical
elementsn all models(cf. Remark 3.19). The subscriptsg, T, f and b indicate when
the correspondingpropertiesmust hold (cf. Debnition 3.46). Note that we are not
including property qasanexplicit subscript. The only §-modelsweneedto consider
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which do not saisfy property g areterm models It will turn out (cf. Theorem3.62)
that wecanobtain amodelsatisfying property qfrom amodelthat doesnot by taking
aquotient. However, this may not presenepropertiesi or f. Consequenty, weomit
g asasubscriptand debPnethe setsM  (for 2 fa;ac;ai ;af;ab;ach;ai b;afbg) so
that every modelin M saisbesproperty g. (This choicewill be discussedurther
in Remark 3.52.)

Debnition 3.49(Higher-order model classes) We will denote the class of {-
modelsthat saisfy property q by M 3, and we will usesubclassesf M ; depending
on the validity of the propertiesg, 7, f, and b. We obtain the specializd classes
of -models M, Mai, Mas, Map, Magh, Main, and M by requiring that the
propertiesspecibedn the index are valid.

If primiti ve equality isin the signaure,i.e,if= 2 1 | o, thenwerequire the
modelsto be f-modelswith primiti ve equality. Note that in this caseproperty q is
automatically ensued.

We can group theseeight classesn two dimensionsasin Figure 4 basedon the
Oamountof extensionalityOrequired.

functional

none | weak(¢) | weak(i) | strong (f)
Boolean none| Mj M 3¢ a M a¢
b| Map M ach M aip M ato

Figure 4. Extensionalmodel classes

Debnition 3.50(f-Henkin models). A {-Henkin modelis a model M over a
framewith M 2 Ma. We denotethe classof all J-Henkin modelsby H. (Such
modelsare calledgenenl modelsn [2] and [6]. We avoid this terminology heresince
we considermodelswhich are more geneal than these)

Depnition 3.51(f-standard models). A {-standad modelis a §-Henkin model
that is also full (i.e.,, amodelM 2 M 4, over a standard frame). The classof all
f-standard modelsis denotedby ST .

Remark 3.52(Property ). The purpose of property g is to ensute that for all
types thereis an objectq in D, | o representingmeta equality for the do-
main D . This ensuesthe existenceof objectsrepresentingunit setsf ag for each
a2 D inthedomainsD ;| ,, which in turn makesLeibniz equality the intended
equality relaion. This is becausemembershipin theseunit setscan be usedas
an appropriately strong criterion to distinguish betweendi»erent elementsof D .
This aspectis discussedin detail by Peter Andrews in [2]. He notesthat Leon
Henkin unintentionally introducedin [26] a classof modelswhich neednot satisfy
property g instead of the classof Henkin modelsin the senseabove As Andrews
shows, a consequencés that sucha model may fail to saisfy the principle of strong
functional extensionality (cf. Debnition 4.5) given by the formula

8Fa s8Ga o(8XsFX 2€GX)) F =¢ G
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even though the model (as a model over a frame) is functional. Andrews bxed
this problem by introducing property g. Here, we have followed this by requiring
property qin all our model classesv .

Now let us extend the notion of a quotient evaluation to {-models

Debnition 3.53(f-model congruences) A congruencen a J-modelM (D ;
@; E; 8) isa congruenceon the undenrying -evaluation (D ; @; E) suchthat &(a)
o(b) foralla;b2 Dowitha b.

Depnition 3.54(Quotient J-model). LetM (D ; @;E;0) beaf-model, be
acongruenceon M ,and (D ;@ ;E ) bethequotient f-evaluation of (D ; @;E)
with respecto  (cf. Debnition 3.33). Using the notation for representaivesA 2 A
forA2 D asin Debnition 3.33,wedebned : D, ! fT,Fgbyd (A) := 6(A )
for every A 2 D, . (Since 6(a) o6(b) whenerera b in Dy, this debnition
of 8 doesnot dependon the choiceof representdivesand 6 ([a] ) &(a) for
everya?2 Dy.) WecallM= = (D ;@ ;E ;0 )thequotientf-model of M with
respectto

Theorem 3.55(Quotient f-model theorem). Let M (D;@;E;d) be a 1-
modeland bea congruence®nM . The quotientM = isa f-model.

Furthermorg if forevery type ,= 2 § andwehaw d(E(= )@a@b) Ti»
a bforeverya b2 D ,thenM= isaf-modelwith primitive equality.

Proof. We checkthe conditions of Debnition 3.41,again usingthe A notation
for representdives To check condition L. (E (:)) for & , forall A2 D, we
needto showthatd (E (:)@ A) Ti» 6 (A) F. LetA 2 D, begiven.
SinceM is a J-modelwehave 8(E(: @A ) Ti» 6(A ) F. Since[A ] A
and [E(: @A ] E ()@ A, wehaed (E ()@ A) Ti»d (A) F
Checkingcondition L _(E (_)) for & isanalogous

To checkcondition Lg(E (u )) for © , supposewehaveG2 D | . For every
A2D ,0 (G@ A) &G @A ). Soifd (G@ A) TforeveryA2 D ,then
(G @) oG @[a] ) Tforeverya2 D ,andweconcluded(E(u )@G )
T. Hence 6 (E (0 )@ G T. Conversey, supposed (E (p )@G) T.
Thend(E(n )@G) Tandhenced (G@A) &G @A) TforeveryA2 D

Supposeprimiti ve equality is in the signaureand 6(E(= )@a@b) Ti»a b
for every a;b 2 D . To verify L_(E (= )) holds for 8 , we simply note that
6 (E (=)@ A@ B) T,i»d6E(= QA @B ) T,inA B ,i»A B. a

We candebnepropertiesof a congruenceanalogousto thosedebnedfor models
in DePbnition 3.46.

Debnition 3.56(Propertiesc, 7, f and b for congruences) Given a {-model
M := (D;@;E;0) andacongruence onM,wesay haspropety
i» E (A) E (M) foranytype ,A 2 w» (1), andassignment .
i» foral ;4 2 T, M;N 2 w»j(Y), assignment' , and variables X ,
E (X .Mj3) E (éX .Na) whenever E. (5=x;(M) E. [a=x](N) for every
a2D .
i» isfunctional.
b: i» D, hasat most two equivalenceclasseswith respectto . (By Remaik 3.44
there are always at leasttwo.)

- .0

—h
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Remark 3.57. It followstrivially from re3ivity of congruenceghat if a model
sdisbegroperty ¢, thenany congruenceon the modelsaisbegproperty ¢. Similarly,
if a model hasonly two elementsin D,, then D, can have at most two equivalence
classeawith respectto any congruence . So, if a model saisbesproperty b, then
any congruenceon the model saisbesproperty b. This is not true for propertiest
or f. For an example, wereferto the functional model (satisfying property f, hence
property 1) constructedby Andrewsin [2]. Using the resultswe prove below, one
can show Leibniz equality must induce a congruencefailing to saisfy propertiesi
andf on this functional model.

Lemma3.58. Let M bea f-model,, cw»o(T), and bea congruenceon M .
Wehae M= F | i» M | , . Furthermore if 2 fg;1; f;bgand satisbes
propety ,thenM = satisbegpropety .

Proof. LetAy, 2 ,. SinceAisclosedM F A,i» 8(E(A)) T,i»d (E (A))
T,i»M=FA.SoMEF , M= F .

Suppose sdisbesproperty ¢. Let A 2 w» (), andanassignment into M =
begiven. Let' beacorrespondingassignmentinto M (cf. Debnition 3.33). Since

sdisPesproperty ¢, weknow E- (A) E (A#). Taking equivalenceclasses,
wehaveE (A) E (AHy).

Suppose saisbesproperty i. Let M;N 2 w»;(Y), a variable X and an
assignment' into M= be given. Again, let' be a correspondingassignment
into M. SupposeE. [A=X](M) E. [A=X](N) for every A 2 D . This means
E n=xg(M) E (a=x)(N) for ewery A2 D . Foranya2 D, using
Lemma 3.31,we know

E ax(M) E a=x (M) E [a=x)(N) E jaxj(N)

where A 2 D is the equivalenceclassof a. Since saisbesproperty T, we
know that E (EX.M) E (éX.N). Taking equivalenceclasses,we seethat
E (EX.M) E (&X.N).

If is functional (saisbesproperty f), we know M = is functional (satisbes
property f) by Theorem 3.13.

Finally, if — sdisbesproperty b, thenclealy D, hasonly two elements So, M =

saisbesproperty b. a
Debnition 3.59(Congruencerelaion ). LetM (D ; @;E;®d) bea f-model.
Letg 2D, |, cbeE(Q ), i.e, theinterpretation of Leibniz equality at type

Wedebnea * binD i» (q @a@b) T.

Before checking  is a congruence we brstshow that it is at leastreReive
Lemma3.60. Let M bea f-model.For eahtype anda2 D ,wehawa = a

Proof. We needto checkd(E(Q )@a@a) T. Let X beavariable of type
and' be someassignmentwith ' (X) a Letr:= E (éP, o (PX) _ PX)).
Foranyp2 D | o, sinceE isan evaluation function, we have

&r@p)  B(E; p=p(: (PX) _ PX)):
As M isaf-model, we have 8(E. jp-p;(: (PX) _ PX)) T sinceeither
&E; p=p(PX)) T of &E pep(: (PX)) T
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So, again sinceM is a J-model, 8(E(u ' °)@r) T. By the debnitionsof r and
= ,wehaved(E (X =2 X)) T AsX = X isaa-reductof Q XX, we have
OE (Q XX)) Taswell. Using' (X) a weseethatd(E(Q Y@a@a) T. a

In orderto checkthat is a congruenceit is usefulto unwind the dePnitionsto
better characterizzwhena * bfora, b2 D .

Lemma3.61 (Propertiesof ). Let M bea J-model. For each type anda;b 2
D , thefollowing are equialent:

(1) a b

(2) For all variables X andY _and assignments sud that ' (X) a and

"(Y) by,wehawdE (X = Y) T

(3) Foreveryp2 D | o, 8(p@a) Timpliesd(p@b) T.

(4) Foreveryp2 D | o, 8(p@a) O(p@b) .

Proof. At eachtype ,letq 2 D, | ,betheinterpretation E(Q ) of Leibniz
equality. By depnition,a " bi» 6(q @a@b) T.

To show (1) implies (2), supposea * band' isanassignmentwith' (X ) a
and' (Y ) b. Sinced(q @a@b) T, wehaved(E (Q XY)) T. SinceE
respectdi-equality (cf. Remark 3.19),wehave®(E (X = Y)) T

To show (2) implies (3), supposed(E (X = Y)) T whenever' is an as-
signmentwith ' (X) aand' (Y) b. Let X and Y be particular distinct
variablesof type and' beany suchassignmentwith * (X) aand' (Y) b.
Letp2 D, ,with 8p@a) T anda variable P , , be given. By assumption,
O(E (8P 1 o (PX)_(PY)) T Sinced(E. p,-p;(PX)) 0O(p@a) T, wehave
&(p@b)  B(E; p=ry(PY)) .

To show (3) implies (4), letp 2 D | , begiven. If 6(p@a) T, then we have
6(p@b) T by assumption. So, 6(p@a) &(p@b) in this case Otherwise we
musthave(p@a) F. Letq:= E (X .. (P (X)) where' issomeassignment
with ' (P) := p. SinceM isamodel, 5(g@a) &(E(: )@(p@a)) T. Applying
the assumptionto g, we have 6(q@b) T andsod(E(: )@(p@b)) T. Thus,
6(p@b) Fandd(p@a) d(p@b) in this caseaswell.

To show (4) implies (1), supposed(p@a) d(p@b) for everyp2 D | ,. In par-
ticular, this holdsforp := g @a2 D | ,. Sinced(q @a@a) Tby Lemma3.60,
wemusthaved(q @a@b) T. Thatis,a ~ b. a

Theorem 3.62(Propertiesof M= ). Let M beaf-model. Then * isacongruence
relationonthe modelM andM = satisPegpropetty g. Furthermore, if for every type

,= 29 andd(E(= Y @a@b) Ti»a "~ bforalab2 D ,thenM= isa
T-modelwith primitive equality.

Proof. We brstverify that  is an equivalencereldion on eachD . ReReivity
was shown in Lemma 3.60. To checksymmetry and transitivity we usecondition
(4) in Lemma 3.61. For symmetry leta * binD andp 2 D , , begiven. Sg,
O(p@a) &(p@b). Genemlizing over p, wehaveb * a. For transitivity, leta ~ b
andb ~ cinD andp 2 D, , begiven. So, 6(p@a) 6(p@b) &(p@c).
Genemlizing over p, wehavea ' c. . _

We next verify that * is a congruence Supposef * ginD | ganda " b2 D .
To show f@a =~ g@b we usecondition (3) in Lemma 3.61. Let p 2 D3 , with
(p@(f@a)) Tbegiven.Let' beanassignmentwith' (Pa o) p," (X ) a
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and ' (G 3) g for variables P, X and G. We can use Lemma 3.61(3)
with E (éF , a(P(FX))) and f * g to verify that 6(p@(9@a)) T. Using
Lemma 3.61(3) with E (éX .(P(GX))) anda * b veripesd(p@(g@b)) T. So,
f@a  g@b. ‘ ‘

It remainsto checkthat 6(a) &(b) whenevera * bfora,b2 D,. Leta " b
in Do be given. Applying Lemma 3.61(4) to E(éXo.X) 2 Do o We have 6(a)
O(E(EXX)@a) O(E(EXy,X)@b)  8(b) asdesird. So, ' is a congruence
relation on M .

Now, weshow M = saisbesproperty g. At eachtype ,letq 2D , | ,bethe
interpretation E(Q ) of Leibniz equality. To checkproperty g, weshow that [q ] :
isthe appropriate objectinD |, |, ,foreach 2 T .Letaib2 D begiven. Note
that [a]: [b] : isequivalenttoa " b.

Also,6 ([q ] @ [a] @ [b]:) Tisequivalentto 5(q @a@b) T. So, we
needto show that 6(q @a@b) Tif andonly if a = b. But this is precisey the
debnitionof .

The statementfor primiti ve equality followsimmediately by Theorem3.55. a

Now, we know that when one takesa quotient of a model M by *, one obtains
a model sdisfying property g. It is worthwhile to note the following relaionship
between = and property g.

Theorem3.63. LetM (D ; @; E; 6) bea -model. Thefollowingareequialent:

(1) M satisbespropetty g.

(2) Foranycongruence onM,type ,andab2 D ,a bimpliesa b.

(3) Foranytype ,andab2 D ,a " bimpliesa b.

(4) Foranytype ,L_(E(Q )) holdsfor .

Proof. To show (1) implies (2), supposeM saisbesy, isacongruenceon M,
anda bforab2 D .Letq 2D, , ,betheobjectattype guaranteedto
exist by property g. Sincea b, wehave(q @a@a) (g @a@b). By property g,
wehaved(q @a@a) T(sincea a). Since isacongruenceon the model, we
have6(q @a@b) T. By property g, this meansa b.

Since " isaparticular congruenceon M, we know (2) implies (3).

To show (3) implies (4), we needto show L _ (E(Q )) holds for eachtype . By
the depnitionof *, foreveryasb2 D wehaved(E(Q )@a@b) T, if andonly if
a " b,i»a b. Thelastequivalenceholds by our assumptionthat a * b implies
thata b, and by Lemma3.60.

For eachtype , L_(E(Q )) implies E(Q ) is the witness required to show
property g. So, we know (4) implies (1). a

Remark 3.64(Congruencesfor §-modelswith primiti ve equality). Theorem
3.63 shows that oncewe have a model M which saisbesproperty g, there are no
nontrivial congruenceson M . Hence there are no nontrivial quotients of M. In
particular, the only posside congruencefor a -model with primiti ve equality is
the trivial congruencegiven by the identity relation . Consequenty, the quotient
construction in the caseof a I-model with primiti ve equality leadsto essentialy the
samemodelagain. Wethereforedo not considerquotients of modelswith primiti ve
equality.

3.4. -modelsover frames. In this section, we debnethe notion of an isomor-
phism betweentwo modelsand show every functional f-model is isomorphic to a
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model over a frame In particular, this shows that the model classM 3¢, is simply
the closure of the classH of Henkin modelsunder isomorphism of §-models

Debnition 3.65(f-model homomorphism/isomorphism). Let M* (D1 @%
ELdY) andM? (D? @%E? &) be J-models A homomorphismfrom M ! to

M?2is atyped function :D?! ! D?2suchthat isahomomorphism from the
evaluation (D 1; @%; EY) to the evaluation (D ?; @% E?) and 8%(a) &%( (a)) for
everya2 D2

A homomorphismi from M ! to M 2 is called an isomorphismi» there is a homo-
morphismj fromM?toM*wherej :D? ! D‘listheinverseofi :D?* ! D2
at eachtype . Two modelsare saidto be isomorphicif there is suchan isomor-
phism. (It is clearfrom the dePnition that this is a symmetricrelaionship between
models)

Remark 3.66 The classH of Henkin modelsis not closedunder isomorphism
of models Neither is the classST of standard models This is becauseHenkin
and standard modelsrequire that the domains D | 5 consist of functions from
F (D ;Da). Wemay, however, take a given Henkin model and appropriately mod-
ify it to obtain anisomorphic modelthat is not in the classof Henkin models For
example, we may chooseD 0! a.=f(@O;f)jf 2D 39anddePne@ appropri-
ately (cf. Example 5.6 for a similar construction).

Lemma3.67. Let M * andM ? beisomorphic{-models

(1) For any setof sentences ,M1fF . ,i» M?2F .

(2) If M 1isa f-modelwith primitive equality, thenM 2 is a -modelwith primitive

equality.

(3) If 2fq;g;T; f;bgandM ! satisbes, thenM 2 satisbes .

In particular, ead modelclassM is dosedunderisomorphisnof models

Proof. Let i bea homomorphismfromM?®* (DY @%E%dY)to M2 (D%
@% E% &) andj beits inverse

Let, beasetof sentencewith M1 = . Thatis,foreveryA 2 , 6Y(E(A)) T.
So foreveryA 2 |, 8*(E%(A)) 6'(j (E?(A))) O6YEY(A)) T(sinceAisclosed,
we canignore the variable assignment). This shovsM 2 = |; the other directionis
obtained by switching indices

Supposeq 2 DY, ,issuchthat L_(q ) holdsfor &. Weshowthat L_(i(q ))
holds for &. Givena;b 2 D2. Wehavea b,i»j(a) j(b), i» 8%(q @Y (9)@*
j(b) T i»&(i(a @ (@@ (b)) T i»&(i(q)@%a@b) T.

In particular, supposeM 1 is a J-model with primiti ve equality. Then, we have
L_(EX= )) for &* at eachtype . So, L_(i(EX(= ))) holds for & at eachtype
Sincei (EX= )) E?(= ), weknow M 2 isa Y-model with primiti ve equality.

Next, supposeM ! saisbesproperty . Let beatypeandq bethe witnessfor
property gin M at . Thatis, L_(q ) holds for . We have shown L_(i(q ))
holds for . Hence M 2 saisbesproperty g.

SupposeM ! saisbesproperty ¢. To show M ? sdisbesg, let A 2 w» () andan
assignment into M 2 be given. We compute

E*A) (i j)E*A) i(§' (A)
(B (M) (i I )E2(Af)  EX(Ay):
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So, M ? saisbesproperty ¢.

M 2 satisbesi , let M ;N 2 w» 5(Y), avariable X , and an assignment into M 2
be given. SupposeE] (M)  EZy.(N)forallb2 D2 Foranya2 D*, we
compute

Bl oaaM) T (B si@=xiM)  J (Efja=x)(M))
i (Egz;[i(a):x](N)) Ejl aija=x)(N):

SinceM ! saisbesproperty T, we know E* ,(€X.M)  E!,(éX.N). Finally, we
compute

EZ(eX.M) i(E',(6X.M)) i(E',(EX.N)) EZ(EX.N):

So, M 2 saisbesproperty 7 .

SupposeM ! saispesproperty f and we are givenf;g 2 D2 , for types and
4. Supposefurther that f@’b  g@?b for everyb 2 D 2. It is enoughto show
i (H j(g). Thisfollowsfrom property fin M if wecanshowj (N@%a j(g)@'a
for everya2 D . So leta2 D! begiven. We bnishthe proof by computing

jhe'a jMme'|i ixa jfe’@)
j(9@i(@) (@@ i)a j(g@'a

Finally, if M ! satisbegproperty b, thenD ! hastwo elements Sincei,: D¢ ! D2
hasinversej o, D 2 must also havetwo elements Thus, M 2 sdisbesproperty b.  a

Theorem 3.68(Models overframes) Let M (D ; @; E; 6) bea -modelwhich
satisbespropety f (i.e, M is functional). Thenthere is an isomorphicmodelM
over aframe

Proof. We debnethe modelM ™" := (D"; @";E';&") by debningits compo-
nents

We brstdebnethedomainsD ' for M ™ by induction on types Wesimultaneously
debnefunctionsi :D ! DM andj :DM ! D which will witnessthat the
two modelsareisomorphic. At eachstepof the debnition, we checkthati and]
aremutual inverses For basetypes 2 fé;og letD' := D andi andj bethe
identity functions (clealy mutual inverses).

Giventwotypes anda,weassumevehaveD ", mutual inverses :D | D'
andj :D" I D, aswell as D;r and mutual inversesis: Dj ! D;r and
ja:D)" | Da. Wedebne

DM ,:= f:D" 1 DI" 9of2D, ,8a2D"f(a) ia(f@ (a))

Notethath!r s F (D”;D;r). Todebnehemapi | 3:D | 5 ! Df!r 5, Welet
i 1 a(f) bethefunction taking eacha 2 D”toia(f@j (a)). Thischoicefori | 5(f)
isclealyin D , by depnition. To dePnetheinversemapj | 2: D' , ! D a,
we must usethe fact that M isfunctional. Givenanyf 2 Df[ 4, by debnitionthere
issomef 2 D , 3 suchthatf (a) i3(f@j (a)) for everya 2 D™, (Note that
the function f and objectf are di»erent in generl.) By functionality and the fact

that thei andj at types and & are already inverses,this f is unique, sinceif
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i2(f@ (a)) ia(g@j (a)) foreverya 2 D', thenf@j (i () 9@ (i (a))
foreverya2 D'". Thatis,f@a g@afor everya2 D'". So, foreveryf 2 D'} ,,
we debnej | ;(f ) to bethe uniquef suchthat f (a) i4(f@j (a)). It iseasyto
checkthati , 3 andj | 5 aremutually inverse

For the applicative structure (D "; @) to be a frame, we are forcedto let the

application operator @'" to be function application. That is, for every f 2 Df[ a

anda 2 D'", f @"a := f (a). We dePnethe evaluation function E'" simply by
E'”(A) = i(g ' (A)) forevery A 2 w» (1) and assignment into the applicative
structure (D "; @"). SinceD!" Do, wecanletd’ := 6.

We only sketch the remainder of the proof. First one can show that i and j
presene application. One can use this fact to verify that E'" is an evaluation
function sothat (D"; @";E'") is a {-evaluation, and that &" 6 is a valuation
function for this evaluation. This veribesM " is a model. Finally, to verify one has
an isomorphism, one can easiy checkthe remainderof the conditions for i and j
to behomomorphismsbetweenthe models Theseareisomorphismssincethey are
mutually inverseon the domains of eachtype. a

We can concludethat M 4, is simply the closure of the classof H of Henkin
models under isomorphism. Givenany M 2 M g, by Theorem 3.68, there is an
isomorphic model M '™ over a frame By Lemma 3.67,this model M ' saisbesq, f,
and b (sinceM does). Also, if primiti ve equality is presentin the signaure, by the
samelemmawe know M " is a model with primiti ve equality. That is, M " 2 H.

x4. Propertiesof modelclasses.In this sectionwe discusssomepropertiesof the
model classedntroducedin section3. Our interestis in the propertiesof Leibniz
equality and primiti ve equality.

Debnition 4.1 (Extensionality for Leibniz equality). We call a formula of the
form

EXT:'® = 8F, .8G, a(8X .FX 2%GX)) F='%G

an axiom of (strong) functional extensionality for Leibniz equality, and referto the
set
EXT: = fEXT;' ®j;a2Tg

asthe axioms of (strong) functional extensionality for Leibniz equality. Note that
EXT: specibedunctionality of the relaion correspondingto Leibniz equality =.
We call the formula

EXTS = 8A.8B.(A, B)) A=°B

the axiom of Booleanextensionality. We call the set EXT: [ fEXT2gthe axioms
of (strong) extensionalityfor Leibniz equality.

In Examples 5.4 to 5.8 below we give concrete models in which EXT S and
EXT:' @ fail in various ways. First, we prove relaionships betweenpropertiesq, b
and f and the statementsEXT 2 and EXT": .

Lemmad.2 (Leibniz equality in J-models). LetM := (D ; @; E; &) beaf-model,
beanassignment, 2 T ,andA,B 2 w» ().
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(1) fE (A) E (B),thend(E (A= B)) T.

(2) If M satisbegropety qandd(E (A= B)) T,thenE (A) E (B).

Proof. Let ' be any assignmentinto M. For the brst part, supposeE: (A)

E (B). Givenr 2 D , 4, we have either 6(r@E (A)) o(r@E (B)) F or
o(r@E (B)) o(r@kE (A)) T. In either case for any variable P | o, not in
freA)[ fregB), wehaved(E. -p(: (PA)_PB)) T. SowehaveE (A= B)
T.

To show the secondpart, supposed(E (A = B)) T. By property q, thereis
someq 2 D, | osuchthatfora, b2 D wehaved(q @a@b) Ti»a b
Letr q @E (A). FromdE (A= B)) T,weobtainE, -p(: PA_PB) T
(whereP | , 2 freed) [ fregB)). SinceE. -p(PA) q @E (A)@QE (A) T,
we must have 8(E. -p;(PB)) T. Thatis, (g @E (A)@E (B)) T. By the
choiceof q , wehaveE (A) E (B). a

Theorem 4.3 (Extensionality in -models). LetM (D ; @; E; 8) bea -model.

(1) If M satisbegpropetty q but not propety f, thenM 6] EXT% .

(2) If M satisbegropetty q but not propety b, thenM 6j EXT .

(3) If M satisbegpropetiesqandf, thenM EXT: .

(4) If M satisbegpropety b, thenM F EXT?2.

Thuswe can characterize the di»erent semanticalstructureswith respecto Boolean
andfunctional extensionality by the table in Figure 5.7

in Ma, Mag, Mg M a Mab,Magp .M aib M atp
formula [ valid?| by | valid? by [ valid?| by valid? | by
EXT: N 1. + 3. N 1. + 3.
EXT? N 2. N 2. + 4.7 + 4.7

Figure 5. Extensionality in J-models

Proof. SupposeM saisbegproperty qbut doesnot satisfy property f. Thenthere
must betypes and & and objectsf;g 2 D | 3 suchthatf 6 g but f@a g@a
foreverya2 D . LetF |, 5;G, 4 2 V , 5 bedistinct variables,X 2 V , and
' beany assignmentwith * (F) fand' (G) g. Foranya2 D ,f@a g@a
implies 8(E: a=x)(FX =% GX)) T by Lemma4.2(1). Using the fact that & is a
valuation, we have 8(E: (8X.(FX =% GX)))  T. On the other hand, sincef 6 g
and M saisbesproperty g, we have §(E (F = ta G)) F by contraposition of
Lemma4.2(2). This impliesM 6j EXT ' 2.

SupposeM sdisbesproperty g but doesnot saisfy property b. Then, there must
be at leastthreeelementsin D,. Sinced mapsinto a two elementset there must
be two distinct elementsa;b 2 D, such that &(a) 6(b). Let Ag;Bo 2 V, be
distinct variablesand ' be any assignmentinto M with * (A) aand' (B) b.
By Lemma 3.48,weknow 8(E (A, B)) T. Sincea6 b and property g holds,

“The casesn the bgurecorrespondingto Theorem4.3(4) areactually specialcases In Theorem4.3(4),
we can infer a model saispesEXT 2 evenif property g doesnot hold. However, the modelsin M g,
Magh, Mgip and M 451, do saisfy property g by the dePnition of thesemodel classes
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by contraposition of Lemma 4.2(2), we know &(E: (A 2° B)) F. It followsthat
M 6j EXTS. )

Let ' be any assignmentinto M. From &(E (8X .FX = GX)) T we
know O(E. j-=xj(FX = GX)) T holds for all a 2 D . By Lemma 4.2(2)
we can conclude that E. [5=xj(FX) E. [a=x](GX) for all a 2 D and hence
E'; [a:X](F)@E'; [a:)(](X) E'; [a:x](G)@E'; [a:)(](X) for all a2 D . That iS,
E. a=x)(F)@a E. [o=xj(G)@afor alla2 D . SinceX doesnot occur freein
F or G, by property f and Debnition 3.18(3) we obtain E (F) E (G). This
Pnally givesusthat §(E (F = ta G)) Twith Lemma4.2(1). It follows that
M E EXT::! dandM E EXT: , since and & were chosenarbitr arily. Note that
we certainly needthe assumptionthat M saisbesproperty q (which is employed
within the application of Lemma 4.2(2). As explained in Remark 3.52,thereis a
functional modelin which property q fails and EXTY €isnot valid.

Let Aq; By 2 V, be distinct variablesand ' be any assignmentinto M. Since
property bholds,wecanassumeD, fT,Fgand®&istheidentity function. Suppose
oE (A, B)) T ByLemma3.48,wehaveE (A) 0&(E (A)) &FE (B))

E (B). By Lemma4.2(1), we have 3(E: (A =° B)) T. It followsthat M F
EXT2. a

Remark 4.4 (Alternative debnitionsof equality). Leibniz equality is a very
prominent way of debPningequality in higher-order logic. However, there are alter-
native debnitionssuchas(cf. [6, p. 203])

= =eéexX Yy 8Q ., . O'(SZ QZZ)) QXY

An important questionis whetheran alternative debnition of equality is equivalent
to the Leibniz debnition in particular model classes As Remark 3.47 shows, this
hasto be carefully investigaed for eachequality dePnition and eachmodel class
in question. We can show that for all A ;B 2 cw» () A= BandA = B are
equivalent modulo 6 for all M 2 M3 (and thus for all other model classes).That
is, wecanshow (E(A = B)) O(E(A = B)). Note that this is weaker than
showinge(A = B) E(A = B). Thekeyideaisto reducethe debnitionof = to
= (and vice versa)by instantiating the universally quantipedsetvariablesQ and P
appropriately. We may, for instance show A = B impliesA = B by choosingthe
instantiation [U V .8P , ,.PU ) PV]for Q and the converseby choosingthe
instantiation [V .8Q | | o(8Z .QZZ) ) QAV]for P. As aconsequencehe
propertiesof Leibniz equality with respectto extensionality alsoapply to =.

Debnition 4.5 (Extensionality for primiti ve equality). Analogousto the exten-
sionality axiomsfor Leibniz equality, we candebPnethe axiomsof strong(functional
andBoolean)extensionalityfor primitive equality:

EXT.' 2 :=8F, 48G, a(8X .FX =2GX)) F='2¢G
EXT? := 8A08Bo(A, B)) A=°B:

As before we referto the setEXT.L := fEXT.' j ; a4 2 T g asthe axiomsof
(strong) functional extensionality for primiti ve equality.

The following lemma shows that in a -model with primiti ve equality for each
2 T thedenotationsof = and= areidentical modulo &.
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Lemmad4.6 (Primiti ve and Leibniz equality). If M := (D;@;E;8) 2 M is a
T-modelwith primitive equality where 2 f&;&ac;4ai ;af;ab;acb; ai b; afbg, thenwe
hawed6(E (A= B)) O6FE (A= B)) forall assignments intoM,types 2T,
andA,B 2 w» (7).

Proof. Sinceproperty gholdsforM 2 M , by Lemma4.2parts (1) and (2), we
haved(E (A= B)) Ti» E (A) E (B). SinceM isa f-model with primiti ve
equality, weknow E: (A) E (B) isequivalentto & E(= )@E (A)@E (B)) T,
andhenceto 8E (A= B)) T. a

Remark 4.7. Lemmad4.6impliesthat for all modelsin our model classesvl the
extensionality axioms for primiti ve equality are equivalent to the corresponding
extensionality axioms for Leibniz equality. Thus, the analysis for the Leibniz
versionsappliesdirectly to the versionsusing primiti ve equality. Also, Lemma 4.6
reinforcesthat (provided property q holds) we can indeeduseLeibniz equality to
trea equality asa dePnednotion (reldaiveto modelsin M ). Thus, we principally
do not needto assumethe constants= to bein our signaure The critical part
in this choiceis that for ensuringthe correct meaningfor Q we have to require
the existenceof an object representingthe identity relation for eachtype in each
T-model (cf. [2] for adiscussionin the context of Henkin models). This requirement
is automatically met if we consider primiti ve equality. Henceit seemsnatural to
tred equality asprimiti ve

Remark 4.8 (Properties¢ and ). We have shown, in the presenceof property
g, amodel M saisbesproperty f i» M | EXT: . Similarly, we have shown that
property b correspondsto a model saisfying EXT 2. A correspondinganalysiscan
be done for properties¢ and1 (cf. Debnition 3.46). AssumeM saispesproperty
g. Then, M sdaispesproperty ¢ i» M | A = (A#) for everytype and closed
formula A 2 cw» (). Also, M saisbesproperty i i»

M E 8F | 2.8G , a(8X .FX 28 GX)) (8X.FX)= ' 2 (8X.GX)

for all types anda.

x5. Example models. We now sketch the construction of modelsin the model
classedV to demonstrate concretely how propertiesfor Boolean, strong and weak
functional extensionality can fail. We needthis to show that the inclusions (cf.
Figure 1) of the model classeslebnedin Section3 are proper, and we indeedneed
all of them.

We start with the simplestexample of a Henkin model, which we will call the
sindeton mode| sincethe domain of individuals is a singleton. Note that the un-
derlying evaluation of this modelis not the singletonevaluation from Example 3.26
sinceD, hastwo elements In this model, all forms of extensionality are valid.

Example 5.1 (SingletonmodelNM&® 2 ST H  Myp). Let (D ;@) be the
full framewith D, := fT;Fg and D¢ := fg . One can easily debPnean evaluation
function E for this frame by induction on terms, using functions to interpret é-
abstractions The identity function 8: D, ! fT,Fgis a valuation, assumingthe
logical constantsare interpretedin the standard way (including primiti ve equality,
if presentin ). So, M@ := (D ; @;E; ) debnesa model. This model clealy
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sdisbesall our propertiesb, f (hence¢ and i) and q (sincethe frameis full). So,
M&P 2 ST H  Map.

Remark 5.2. In particular, all our model classesare non-empty. By parts (3)
and (4) of Theorem4.3,wehave M & = EXTS andMa® £ EXT! .

We can usethe singleton model M & to construct another model which makes
the importance of property g clear.

Remark 5.3 Let M@ (D ;@;E;d) asaboveand TE(T)® (D% @%E?)
be the a-term evaluation as debnedin Debpnition 3.35. Leb &% D, ! fT,Fg
be the function 6%A) := 8(E(A)) for every A 2 CW»o(ﬂ)yé. One can show
MO:= (D?;@%;E?; & is a J-model suchthat M°E A i» Ma® £ A for every
sentenceA. In particular, M°F EXTS and M EXTS .

NeverthelessM Ofails to satisfy propertiesq, b, ¢ and f. Property b doesnot hold
sinceDg' cw»o('n)l'/é1 isinPnite. Property ¢ doesnot hold since for example,

E3(8Fs &XeFX) &Fa XoFX 6 8Fq ¢F E3(8Fa oF):
Property f cannothold sinceproperty ¢ doesnot hold. (On the other hand, property
7 doeshold sincethe undenying evaluation is a term evaluation.)

We know now by Theorem 4.3, either part (1) or part (2), that property q must
not hold. A concrete way to seethat property g fails is to considertwo distinct
constantsag bs 2. e WemusthaveM a® = a =°p (sinceD¢hasonly oneelement),
andsoM % a =°b. On the other hand a and b are distinct elements(as distinct
a-normal forms)in D§.

The model M °shows that property q is neededin the proofs of parts (1) and (2)
of Theorem4.3.

Example 5.4 (Failureof bN M3 2 Mg nMgp). Let (D ;@) be the full frame
with D, = fa;b;cg and D¢ = f0;1g. We debnean evaluation function E for
this frame by debPningE(: ), E(_), and E(n ) to be the functions given in the
following table:

EQ) |

E(t)|a b c
[c c a

0T o
ORI E
Qv T
oo oo

a iff@g2fabgforallg2D ;

E(n )oaf= c, if f@g= cforsomeg2 D :

We can chooseE (w) to be arbitrary for parametersw 2 . Sincethe applicative
structure (D ; @) is a frame hencefunctional, this uniquely deteminesE on all
formulae Also, sincethe frameis full, we are guaranteedthat there will be enough
functions to interpret é-abstractions.

Letthemap 8: D, ! fT,Fgbedebnedby &(a) := T, d(b) := Tandd(c) := F.
It is easyto checkthat M& := (D ; @;E;®) is indeeda J-model. Sincethis is a
model over a frame we automatically know it saisbesproperty f. Sincethe frame
is full, we know property q holds. (By the sameargument, if primiti ve equality is
in the signaure, we can ensue E(= ) is interpreted appropriately for eachtype
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) Clearly property b fails, sowe have M& 2 Mz nMgp. By Theorem 4.3(2),
M 6 EXT2.

In this model one can easiy verify, if d := E (Do) and e := E (E,), then the
values (D" E),E (D) E),andE (D, E) aregivenby thefollowing tables

e: e: e:

E(DE)| a b ¢ E(MD) E)la b c EMD, E)|]a b c
d: ala a c d: ala a c d: ala a c

b a a c b a a c b a a c

clc c¢c ¢ cla a a c|lc c a

Note that one can propery model the woodchuck=groundhog example from [39]
referredto in the introduction in M &,

Example 5.5 (Groundhogsand woodchucks). Let M & be given as above and
supposewoodchucks o, groundhog, ,, johng and philgarein the signaure . Let
E(phil) := 0 and E(john) := 1. Let E(woodchuck) be the function w 2 Dg
with w(0) bandw(l) c. Let E(groundhog) be the function g 2 Dg o with
g(0) aandg(l) c. Onecanshow that the sentence8Xgs(woodchuckX) ,
(groundhog X ) isvalid. Also, E (woodchuckphil) bandE(groundhogphil) &,
so the propositions (woodchuckphil) and (groundhog phil) are valid. Next, sup-
posebelieves o o 2 1 and E (believe) is the (Curried) function bel2 Dg o o such
that bel(1)(b) bandbel(1)(a) bel(1)(c) bel0)(a) bel0)(b) bel0)(c)
¢ (Intuiti vely, John believespropositions with valueb, but not thosewith valueaor
c). So, believesjohn(woodchuckphil) is valid, while believesjohn(groundhog phil)
is not.

As we have seen Booleanextensionality fails whenone hasmorethan two values
in Do. We can genealize the construction debningD, := fFg[ B, where B is
any setwith T2 B and F 2 B . The model will saisfy Boolean extensionality i»
B  fTg. In this way, we can easiy construct modelsfor the casewith property b
andthe casewithout property b simultaneousl. Wewill usethisideato parameteriz
the remainingmodel constructionsby B . Thesesemanticconstructionsare similar
to those in multi-valued logics, which have been studied for higher-order logic
in [38]. In contrastto theselogicswhere the logical connectivesare adapted to talk
about multiple truth values,in our settingwe are mainly interestedin multiple truth
valuesasdiversed-pre-imagesof T and F.

Example 5.6 (Failure of f and ¢gN M &P 2 M 5 n M a,). We start by construct-
ing anon-functional applicativestructureby attaching distinguishinglabelsto func-
tions without changingtheir applicative behavior. Let B be any setwith T2 B
andF2B . LetD, := fRg[ B and D¢ := fg with assingletonelement. For
eachfunction type ! 4, let

D,a:=f(;f)ji2f0;1gandf :D ! Dag

Technically, we should write DB for D, but to easethe notation, we wait until
the model is debnedto make its dependenceon B explicit. We debneapplication
by (i;f Y@a := f (a) whenever (i;f ) 2 D , s anda2 D . It is easyto seethat
(D ; @) isan applicative structure and is not functional. Consider, for example, the
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uniguefunction u: Dg ! Dg For both (0;u);(1;u) 2 Dg swehave(i; u)@ ,
although (O;u) 6 (1;u).

We can debnean evaluation function by induction on terms. We must be-
gin by interpreting the constants For the logical constants,let E(: ) := (0;n)
where n(b) := F for every b 2 B and n(F) := T. Let E(_) := (0;d) where
d(b) := (0;kT) foreveryb 2 B ,d(F) := (0;id), kT isthe constant T function and
id is the identity function from D, to D,. For eachtype ,letd(n ) := (0;0 )
where for each(i;f ) 2 D , 4,0 ((i;f)) :=Tiff(a) 2 B foralla2 D and
o0 (i;f ) := F otherwise For eachtype ,letq :=(0;9) 2 D, | o, where
g (@ := (0;s* and s?(b) := Tif a b ands?b) := F otherwise If primitive
equality is presentin the signaure letE(= ) := q . Let E(w) 2 D bearbitrary
for parametersw 2 T .

For variables, we must debneE: (X) := "' (X). Similarly, for application, we
must debneE (FA) := E (F)@E (A). For é-abstractions, we have a choice To
be debnite we chooseE (X .By) := (0;f ) wheref : D ! Dj isthe function
suchthatf (a) E; (a=xj(B) foralla2 D .

With somework (which we omit), one can show that this E is an evaluation
function. Furthermore, taking 6 to be the function suchthat &(b) := T for ev-
eryb 2 B and §(F) := F, one can easiy show that this is a valuation. Hence
MB := (D;@;E;0) isaf-model.

The objectsq witnessproperty q for M B (and also show that this is a model
with primiti ve equality, when primiti ve equality is in the signaure). Note that the
objects(1;q ) alsowitnessproperty g. So, in the non-functional casesuchwitnesses
are not unique.

We have already noted that property f fails, sincethe applicative structure is
not functional. One may question whether properties¢ or T hold. In fact, prop-
erty ¢ doesnot, asone may verify by computing, for example, E(éF , 4.F) and
E(EF 34X .FX) for types anda. Wehave E(éF | 5.F) (0;id) whereid is
the identity function from D , 3 to D | 5. However, E(éF , 53X .FX) (0;p)
where p is the function from D , 5 to D | 5 suchthat p((i;f)) (O;f ) for each
f:D ! Da. Property i doeshold.® The reasonis that if E. (ax)(M)

E. (a=xj(N) for everya 2 D , then E (€X .M) O;f) E (éX.N) where
f(@ E @x(M) E. |a=x)(N)foreverya2D .

SinceM B is sdisPesproperty g but not property f, by Theorem 4.3(1) we have
MEB g EXT::! @ for sometypes and a. (One can easiy checkthat, in fact,
MEB 6 EXT::!  for all types and & by considering the witnesses(0;f ) and
(L;f)inD , 3 wheref : D ! Dj isanyfunction.)

If B fTg, then the model M&® := M9 saisbesproperty b. So, we know
M&P 2 My, N Map. On the other hand, if b is any value with b 2 fT: Fg, and
B  fT bg, then the modelM?& := M'TP9 doesnot saisfy property b. In this
case we know Ma 2 M 5 n(M af [ Mé‘ﬁb).

8This construction is an example of how one constructsmodelsfor the simply typed é-calculususing
retractions. Such constructions will always yield models sdisfying property 7, but only yield models
sdisfying property ¢ wheneachretraction is an isomorphism, in which casethe applicative structureis
functional.
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Remark 5.7. Let M B bethe §-model (D ; @; E; 6) constructedin Example5.6.
We can debPnean alternative evaluation function E° by induction on terms. For
all w 2 9, let Ew) := E(w). For variables, we debneE°(X) :="' (X). For
application, we must debneE°(FA) := EQF)@E%(A). For é-abstractions, we
chooseEO(&X .By) := (1;f )wheref : D | Djisthefunction suchthatf (&)
E. [a=x)(B) for alla2 D . We omit checkingE%is an evaluation function, but the
veribcdion is that sameis checkingE is an evaluation function. Notice that E and
EO agreeon all constants(by debnition). However, they are di»erent evaluation
functions. For example,

E(8XsX) (0;id) 6 (1;id) EY&XeX)

whereid: D¢ ! Degis the identity function.This example shows that evaluation
functions arenot uniquely detemrminedby their valueson constantsin non-functional
models

In Lemma 3.14,we have shown that 4¢-equality inducesa functional congruence
if the 1 is inPnite for all types . As a result, with such signaures, the term
evaluation T E(Y) ° is functional (cf. Lemma 3.36). As noted in Remark 3.15,if
is Pnite, we cannot show that functionality holds. Neverthelessevenif 1 is Pnite,
the evaluation T E(Y) °° interprets ag-convertible terms the same We can usethis
ideato construct non-functional modelswhich saisfy property ¢.

Example 5.8 (Failure of T NInstances of M 3, M ac» Mab, Mag). Again, letB be
any setwith T2 B and F 2 B . Chooseconstanjsce ¢, 2 1 andjet 19 := fcg Co0.
By induction on types,we debneC® 2 cw» (‘no)yég cw» (ﬂo)yé. At basetypes,
letC2 := ceand C2 := c,. At function types,letC° , := éX 7C§. (Thus eachG?°
is of the form éX.cy wherea 2 fé;0g9.) In particular, cw» (1]0)3'/31g and cw» (1]0)\'/‘_;1
are non-empty for eachtype

We cannow inductively debPneamap fi fromw» () to w» (19 which collapses
termsto the smallersignaure For variables,leti(X) := X. For constantsw 2
(including logical constants),let fi(w ) := C°. For application and &-abstraction,
we simply usefi(FA) := fAi(F)A(A) and fi(éX.A) := éX.A(A). By induction on
the formula A, one can show [A(B)=X]A(A) A([B=X]A) for any A 2 w» (1),
B 2 w»3(f) and X5. From this, one canshow fi(A) 5fi(B) whenever A 4B for
everyA;B 2 w» (). Note alsothat A(A%  A%for every A°2 w» (19.

We can construct a non-functional applicative structure using an indexing tech-
nique similar to Example 5.6. In this case insteadof indexing with i 2 f0; 1g, we
usetermsin cw» (9% asindices (Here A# meansthe a&-normal form if a
and the a¢-normal form if ac.) In essencethis index records someinforma-
tion about the OimplementtionOof the function. Note that cw» (1% fcg and
cw»o(T%  fcog. Let D¢ = f(cg0)gandD, := f(Co; F)g[ f(co;b)jb2 B g. For
function types,let D | 5 bethe setof pairs (F% ,;f ), where F°2 cw» | 4(1%
andf : D | Djisanyfunction suchthatf (A%a) ((F°A%;b) for somevalue
b. Application is dePnedasin Example5.6: (F;f )@a := f (a). The construction
of this applicative structure closey follows Andrews@-complexesin [1], exceptwe
have a very restrictedsignaur e 1°which doesnot include logical constants
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To show that eachdomain is non-empty, we construct a particular elementc 2
D for eachtype . (This elementwill alsobe usedto interpret parameters) Let
c®:= (cg0), c®:= (Co;F), and c ' @ := (C% 4;k) wherek: D ! Dj is the
constantfunction k(a) := c®foreverya2 D . Thefactthatc ' @2 D | 4 follows
from (C% ,A¥ C2.

One canseethat the applicative structureis non-functional by noting (éXgX; f )
and (éXgcg f ) aredistinct membersof Dg ¢ Wheref isthe unique function taking
Deinto itself. However, (8XgX;f )@c® ¢ (EXscsf )@ct In fact, once we
debnethe evaluation function, this sameexamplewill show that property 1 will fail.

Letd: Dy, ! fT,Fgbed((cq;F) := Fandd((co; b)) := Tforeachb2 B . This
will bethe valuation function on the model.

We only sketchthe debnition of the evaluation function E and the proof that this
givesamodelM B := (D;@;E;®8). WecandebneE by induction onterms. First,
we interpret parametersw 2 { by E(w ) := c . For logical constantsa 2 1, we
choosethe brstcomponentof E(a ) to be C° and the secondcomponentto be an
appropriate function. We candebnethe witnessegy in a similar way and usethese
to interpret primiti ve equality, if it is presentin the signaure

We areforcedto letE (X) := ' (X) andE (FA) := E (F)@E (A). For the é-
abstraction step we chooseE (éX .Bj) := ((0(A(éX.B)))}#;f ), wheref : D !
Dj saisbesf (a) E. [»=xj(B) foralla2 D and ¢ is the substitution dePnedby
letting 6(Y) be the brstcomponentof ' (Y) for eachY 2 free@X.B). In order
to show E is well-debned,one shows the brst componentof E (A) is (6(A(A)))#
(where 6 is the substitution for free(d) debnedfrom the brst componentsof the
valuesof ' ) for every formula A.

The fact that E evaluatesvariablesand application propery is immediate from
the debnition. The fact that E (A) dependsonly the freevariablesin A follows by
an induction on the debnition of E. To show E respects-conversionif a and
ac-conversioniif ac (so that the model will also sdisfy property ¢), one brst
shows E respectsa single&[¢]-reduction, then doesan induction on the position of
the rede, and Pnally doesan induction on the number of &[¢]-reductions

Oncethesedetailsarechecled, weknow M B isamodel(with primiti ve equality,
if present)sdisfying property g. Wealready know the modelwill not sdisfy property
f since the applicative structure is not functional. We can also check that the
model will not saisfy property T by considering E(éXgX) and E(éXsCs). We
know E (EXgX) 6 E(EXsCe sincethe brstcomponents((€XsX) and (EXgCq) are
not equal. However, D¢ has only one element ¢c¢  (cg0). So, we must have
E: [a=x7(X) ct E:. [a=x](C) for everya 2 D¢ This showsproperty 1 fails.

If ac, then we have noted above that E respectsag-conversion. So, in
this case the model sdisbesproperty ¢. If a, then we can easiy check
E(éFs ¢XsFX) 6 E(EFg «F) sincethe brst componentswill di»er. So, in this
case the model doesnot satisfy property ¢.

Asin Example5.6,if B fTg,thenM& := M &1 gndMa® := M 3¢ 19 saisfy
property b. So, weknow M@ 2 Ma, n(Mag [ Marp) and M3 2 Mgy NM agp. I
B  fT;bgwhereb is any valuewith b 2 f T; Fg, then the modelsM @ := M &fTbg
andM 3 := M & T3 do not saisfy property b, soM2@ 2 Man(Mag[ Mz [ Map)
andMé‘? 2 Ma(; n(Maf [ Mégb)-
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In particular, the modelsM 2 and M 2 show that respectingg-conversiondoes
not guaranteestrong functional extensionality.

Thus we have given (sketchesof) concrete modelsthat distinguish model classes
and shown that the inclusionsbetweenthe M model classesn Figure 1 are proper.

x6. Model existence. In this section we presentthe model existencetheorems
for the di»erent semanticalnotions introducedin Section3. The model existence
theoremshave the following form, where 2 f&;ac;ai ;af;ab;acb; ai b; afbg:

Theorem (Model existence) For a givenabstract consisteng class®q 2 Acc (cf.
Debnition6.7) anda set, 2 °q thereisa Y-modelM of , , suhrthatM 2 M (cf.

DePnition3.49).

The mostimportant tools usedin the proofs of the model existencetheoremsare
the so-calledf-Hintikka sets Thesesetsallow computations that resemlte thosein
the consideedsemanticalstructures(e.g., Henkin models)andallow usto construct
appropriate valuations for the term evaluation T E(f) ® debnedin Debnition 3.35.
The key stepin the proof of the model existencetheoremsis an extensionlemma,
which guaranteesa {-Hintikka setH for any su¥acienty -pure setof sentences
in °q.

6.1. Abstractconsistency.Let usnow review afew technicalitiesthat wewill need
for the proofs of the model existencetheorems

Debnition 6.1 (Compactness) Let C bea classof sets

(1) C is called dosedundersubsetsf for any setsS and T, S 2 C whenever
S TandT 2C.

(2) C iscalledcompactif for every setS wehaveS 2 C i» every bnite subsetof
S isamemberof C.

Lemma6.2. If C is compact,thenC is cdosedundersubsets

Proof. SupposeS T andT 2 C. Every bnite subsetA of S is a Pnite subset
of T, and sinceC is compactwe know that A 2 C. ThusS 2 C. a

Wewill now introducea technicalside-conditionthat ensuiesthat we always have
enoughwitnessconstants

Debnition 6.3 (Su¥ciently §-pure). Let § be a signaure and, be a setof -
sentences, is calledsu¥acienty T-pureif for eachtype thereis a setP 1 of
parameterswith equal cardinality to w» (1), suchthat the elementsof P do not
occurin the sentence®f .

This canbe obtainedin practiceby enriching the signaurewith spuriousparam-
eters Another way would be to usespecialy marked variables (which may never
be instantiated) asin [36]. Note that for any setto be su¥%cienty f-pure, § must
be inbnite for eachtype , sincewe have assumedthat V w» () areinbnite
Recallthat in Remark 3.16weassumecevery hasacommon(inbnite) cardinality
@ for every type . (One could easiy show that no setof {-sentencescould be
su¥aciently pureif, for example, fsis countable while 4 ¢isuncountable. In sucha
casew» () isuncountable for everytype soonecould not saisfy the su¥icient
purity condition at type é)
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Not ation 6.4. For reasonsof legibility wewill write S afor S| fag, whereS
is a set. We will usethis notation with the conventionthat associdesto the left.

Debnition 6.5 (Propertiesfor abstract consistencyclasses) Let °q be a classof
setsof {-sentences We debnethe following properties of °q, where , 2 °¢, ,
a2T,A,B2cw»y, F2cw» | g,andG, H, (X .M), (X .N) 2 cw» , 5 are
arbitrary.

re: If Alisatomic,thenA 2, or: AZ .

r-:If: A2, then, A2°.
ra: IfA sBandA2 , then, B2 °.
re. IfA s3BandA2 ,, then, B2 °y.
r :IfA_B2, then, A2°%or, B2°.
r~:If:(A_B)2 , then, :A :B2°.
rg: Ifp F2,, then, FW 2 °qforeachW 2 cw» .
ro: If :p F2,, then, :(Fw) 2 °qfor any parameterw 2 Y which does
not occurin any sentenceof |.
rp: If: (A2°B)2,, then, A :B2°or, :A B2°.
riclf: (8X .M = ' 26X .N)2 , then, :(w=X]M =2 [w=X]N) 2 ° for
any parameterw 2 f which doesnot occurin any sentenceof ,.
reelf:(G="'2H)2,, then, :(Gw =2 Hw) 2 °¢ for any parameter
w 2 1 which doesnot occurin any sentenceof ..
Irsai: Either, A2°or, :A2°.

59

For the optional caseof primiti ve equality, i.e, when= 2 § , , , for all types

, we now add a setof further properties While our prstchoicewill beto combine
ther I property with r =, wewill later show that other pair combinations from this
setare equivalent.

Debnition 6.6 (Propertiesfor abstract consistencyclasses) Suppose = 2
1. 1 oforall types . Let °q bea classof setsof f-sentences We debnefor
., 2°%,A;B2cw» andF 2 cw», whereF hasasubtem of type at position p:

rfl: (A= Az,

r:IfF[Al, 2, andA= B2, then, F[B],2 °.°

r::IfA= B2, then, A= B2°.
r-oIfA= B2, then, A= B2°.
r2 :If:(A= B)2, then, :(A= B)2°.
rf :If: (A= B)2, then, :(A= B)2°.

Debnition 6.7 (Abstract consistencyclasses) Let  be a signdure and °q be a
classof setsof f-sentenceghat is closedunder subsets If r¢;r. ;ra;r_;ra;rg
andr g arevalid for °g, then °y is called an abstract consisteng classfor §-models
Furthermore, when= 2 7, , , for all types and the propertiesr [ and r =
are valid then °q is called an abstract consisteng classwith primitive equality. In
the following we often simply usethe phraseabstract consistencyclassto referto
an abstract consistencyclasswith or without primiti ve equality. We will denote

9Although this resembesLemma 3.25which requiredproperty T, it is far weaker sinceA and B must
be closed.
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the collection of abstract consistencyclasses(with primiti ve equality) by Acg.
Similarly, weintroducethe following collectionsof specializd abstract consistency
classeqwith primiti ve equality): AcGg, ACG, ACGs, ACGb, ACGgh, ACGih, ACGb,
where we indicate by indiceswhich additional propertiesfrom fr ¢;rs;r¢;rpgare
required.

Remark 6.8. If primiti ve equality is not in the signaure, Acg correspondsto
the abstract consistencyproperty discussedy Andrewsin [1]. The only (technical)
di»erencescorrespondto & -conversion. In [1], -conversionis handledin ther 4
rule using -standardized forms. Also, we have debnedthe r 5 rule to work with
a-conversioninsteadof &-reduction.iNe preferthis strongerversionof r 3 overthe
weaker option OIfA 2 , then, Ayé 2 °qOsinceit helpsto avoid the useof r gy

in several proofs below. (Note that r 5 follows from the weaker option and r ¢4.)
Furthermore, in practical applications, eg., proving completenessf calculi, the
stronger property is typically aseasyto validate asthe weaker one An analogous
argumentappliesto r .

Remark 6.9. While the work presentedin this article is basedon the choice of
the primiti ve logical connectives: ; _; andp (and possildy primiti ve equality), a
meansto geneanlize the framework over the concrete choice of logical primiti ves
is provided by the uniform notation approach as, for instance givenin [22]. It is
cleatlly possilde to achieve sucha genealization for our framework aswell. This
canbedonein straightforward manner. r ~ becomesan -property, r  becomesa
a-property, r g becomesa a-property, and r ¢ becomesa &-property. Thus they will
have the following form:

-case:If 2 ., then, 1 22 °.
a-case:lffa2 , then, &;2°or, &2°.
a-case:If 82 ,, then, &w 2 °qfor eachW 2 cw» .
d-case:If a2 ,, then, &aw2 °q for any parameterw 2 { which doesnot occur
in any sentenceof ,.

51

We often referto property r . as Oaomic consistencyO.The next lemma shows
that we also have the correspondingproperty for non-atoms.

Lemma6.10(Non-atomic consistency) Let °g be an abstract consisteng class
andA 2 cw»o(T), thenforall , 2 °qwehaweA 2, or: A2, .

Proof following a similar argumentin [1], Lemma3.3.3 If for some, 2 °qand
A 2 cw»o(f) wehaveA 2 , and: A 2 ,, thenfA;: Ag 2 °q since®q is closed
under subsets Furthermore, usingr 5 and closure under subsetswe can assume
suchan A is &-normal. We provef A;: Ag 2 °q for any &-normal A 2 cw»,(1) by
induction on the number of logical constantsin A.

If A isatomic (which includesprimiti ve equdions), this followsimmediately from
re. SupposeA : B for someB 2 cw»o(T) andf: B;:: Bg2 °q. Byr. and
closureundersubsetswehavef: B;Bg 2 °y, contradicting theinduction hypothesis
for B. SupposeA B _ C for someB;C 2 cw»(f) andfB_C;: (B_C)g?2 °.
Byr ,r andclosureundersubsetswehaveeitherfB;: Bg2 °qorfC;: Cg2 °y,
contradicting the induction hypothesesfor B and C. SupposeA B for some
B2cw»  off) andfp B;: (1 B)g2 °. Sincef isassumedo beinbnite (by
Remark 3.16), there is a parameterw 2 § which doesnot occur in A. Since



HIGHER-ORDER SEMANTICS AND EXTENSION ALITY 1067

w is a parameter, the sentenceBw cleally hasone lesslogical constantthan p B.
However, we cannot directly apply the induction hypothesisas Bw may not be
a-normal. SinceB is a-normal, the only way Bw can fail to be a-normal is if B
hasthe form X .C for someC 2 w» (1) wherefreeC) fX g. In this casgit
is easyto show that the reduct[w=X]C is &-normal and containsthe samenumber
of logical constantsasB. In either case wecanlet N bethe &-normal form of Bw
and apply the induction hypothesisto obtain fN;: Ng 2 °q. On the other hand,
lo,rsg, I andclosureundersubsetdmpliesfN;: Ng2 °g, acontradiction. a

Remark 6.11 Note that for the connectves_ and u thereis a positive and a
negdivecondition givenin the debnitionabove, namely r _/r for _andr g/ r o for
i . For=°and= ' 2 the situation is di»erent sincewe needonly conditions for
the negdive cases Positive counterparts can be inferred by expanding the Leibniz
dePnition of equality (cf. Lemma 6.12).

Lemma6.12(Leibniz equality). Let °q be an abstract consisteng dass The fol-
lowing propeties are valid for all , 2 °q, A;B 2 cw»,(T), C 2 cw» (f) and
F:G2cw»  a(T).

ri::(C= C)z,.
r!ifF2"'2G2, then, FW =% GW 2 ° forany closedW 2 cw» (T).
roIfA=°B2, ,then, A B2°or, :A :B2°.

Proof. Toshowr [,assume (C = C) 2 ,. Bysubsetlosuref: (C = C)g2 °g
and by rg with some parameter p which doesnot occur in C and r 5 we get
f: (C=C);: (: pC_pC)g2 °q. Thecontradiction followsby r,r. andr .. So,
r ! holds.

Toshowr ! , supposer = ta G 2 .. By application of r g with &€X | 4.FW =
XW andrs wehave, (;(FW = FW)_FW = GW) 2 °q. By r_ and subset
closureweget, :(FW = FW) 2 °qor, FW = GW 2 °q. The latter proves
the assertionsincethe prstoption is ruled out by r I (shown above).

To show r 2, supposeA =°B 2 .. Applying rg with €Y.y we have ,
(EPo1 o0 PA_ PB)(€Y.Y) 2 °q. By r4 and subsetclosureweget, :A_B?2
°q. Similarly, we further derive by r g with &Y.: Y, r 4, and subsetclosure that
. A_B @ A_:B 2 °. Byapplyingr _ twice and subsetclosure we get
the following four options: (i) , A = A2 °, (i), :A :B 2 °q (i
, B 1 A2°,or(ivy, B :B2 °. Cases(i) and (iv) areruled out by
non-atomic consistency In case(iii) we furthermoregetby r. and subsetclosure
that, B A2°.Thus,, :A :B2°%or, B A2°. a

We could easily add respectve propertiesfor symmetry transitivity, and congru-
enceto the previous lemma. They can be shown analogousl, i.e, they also follow
from the propertiesof Leibniz equality.

In contrastto [1], we work with saurated abstract consistencyclassedsn order
to simplify the proofs of the model existencetheorems For a discussionof the
consequencesf this decision,seeSection8.2.

Debnition 6.13(Saturatedness) We call an abstract consistencyclass®y satu-
rated if it saisPesr g4.
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Remark 6.14. Cleary, not all abstract consistencyclassesresaurated, sincethe
emptysetisonethat isnot (cw» (1) iscertainly non-emptysince8P,.P 2 cw»(T)).

Remark 6.15 The sduration condition r s5; can be very di%cult to verify in
practice For example showing that an abstract consistencyclassinduced from a
sequentcalculus(asin [1]) is saurated correspondsto showing cut-elimination (cf.
[12]). SinceAndrews [1] did not usesduration, he could usehis resultsto give a
model-theoretic proof of cut-elimination for a sequentcalculus We cannot usethe
resultsof this article to obtain similar cut-elimination results

We now investigae derived propertiesof primiti ve equality.

Lemma6.16 (Primiti ve equality). Let °q beanabstractconsisteng classwith prim-
itive equality, i.e,= 2§, | oforalltypes 2 T ,wherer [ andr_  hold. Then
r = andr S arevalid. Furthermore r = andr £ arevalidif °q is saturated.

Proof. Toshowr I wederivefrom (A= B) 2, byrgwithéX . A= X,rj,
and subsetclosurethat, : (A= A)_A= B2 °q. Byr_andsubsetclosure we
get, (A= A)2°or, A= B2 ° Theassertionfollowsfrom the latter
option sincethe formerisruled out by r . i

In order to show r 5 let F[A], 2 ,, wederivefrom A = B2, byr= that
. (A= B)2 °. Byrg with é&X.F[X], (whereX 2 V doesnot occur bound in
F[Alp), r a, and subsetclosure we further moregetthat ,  (: F[A], _ F[B]p) 2 °y.
Application of r _ andsubsetclosuregivesus, : F[A], 2 °qyor, F[B], 2 °q. The
assertionfollows from the latter option sincethe formeris ruled out by F[A], 2 ,
and non-atomic consistency )

The straightforward proof for r = employs sauration, r =, and non-atomic
consistency Similarly, the proof for r = employs sauration, r =, and atomic
consistency a

The next theorem provides some alternativesto our choiceof r = and r [ in
the dePnition of abstract consistencyclasseswith primiti ve equality provided that
sauration holds. In practical applications the usermay therefore choosethe com-
bination that suitsbest.

Theorem 6.17 (Alternative propertiesfor primiti ve equality). Let °q be an ab-
stract consisteng classandlet= 2 1, , oforalltypes 2 T . If °¢ is saturated
andvalidatesoneof the following combinationsf propeties thenit alsovalidatesr =
andr . Thecombinationsare:

Q) rSandr/!.
(2) rZ andr J.
(3) r> andr? .

Proof. To prove (1) weonly haveto shovr = . Let (A = B) 2 . and suppose
., (A= B)2°q. Thenbysauration, : (A= B)2 °qand by application of r 2
we geta contradiction to r { (cf. Lemma6.12). )

To prove (2) weonly haveto showr [. Since, : (A= A) 2°; byr ! wegethy
sduration, A= A2 °. Byr [ andsubsetclosure, wehave, A= A2 °q. By
atomic consistencywehave: (A = A) 2 .
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For (3) we prstshow r .. Suppose: (A = A) 2 ,. Then by r=  weget
: (A 2 A) 2 °q contradicting r {. Toshowvr > letA = B 2, and suppose
A = B 2 °q. By sauration weget, : (A = B) 2 °q and by application of

r © wegeta contradiction to atomic consistency a

B

Lemma6.18(Compactnessof abstract consistencyclasses) For eadabstractcon-
sisteny cass®q thereexistsa compactabstract corsisteny dass°ﬂ°satisfyingthesame
r propetiessudthat°y  °pC.

Proof (following and extending [6], Proposition 2506). We choose°.”0 =1,
CW», | every Pnitesubsetof | isin °qg. Now supposethat , 2 °q. °g is closed
under subsetsso every bnite subsetof ;, isin °q andthus, 2 °.”°. Hence®q °ﬂ°.

Next let us show that °ﬂ° is compact. Suppose, 2 °ﬂ° and ! is an arbitrary
Pnite subsetof .. By dePnition of °ﬂ° all pnite subsetsof , arein °q and therefore
1 2 °P Thusall bnite subsetsof , arein °;’ whenever , isin °. On the other
hand, supposeall bPnitesubsetof , arein °ﬂ°. Then by the debnition of °ﬂ°the Pnite
subsetsof , arealsoin °q,so, 2 °¢. Thus °.”°is compact. Note that by Lemma6.2
we havethat °Lis closedunder subsets

Next weshow that if °q satisPesr , then °ﬂ° saisbes .

re: Let, 2 °."°and supposethereisanatom A, suchthat fA;: Ag ,. fA;: Ag
is cleally a bPnite subsetof , and hencef A;: Ag 2 °g contradictingr  for °.
r.:Let, 2°0: A2, ' beanybnitesubsetof, A,and? := (* nfAg)
o A. 2 isabnitesubsetof ,, so2 2 °q. Since®y is an abstract consistency
classand:: A 22 wegetz A2 °qbyr. for°;. Weknow that? 2 A
and °q is closedunder subsetsso® 2 °q. Thus every bPnitesubsett of , A
isin °q and therefore by debnition, A 2 °.
ra;fc;f _;ra;rg;ro: Analogoustor. .
riolet, 2°0:(8X.M 2 ' &xX.N) 2, and! beany Pnite subsetof
. ([w=XIM =% [w=X]N), wherew 2 § isaparameterthat doesnot occur
inany sentencef,. Weshowthat®* 2 °q. Clearly? := (* nf: ([w=X]M =4
[w=X]N)g) : (EX.M = ta eX.N) is a Pnite subsetof , and therefore
2 2 °y. Since’q sdisPesr; and : (EX.M = '3 BEX.N) 2 2 we have
2 ([w=X]M =% [w=X]N) 2 °q. Furthermore,* 2 : ([w=X]M =°
[w=X]N) and °¢ is closedunder subsetsso* 2 °q. Thus every Pnite subset
1 oof, :(w=X]M =2 [w=X]N)isin °, and thereforeby debnitionwe have
. (w=X]M = [w=X]N) 2 °{
r+: Analogoustor;. ]
rp: Let, 2 °ﬂowith :(A=B)2, Assume, A :B2Z°and, :A B2°.
Then there exists bPnite subsets, ; and, > of ,, suchthat, ; A :B 2°
and, » : A B2°. Nowwechoose, 3:=, 1[ , 2 : (A= B). Obviously
, 3isabnitesubsetof , andtherefore, 3 2 °q. Since’y saisbesr ,, we have
that, 3 A :B2°or, s :A B2 °. From this and the fact that °q is
closedunder subsetavegetthat, 1 A :B2°or,  : A B2 °,which
contradictsour assumption.
lsat: Let, 2 °."°. Assumeneither, A nor, :Aisin °ﬂ°. Then there are
Pnite subsets, ; and , , of ,, suchthat ;1 A 2 °;and, > :A 2 °.
Ast = 1[ , 2is abnite subsetof ,, wehave® 2 °q. Furthermore,
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1 A2°ort A2 °qbecauséy issaurated. °g is closedunder subsets,
so,1 A2°or,» :AZ2°. Thisisa contradiction, sowe canconclude
thatif , 2 °0then, A2°lor, :A2°0
In caseprimiti ve equality is presentin the signaure, we checkthe corresponding
properties
ri: Let, 2 °ﬂ° and assume: (A = A) 2 .. f: (A= A)gisclealy a bnite
. subsetof | andhencef: (A= A)g2 °q contradictingr [ in °g.
r>;rSrsr> ;r 7 Analogoustor . . a

6.2. Hintikka sets. Hintikka setsconnectsyntaxwith semanticsasthey provide
the basisfor the model constructionsin the model existencetheorems We have
debnedeight di»erent notions of abstract consistencyclassedy brstdebningprop-
ertiesr , then specifyingwhich should hold in Acc . Similarly, we debPneHintikka
setsby brstdebningthe desired properties

Debnition 6.19(f-Hintikka properties). Let H beasetof sentencesWedebne
the following propertieswhich H may saisfy, where A;B 2 cw»q, C;D 2 cw» ,
F2cw»  o,and(éX .M);(éX.N);G;H 2 cw» | ;:

: AZH or: AZH.

~:1f: A2H,thenA2H.

r: fA2H andA 3;B,thenB2 H.

re: A2 H andA 4B, thenB2 H.

r:IfA_B2H,thenA2H orB2H.

~:1f:(A_B)2H,then: A2H and: B2 H.

rg: Ifu F2H,thenFW 2 H for eachW 2 cw» .

M: If : p F 2 H,thenthereisaparameterw 2 { suchthat: (Fw) 2 H.

Mo: If : (A=°B)2H thenfA;:Bg H orf: A;Bg H.

molf: (X .M = ta éX.N) 2 H , thenthereis aparameterw 2 { suchthat
: ((w=X]M =¥ [w=XIN) 2 H . _

r: If: (G2 ' ®H) 2 H,thenthereisaparameterw 2 § suchthat: (Gw =2
Hw)2 H.

Msat: EitherA2 H or: A2 H.

rf.:(C= C)zH. _

rZ:1fC= D2H,thenC= D2H.

Depnition 6.20(f-Hintikka set). A setH of sentenceds called a {-Hintikka
setif it saisPesf, I , 3, I, ™, g and re. When primiti ve equality is present
in the signaure and H is a Hintikka set sdisfying rf and r= wecall H a Y-
Hintikka setwith primitive equality. We debnethe following collections of Hin-
tikka sets(with primiti ve equality): Hinta, Hintse, Hintg;, Hinty, Hintg,, Hintag,,
Hintsy, and Hintag,, where weindicate by indiceswhich additional propertiesfrom
fre; rm7; s, Mg are required. If primiti ve equality is in the signaure, we require
H 2 Hint to bea Hintikka setwith primiti ve equality.

We will construct Hintikka setsas maximal elementsof abstract consistency
classesTo obtain a Hintikka set we must explicitly show the property g (and
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or rt whenappropriate). Thiswill ensuethat Hintikka setshaveenoughparameters
which act aswitnesses

Lemma6.21(Hintikka lemma). Let °q be an abstract consisteng classin Acc .
Supposea setH 2 °q satispeshe following propetties:

(1) H issubset-maximain °q (i.e, for eadr sentenc® 2 cw», suhthatH D 2

°q, We alreadyhawe D 2 H).

(2) H satisbegy.

(3) If 2 fai;aibg, thenr; holdsinH .

(4) If 2 faf;afbg, thenrs holdsinH .

Then,H 2 Hint . Furthermorg if °q is saturated,thenH satisPeS 4.

Proof. H saisbeg™y by assumption.Also, if 2 fai;atbg( 2 faf;afbg), then
we have explicitly assumedH saisbesr; (). The factthat H 2 °q sdisbesfy
follows directly from non-atomic consistency(Lemma 6.10). Similarly, if primiti ve
equality is in the signaure, then H sdisbesr! sinceH 2 °q and °q sdisbesr .
Every other 1~ property follows directly from the correspondingr property and
maximality of H in °q. For example, to show . , suppose:: A2 H. Byr.,
we know H A 2 °q. By maximality of H, we have A 2 H . Checking 3,
(if 2 fag;acbg), r, rg, and r= hold for H follows exactly this samepattern.
Checkingr , rp (if 2 fab;ach;afbg) and rsa (if °q is saurated) follows a
similar pattern, but with a simple caseanalysis For example, to check gy, given
A 2 cw»o(Y), rsa impliesH A 2 °qorH :A 2 °. So eitherA 2 H or
cA2H. ) a

It is worth noting that the converseof = also holds in Hintikka setswith
primiti ve equality.

Lemma6.22. Supposeprimitive equality is in the signatue andH is a Hintikka
setwith primitive equality. Then,we hawe the following propety for every type and
A;B2cw» (1):
r_:A= B2H i»A=Z B2H. _

Proof. f A= B2H,thenA= B2H byr:. For the conversedirection
assumethat A = B 2 H. From this we getby rg with EX.A = X andr ; that
(A=A)_A=B2H.Since: (A= A)2ZH byr!,r impliesA= B2H. a

It is helpful to note the following propertiesof Leibniz equality in Hintikka sets

Lemma6.23. SupposeH is a Hintikka set. For any F;G 2 cw» | 4(1) and
A;B;C 2 cw» (1) (fortypes anda), we hawe thefollowing:

rf:: (A= A)2H.
rFi:1fAZ B2H andB= C2H,thenA= C2H.
o (F2'¥G)2H and(A=Z B)2H ,then(FA=®GB)2 H .
Proof. To show r}, suppose: (A = A) 2 H. By ry and r, there must be

someparameterq o suchthat: (: gQA_gA) 2 H. By r»,wehave:: gA 2 H
and: gA 2 H, contradicting . )
To show I, supposeA = B2 H andB = C 2 H. Let Q. , bethe

closedformula (X .A = X). Applyingrgto B = C 2 H and Q, we know
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:(QB)_QC 2 H.Byr ,weknow: (QB)2 H orQC 2 H.If: (QB) 2 H,then
(A= B)2H byry, Eontradicting . SO, QC 2 H andhenceA= C2H as
desired. -

Toshowr! ,1etP 1 ay o betheclosedformula(éH | 5.FA =% HA), Applying
rs to (F =!8 G) 2 H and P, we have: (PF) _ PG 2 H. By r_, we know
:(PF)2H orPG2H. If : (PF) 2 H,then: (FA =8 FA) 2 H by s, which
contradictsr!. So, wemusthavePG 2 H and hence(FA =4 GA)2H.LetQ
be the closedformula (éX .FA =4 GX). Applying rg andr_ to (A = B)2 H,
weknow: (QA)2 H orQB2 H . If : (QA) 2 H ,then: (FA =8 GA) 2 H by s,
contradicting F.. So, QB 2 H and hence(FA =8 GB) 2 H asdesired. a

Whenever a Hintikka setsaisbesf sy, We can prove far more closure properties
For example, we can prove conversesof ., 3, I, M, Mg, Mg and r= (when
primiti ve equality is in the signaure). Also, if any of r, ry,, r; or r hold, we can
prove the correspondingconverse (We could call thesepropertiesr .) The proofs

of the strongerpropertiesr . andr _ in Lemma6.25indicate how onewould prove
any of theseconverseproperties

Debnition 6.24(Saturated set). We say a setof sentenceH is saturated if it
Saispesrdsat.

By Lemma6.21,any Hintikka setconstructedasamaximal memberof asaurated
abstract consistencyclasswill be saurated. However, it is also posside for a
maximal member of an abstract consistencyclass®q to be saurated without °q
being saurated.

Lemma6.25(Saturated setslemma). Supposéd isasaturatedHintikka set. Then
we hawe the following propetties for every A;B 2 cw»o(T), F 2 cw» | (1), and
C 2 cw» (1) (for anytype ):
r.-::A2H i»A2H.

(A_B)2H i»A2H orB2H.

: (0 F)2H ifandoplyif FD 2 H forevery D 2 cwy (1).

: (M F)2H i» (FDY, 2 H forevery D 2 cw» ()Y,

n(C= C)2H.

Proof. If : A2 H,thenAZH byr.. If A2H,then: A2 H sinceH is
sdurated. So, r. holds.

If (A_B)2 H,thenA 2 H orB2 H byr . We prove the converseby
contraposition. Suppose(A _ B) 2 H . By sauration wehave: (A_B) 2 H,and
by r~ weget: A2H and:B2H. Sobyr;,, A2H andB 2 H . Thus,r__
holds. X

Onedirection of T ,is g For onedjrectionof r 4 , note that if (1 F) 2 H , then
forany D 2 cw» (T)Y, wehave (FDY, 2 H by g and .

Suppose(n F) 2H . By sauration, : (0 F) 2 H. By ry, thereis a parameter
w 2 1 suchthat: (Fw) 2 H . By r¢, weknow (Fw) 2 H . This showsthe other
direction of r g. Furthermore, by r; weknow : (FwyY, 2 H andso(Fwy, Z2H.

| goo

-

. 4 N —a
Sincew is &-normal, we also have the other directionof r g .



HIGHER-ORDER SEMANTICS AND EXTENSION ALITY 1073

Finally, r , followsdirectly from sauration and . a
Lemma6.26 (Saturated setslemmafor b). SupposeH 2 Hint where 2 féb;
acb;aib;afbg. If H is saturated, then the following propety holdsfor all A;B 2
cw»o(T)) .
rp: A2°B2H orA=°:B2H.

Proof. Suppose(A =° B) 2 H and (A =°: B) 2 H . By sauration, : (A =°
B)2H and: (A=°:B)2 H.Byry wemusthavefA;: Bg H orf A;Bg
H. WemustalsohavefA;:: Bg H orf. A;: Bg H . Eachof thefour cases
leadsto animmediate contradiction to r%. a

Lemma6.27 (Saturated setslemmafor ¢). SupposeH 2 Hint where 2 fac;
acbg. If H is saturated, then the following propety holdsfor every type and
A2cw» (T):
re: (A= Afty) 2 H .

Proof. If (A = AH;.) 2 H | then by sauration : (A = AHy) 2 H . So by rg we
have: (Afy = A#y) 2 H . But this contradicts . a

Lemma6.28(Saturated setslemmafor 1). SupposeH 2 Hint where 2 farf;

aibg. If H is saturated, then the following propeties hold for all ; & 2 T and
(X .M);(EX.N) 2 cw» | 5(T):

T (XM = P2 EXN) 2 H i» ([A=X]M =2 [A=X]N) 2 H for every A 2
. cw» (ﬂ) . o
T (XM ) '3 8X.N) 2 H i» ([A=X]M =2 [A=XINY, 2 H for every A 2
CwW» (ﬂ)ya.

Proof. Suppose(éX.M =!8 eX.N) 2 H andA 2 cw» (1). Wecanapply s
and 7 usingthe closedformula (6K | a.JA=X]M =% K A) to obtain

¢ ([A=X]M 23 [A=X]M) _ [A=X]M =23 [A=X]N) 2 H :
since: ([A=X]M =% [A=X]M) 2 H (by ), weknow ([A=X]M = [A=XIN) 2
H . This showsonedirectionof r;. By r; we havegA=X]M =4 [A=X]N)y32 H.
Sincethis holds in particular for any A 2 cw» (ﬂ)yé, this shows one direction of

a

—_

7

Suppose(éX.M = ! a éX.N) 2 H. We show that thereis a (a-normal) A 2
cw» (1) with [A=X]M =2 [A=XIN 2 H . By sauration, : (X.M = ' * &X.N) 2
H. By ri, thereisaparameterw 2  suchthat : ((w=X]M =4 [w=XIN)2 H.
By ¢, [w=X]M =4 [Ww=X]N 2 H . ChoosingA := w we have the other direction
of r;. Sincew is &-normal and ([w=X]M =4 [w=X]N)Yéz H (using ), we have
the other directionof ;. a

Lemma6.29(Saturated setslemmafor f). Supposéd 2 Hint where 2 faf;afbg.
If H is saturated, then the following propety holds for any types and & and
G;H 2 cw» | 4(T).

G2 " H2H i»GAZ%HA 2 H forevery A 2 cw» (1).

=
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. .2 ?
r7:G= " H2H i» (GAZ*HAY 2 H forevery A 2 cw» ()Y .

Proof. Suppose(G = H) 2 H andA 2 cw» (T). Since(A = A)2 H by
r. wehave (GA =° HA) 2 H by (cf. Lemma 6.23). This shows one direction
of ri. By r*a,yve have (GA = HA)y 2 H. Slnceth|s holds in particular for any
A 2 cw» (ﬂ)yA, this shQNsonedwectlon of rf .

Suppose(G Zoa H) 2 H . By sauration, : (G= ' *H)2 H. By rt, thereis
aparameterw 2 f suchthat: (Gw =8 Hw)2 H.Byre, (Gw =% Hw) 2 H .
Choosmg AFw we have the other direction of r¢. Sincew is &-normal and
(Gw = Hw)y 2 H (usingry), we havethe other direction ofrf . a

In Lemma 3.24, we compared properties¢, T and f of models by showing f
is equivalent to ¢ plus 7. Similarly, Theorem 6.31 comparesre, 7, and It as

propertiesof Hintikka sets Showing ry implies ¢ requiresséeuration and must be
shown in several stepsrefRectechy Lemma 6.30.

Lemma6.30. Let H bea saturatedHintikka setsatisfyingry.

(1) ForallF 2 cw» | s wehaw (X .FX)= '@F2H.

(2) Forall A;B 2 cw» (1), if A ¢c-reducedo B in onestep thenA= B2H.
(3) ForallA2cw» (1),A= A# 2H.

(4) Forall A2 cw»yo(T),ifA2H ,then Aty 2 H.

Proof. To show part (1), suppose(éX .FX) = =AYy, By sauration,
C((8X FX) = ! a F) 2 H. By ry, thereisa parameterw suchthat

S ((8X FX)w) 22 (Fw)) 2 H

By ra,: (Fw) =2 (Fw)) 2 H , which contradictsr (cf. Lemma6.23).

We prove part (2) by induction on the position of the ¢-redex in A. If A isthe ¢-
redex reducedto obtain B, then this followsfrom part (1). SupposeA (Fa Cj)
andB (Gs C) whereF Q reducesto G in one step By induction, we know
F2* G2H.Byr,,C=28C2H.Byr! ,wehave(FC)= (GC)2H as
desited. The casein whichA  (Fy Cz) andB (FDj) whereC ¢-reducego D
in one stepis analogous

SupposeA (EYas.Cy) and B (EY3.Ds) where C ¢- reducesto D in one
step Let p be the position of the redex in C. AssumeA = iB2H. By
sauration, : (A =8 & B) 2 H. By r%, thereis someparameterwa such that
i (Aw =4 Bw) 2 H. By r, weknow : ([w=Y]C =% [w=Y]D) 2 H. Note that
[w=Y ]C ¢-reducesto [w=Y ]D in one step by reducingthe redex at position p in
[w=Y ]C. Saq, by the induction hypothesis,[w=Y ]C =% [w=Y]D 2 H , contradicting
.

Part (3) follows by induction on the number of ag-reductionsfrom A to A#,.. If
Ais ag-normal, wehaveA = A 2 H byr,. If A reducesto Aty in n + 1steps,
thenthereissomeB suchthat A reduceso B in onestepand B reduceso A#; in
n steps By induction, wehave B = A#,. 2 H . If A a-reducesto B in. one step

thenA= B2 H byr,andr;. If Ag-reducedo B in onestepthenA= B2 H
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by part (2). Using r, A= B2H andB= A 2H implyA= A% 2H
asdesired. )
Finally, to show part (4), supposeA 2 H . By part (3), A =° A, 2 H . By g,
D (BXoX)A _ (EXoX) Af#sc 2 H. Byraandr_,wehave: A 2 H (contradicting
rc) or A 2 H. Hence A# 2 H . a
Theorem6.31. Let H bea Hintikka set.

(1) If H satispes™ andr;, thenH satisbes.
(2) If H satisbPesy, thenH satisbesw.
(3) If H issaturatedandsatisbes, thenH satispes™.

Proof. SupposeH sdisbesr, and r;. Assume: (F = ' 2 G) 2 H. By r,
: ((eX .FX) =!8 (X.GX)) 2 H. By r;, thereis a parameterw such that
: ((Fw) =% (Gw)) 2 H . Thus, rf holds.

SupposeH saisPesry and : (6X .M = ' * &X.N) 2 H. By ry, there s

a

a parameterw suchthat : (X .M)w =% (EX.N)w) 2 H. By r, we have
© ((w=X]M =22 [w=X]N) 2 H . Thus, r; holds.

SupposeH is saurated and saisbesr;. AssumeA 2 H, B 2 cw»o(T), A 4B
and B 2 H. By sduration, we know : B 2 H. By Lemma 6.30(4), we know
Aty 2 H and: By 2 H. Since Aty B, this contradicts . a

6.3. Model existencetheorems. We shall now presentthe proof of the abstract
extensionlemma,which will nealy immediately yielg the model existencetheorems
For the proof we adapt the construction of Henkin® completenesgproof from [26,
27].

Lemma6.32 (Abstract extensionlemma). Let  be a signature, °q be a compact
abstract consisteng classin Acc , where 2 f&;ac;ai ;af;ab;ach;ai b;afbg, andlet
, 2 °q besu¥cienty f-pure Thenthere exists a f-Hintikka setH 2 Hint , sud
that | H . Furthermorg if °q is saturated,thenH is saturated.

Proof. In the following argument, notethat , &, and & aretypesasusual, while
4,4 6 and 6 areordinals.

By Remarik 3.16,thereis aninbnite cardinal @ which is the cardinality of § for
eachtype . This easily impliescw» (f) is of cardinality @ for eachtype . Let
a bethe prstordinal of this cardinality. (In the countable case dis0.) Sincethe
cardinality of cw» (1) is @, we can usethe well-ordering principle to enumerate
cw»o(1) as(A?)u<a.

Let beatype For eachd< 3§, let U2 bethe setof constantsof type which
occur in a sentencein the setf A° j 6  &g. Sinced< & thesetf A°j 6 &g
has cardinality lessthan @. Hencg U ? hascardinality lessthan @. By su¥icient
purity, we know there is a set of parametersP 1 of cardinality @ suchthat
the parametersin P do not occur in the sentence®f ,. So, P nU#? must have
cardinality @ for any 4 < & Using the axiom of choicg we can bnd a sequence
(W?)s<g Wherefor eacha< & w& 2 P n(U&[ fw®j6 < &ag). Thatis, for each
type , weknow w? is a parameterof type which doesnot occur in any sentence
in, [ fA%j6 &ag. As aconsequenceif w? occursin A%, thena< 6. Also, we
haveensuedthat if w& w9 thend o foranyd 6< &
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The parametersw? are intended to sere as witnesses To easethe argument,
we debPnetwo sequencesof witnessingsentenceselaed to the sequence(A?) <.
For eacha < & let E® := : (Bw?) if A?is of the form: (u B), and let Ed .= Aa
otherwise If 2 faf;afbgandAdisof theform: (F = ta G), IetXa = (Fwa =
Gwd). If 2 fai; ar bg and A% is of the form : (X .M) = ta (eX N)),

X8 = ([wd= X]M =% [w&=X]N). Otherwisg let X2 := A% (Notice that any
sentence (F = ° % G) isalsoof the form: (1 @B), wheredis( ! a)! o. So
whenever X2 6 A% wemustalsohave E& 6 A?)
We constructH by mductlvely constructing atransbmtesqujence{H #)4<a SUCh
that H @ 2 °q for eacha< & Thenthe f-Hintikka getisH := . 4H*® Wedebne
HOC:= . Forlimit ordinals& wedebneH & := ~  _, H°,
In the successocaseif H& A2 °q thenweletH &% := H& A% E3& XA If
H3 A22° weletH &1 := H#&
We show by induction that for every & < 8, type and parameterw® which
occursin somesentencein H & we have 6 < & The basecaseholds sinceno w®
occursin any sentencen H® . For any limit ordinal &, if w® occursin some
sentencan H &, then by debnition of H & w® already occursin somesentencen
H © for some6 < & S0, 6< 6 < &
For any successoprdinal &+ 1, supposew® occursin somesentenceén H &1 |f
it already occurredin a sentenceén H 4, thenwehaved< 4< &+ 1by theinductive
assumption. So, we needonly considerthe casewhere w® occursin a sentencen
H#1nH4 Notethat (H & nH% fA%E?% X3g. In any case note that if 6is &,
thenwe aredone, sinced< &+ 1. If w® is any parameterwith 6 6 &and occursin
Edor X8, thenit mustalsooccurin A2 (by noting that w® 6 w? and inspectingthe
posside debnitionsof E& and X9), in which cased< a< a+ 1.
In particular, we now know w# doesnot occur in any sentenceof H & for any
a4< aandtype
Next we show by induction that H & 2 °q for all &< & The basecaseholds by
the assumptionthat H® 52 °. For any limit ordinal & assumeH ° 2 °q for
every 6 < 4 WehaveH @ 6ea H 6 2 °q by compactnesssinceany bnite subset
of H @ is a subsetof H ¢ for some6 < &.
For any successomrdinal &+ 1, we assumeH & 2 °q. We have to show that
H &1 2 °¢. Thisistrivial in caseH @ A2 2 °q (for all abstract consistencyclasses)
sinceH !  H 4 SupposeH & A% 2 °q. We considerthreesub-cases
() IfE® A%andX?® A% thenH?& A% E& X342 °;sinceH? A2 e,
(i) If E26 A%and X% A3 then Adisof theform: pu B and E® : Bw?.
We concludethat H& A% E?& 2 °q by rg sincew® doesnot occur in A3
or any sentenceof H % SinceX® A% this is the sameas concluding
H& A% E& X342 -°.

(i) If X326 A% then 2 fal;af;aib;afbg (by the debnitionof X&), H& A
E&2 °qbyrg smcew( | ay o doesnot occurin A% or any sentencen H &,
Now, w? (which is di»erent from w( Y , Sinceit hasa di»erenttype) does

not occurin any sentencén H& A% E3 WehaveH?& A% E& X232 H
byr; (if 2 fai;aibg) orbyr; (if 2 faf;afbg).

Since®y is compact, we alsohaveH 2 °y.
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Now we know that our inductively debPnedsetH isindeedin °g andthat , H.
In order to apply Lemma 6.21, we must checkH is maximal, saisbesfy, 7 (if

2 fai;aibg), and r; (if 2 faf;afbg). It is immediate from the construction
that ry holds sinceif : (u F) 2 H, then: (Fw?) 2 H where & is the ordinal
suchthat A% ~t(u F). If 2 faf;aibg, then we have ensued r; holds since
D ((wd=XIM =% [w¥=XIN) 2 H whenever : (X .M) = ' ® (8X.N)) 2 H
where 4 is the ordinal suchthat A% : (X M) = ' é‘_A(éX.N)). Similarly, we
have ensued r holds when 2 faf;afbg since: (Fw? =% Gwa) 2 H whenever
. (F= ' %G)2H whereaistheordinal suchthat A2 : (F= ' 2 G).

It only remainsto showthat H ismaximalin °q. So, letA 2 cw»,andH A 2 °¢
be given. Note that A A2 for somed < & SinceH is closedunder subsetswe
know that H# A2 2 °q. By debnition of H ! we concludethat A% 2 H &1 and
henceA 2 H .

So, Lemma6.21impliesH 2 Hint andH issauratedif °q is saurated. a

We now usethe f-Hintikka sets, guaranteedby Lemma 6.32, to construct a
T-valuation for the f-term evaluation that turns it into a model.

Theorem 6.33(Model existencetheoremfor saurated sets) For all 2 f&;ac;
ai ;af;ab;ach; ai b;afbg we hawe: If H is a saturatedHintikka setin Hint (cf. Deb-
nition 6.20), thenthereexistsamodelM 2 M (cf. Debnition3.49)that satisped .
Furthermore, eadr domainD of M hascardinality at most@.

Proof. We start with the construction of a 1-model M{' for H basedon the

term evaluation T E(Y) °. This model may not bein the model classM asit may

not satisfy property g. However, we will be able to useTheorem 3.62to obtain a

model of H which is. .
Note that sinceH is saurated, by Lemma6.25,H sdisPesr. ,r_,andT .

The domain of type, of the evaluation T E(M)® (cf. Debnition 3.35 and
Lemma3.36)is cw» ('ﬂ)ya, which hascardinality @. To constructM /', wesimply

needto givea valuation function for this evaluation. This valuation function should
be a function 6: cw»o(ﬂ)ya I fT,Fg. Wedebne

T ifA2H;

A= E ifazH:

To show § is a valuation, we must sheck the logical constants are interpreted
appropriately. For eachA 2 CW»o(ﬂ)yé, we have6(5 A) Ti» 6(A) Fsince

tA2H i» AZH byr.. For eachA;B 2 cw»o(T)Y,, wehave3(A _B) Ti»
6(A) Torg(B) T since(A_BL2H i» A2H orB2H byr_.Finally,
for eachtype and F 2 cw» 1 o(T)Y,, re implies(u F) 2 H i» (FAY, 2 H
for every A 2 cw» (T)Y,. Thus,wehaved(u F) Ti» 8(F@*A) T for every
A 2 cw» (ﬂ)yé. 5

This veribesM ' := (cw»Y ,; @*;E?;8) is a -model. Cleady, M{' | H since
6(A) TforeveryA 2 H by debnition.

By Theorem 3.62,we have a congruencerelaion * on M induced by Leibniz
equality. Note that by Lemma 3.61in the term model M !, for every type and
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? . .
every A;B 2 cw» ()Y, wehaveA "B ,i»3A=B) Ti»(A= B)2H.
Furthermore, if primiti ve equality isin the signaurathenH 2 Hint isaHintikka
setW|th primiti ve equality. Hence H saisbes . by Lemma6.22. WehaveA ° B,
i»(A= B)2H,i»(byr_)(A= B)2H,i» §E2= )@*A@*B) T.

Let M := MJ H= | Each domain of this model has cardinality at most @ asit
is the quotient of a setof cardinality @. By Theorem 3.62, we know the quotient
model M modelsH , saisbesproperty g, and is a model with primiti ve equality
(if primiti ve equality is in the signaure). Hencg M 2 Mj,. Now, we can use
Lemma 3.58to checkM 2 M by checkingcertain propertiesof

When 2 fab;acb;afb;afbg, we must checkthat * hasonly two equivalence
classesn Df‘. To show this, brstnote that r , holdsfor H by Lemma6.26, Choose
any _é-normal B _2 H.Byre,:B2H. Byry, forevery A 2 gw»o(ﬂ)yé1 either
(A=°B)or(A=°:B). Thatis,in MI", for every A 2 cw»o(‘ﬂ)yé we either have
A " BorA ' :B. SoweknowM saisbesproperty b.

When 2 fag;acbg, the fact that * saisbesproperty ¢ follows from I ¢ which
holds for H by Lemma6.27. .

When 2 faf;aibg, we must show that * sdisbesproperty . Let M;N 2
W»a(‘ﬂ) an assignment' and a varlable X be given. SupposeE (A= X](M)

[A X](N) for every A 2 cw» (ﬂ)y Let & be the substitution debnedby

e(Y) " (V) for eachvariable Y 2 (freeM) [ fregN)) nfXg. So, for each
A 2 cw» (ﬂ)yé,

2 ) . ?
((A=X]e(M)Y, E?[A_X](M) CERag(N)  (ASXIR(N)Y

That is, ([A—X]é(M) = [A X]e(N))y 2 H for everyA 2 cw» (ﬂ)y By r_{—;1
(Lemma 6.28),we have ((éX.e(M)) = A ex e(N))y 2 H. So

E3(8X.M) (éX.é(M))yé : (éX.é(N))yé E3(8X.N):

Thus, * saisPes asdesired. .
When 2 faf;afpg, we must show * is functional Leb and a betypesand
G;H 2 cw» i a(ﬂ)y We needto shaov G ~ H i» (GA)y (HA)V for every

A2 cw» (ﬂ)y This follows directly from rf .
This venbesthefact thatM 2 M wheneverH 2 Hint . a

Theorem 6.34(Model existencetheorem). Let °q be a saturated abstract con-
sisteny cdassandlet , 2 °q be a su¥cienty {-pure set of sentences For all

2 fa;agc;arn ;af;ab;ac¢b; ai b;afbg we hawe: If °q is an Acc (cf. Debnition 6.7),
thenthereexistsamodelM 2 M (cf. Debnition3.49)that satisbes . Furthermore
ead domainof M hascardinality at most@.

Proof. Let °q be an abstract consistencyclass We can assumewithout loss of
geneaslity (cf. Lemma6.18)that °q is compact, sothe preconditionsof Lemma6.32
are met. Therefore, there exists a saurated Hintikka setH 2 Hint with | H.
The proof is completedby a simple appealto the Theorem 6.33. a
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Theorem 6.35(Model existencefor Henkin models). Let °q be a saturated ab-
stractconsisteng classin Acggp, andlet, 2 °q beasu¥scienty f-puresetof sentences
Thenthereis a Henkin model(cf. Debnition3.50)that satispes . Furthermore eath
domainof the modelhascardinality at most@.

Proof. By Theorem 6.34,thereis amodelM 2 Mg, with M F . By Theo-
rem 3.68, there is a Henkin model M " 2 M 4, isomorphic to M . By the isomor-
phism,wehaveM " | andthat eachdomain of M" hasthe samecardinality as
the correspondingdomain of M . a

Remark 6.36. The model existencetheoremsshow there are Oenough@nodels
in eachclassM to model su¥ciently pure setsin saurated abstract consistency
classesn Acc . Theseresultsare abstract formsof completeness To completethe
analysis, we can show abstract forms of soundness One way to show this is to
debnea classof sentences

° =1, CW», M 2M .M EF | g

foreach 2 fajac;ai;af;ab;acb;aib;afbgand show °g isa(saurated) Acc . We
only sketchthe proof here

The fact that each®y sdisfy rc,ra,r.,r_,r~,rg, andr s is straightforward.
The proof that r ¢ holds has the technical di%culty that one must modify the
evaluation of a parameter Showing r, [r ¢] holds when consideringmodels with

property b [¢] is alsoeasy
Whenshowing r ¢ holdsin °¢" [°¢""], one seeghe importance of assumingprop-
Lol

erty q holds. Suppose, 2 °ﬂaf [°ﬂafb] and : (F = % G) 2 ,. Then there
is a model M (D;@;E;8) 2 Mg [Mgp] suchthat M = . This implies
ME::(F= ta G). Without using property q, it follows by Lemma 4.2(1) that
E(F) 6 E(G). By functionality, thereisana2 D suchthat E(F)@a6 E(G)@a.
Let' beany assignmentinto M. ThenE. a=xj(FX) 6 E; [a=xj(GX). Now, using
property g, we canconcludeM:. (=xj F : ((FX) =% (GX)) by Lemma4.2(2). Let
w 2 1 be a parameter that doesnot occur in any sentenceof ,. With some
technicalwork which we omit, one canchangethe evaluation function to E°sothat
EYA) E(A)forallA2 , andEYw) a InthenewmodelM® (D;@;E®% ),
wehaveM%E | andMOF : (Fw =% Gw). Also, M %2 Acgy [Acg]. This shows

: (Fw =2 Gw) 2 °% [°7™]. The proof that r; holdsin °>' [°7'"] is analogous

We have now estalished a setof proof-theoretic conditions that are su¥cientto
guaranteethe existenceof a model.

o af [c afb

B

x7. Characterizinghigherordernatural deductioncalculi. In this sectionweapply
the model existencetheoremsabove to prove someclassicalhigher-order calculi of
natural deductionsoundand completewith respecto the model classesntroduced
in Section3. The brstcalculusfor sucha formulation of higher-order logic wasa
Hilbert-style systemintroducedby Alonzo Church in [18]*°. Leon Henkin proves
completenesgwith respecto Henkin models)for a similar calculuswith full exten-
sionality in [26]. Peter Andr ewsintroducedaweaker calculusT 3 [1], which lacksall

10Church included functional extensionality axioms but only mentions the Boolean extensionality
axiom asan option.
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> A B . T A
>~ NK(Hyp) —  NK(3)
. A . B
. A F CCA A
> ONK(G ) > " NK(: E)
. A , C
S A “B
— " NK(_I,) ————NK(_Ir)
. A_B . A_B
A B, AC , B~ C
NK(_E)

" Gw w parameternot occurringin, or G
“u G

B

NK(u 1)

B

F
. MG NK(u E) : % NK(Contr)
* GA

Figure 6. Inferencerulesfor NKj.

forms of extensionality. This calculushasbeenwidely usedasa syntactic measue
of completenesg$or machine-orientedcalculi [1, 32,33, 34,42, 36, 37].

Instead of applying our methodsto Hilbert-style calculi, we will usea collection
of natural deduction calculi to avoid the tedious details of proving a deduction
theorem and propositional completeness Mor eover, natural deduction calculi are
morerelevant in practice They form the logical basisfor semi-automaed theorem
proving systemssuchasHOL [25], Isabelle [46], or °© mea [51].

Debnition 7.1(The calculiNK ). The calculus NK; consistsof the inference
rulest? in Figure 6 for the provability judgment ~ betweensetsof sentences and
sentencedA. (Wewrite = Afor; ~ A.) Therule NK(&) incorporatesa-equality
into " . The otherscharacterize the semanticsof the connectvesand quantibers

For 2 fac;4ai;af;ab;ach;ai b;afbg we obtain the calculusNK by adding the
rulesshown in Figure 7 when specibedn

Remark 7.2 It is worth noting that there is a derivation of = T, (i.e.,, =~ 8Pq.
P _: P) which only usesthe rulesin Figure 6. Let p be a parameterof type 0. A
derivation of : (p _: p) = (p _: p) is shown in Figure 8. Using NK(Hyp) and

HRecallthat F, isdebnedo be: (8Po.(P_: P)) andM 6j F, for eachf-modelM (cf. Lemma3.43).
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A aB ., A , T 8X M =2N A
———— NK(g) I NK(T)
, B , T (X M) = f(EX N)
. " 8X .GX 2 HX
NK(f)
, S G= " H
A" B B A
: : NK(b)
TA=°B

B

Figure 7. Extensionalinferencerules

sp_tprpTop He(hp)
: NK(Hyp) — == NK(_10)
c(p_:pip T i (P_:p) t(p_:phipT (P_:p)
NK(: E)
t(p_:p)ip Fo
NK(: 1)
t(p_:p)ip
NK(_Ir)
tp_:p)” (P_:p)
Figure 8. Derivation of: (p_:p) "~ (p_: p)
NK(: E), we obtain : (p _: p) = Fo. So we canconclude = (p _: p) using

NK(Contr). Finally, we obtain a derivation of ~ T, usingNK(u 1)°. Hence ™ T,
is derivable in eachcalculusNK where 2 f4;4ac¢;4ar1 ;af;ab;acb;ai b; afbg. Also,
we can apply the rule NK(u E) to the end of this derivation with any sentenceA to
derive © (A _: A).

Note that NK5 and NKjg, correspondto the extremesof the model classedis-
cussedn Section3 (cf. Figurelin theintroduction). Standard modelsdo not admit
(recursively axiomatizable) calculi that are sound and complete NK 55, is complete
for Henkin models,and NKj is completefor M 5. We will now show soundnessand
completenesof eachNK with respectto eachcorrespondingmodel classM by
using the model existencetheoremsin Section6.

Theorem 7.3 (Soundness) NK is soundfor M for 2 f&;4ac;ai ;af;ab;ach;
aitb;afbg. Thatis, if , ~nk C is derivable, thenM E C for all modelsM
(D;@;E;d) inM suhthatM F . .

Proof. This canbeshown by asimpleinduction on the derivation of, ~ yk C.
We distinguish basedon the last rule of the derivation. The only basecaseis
NK(Hyp), which is trivial sinceM F C wheneverM E , andC 2 ..
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NK(&):
NK(Contr):
NK(: 1):
NK(: E):
NK(_IL):

NK(_IR):
NK(_E):

NK(u I):

NK(u E):

Suppose, = C followsfrom, ~ AandA ;C. LetM 2 M bea
model of . By induction, we know M F A andsoM F C using
Remark 3.19.

SupposeM 2 M ,M F , and, = Cfollowsfrom, :C " F,. By
Lemma3.43,M 6§ F,. So, wemusthaveM 6j: C. Hence M F C.
Analogousto NK(Contr).

Suppose, = C followsfrom, ~ : Aand, ~ A. Byinduction, any
modelin M of , would haveto model both A and: A. So, thereis
no suchmodelof , andwearedone

SupposeM 2 M M F ,, Cis(A_B)and, - C followsfrom
., A.Byinduction, M F AandsoM F (A_ B).

Analogousto NK(_1,).

Suppose, = C followsfrom, ~ (A_B),, A~ Cand, B~ C.
LetM 2 M beamodelof ,. Byinduction, M F A_B.If M F A,
then by induction M F C since, A~ C. If M E B, then by
induction M F C since, B~ C. In eithercase, - C.
SupposeC is(u G)and, - (u G) followsfrom, ~ Gw where
w is a parameterwhich doesnot occur in any sentenceof , or in G.
Let M (D;@;E;8) 2 M beamodelof .. AssumeM 6 p G.
Then there must be somea 2 D suchthat 8(E(G)@a) F. From
the evaluation function E, one can debneanother evaluation function
E%suchthat Eqw) aandE°A ) E (A ) if w doesnot occurin
A. Let M%:= (D;@;E%®8). OnecancheckM?2 M usingthe fact
that M 2 M . SinceM°E , by induction we haveM °= Gw. This
contradicts(E(G)@a) &(E(G)@a) F. Thus,M F u G.
SupposeC is (GA) and, =~ C followsfrom, = (u G). LetM
(D;@;E;d) 2 M beamodelof .. Byinduction, M F (4 G) and
thus3(E(G))@a Tforeverya2 D . In particular, M E GA.

We now checksoundnesof the rulesin Figure 7 with respecto their model classes

NK(¢):
NK(T):

NK(f):

NK(b)

Analogousto NK(&) usingproperty ¢.

SupposeC is (X .M) = ta (X .N)and, - C followsfrom
8X .M =% N. Let M (D;@;E;0) 2 M beamodelof ,. By
induction, we have M | 8X .M =% N. So, for any assignment'
anda2 D ,M Fa=xy M =% N. Note that property g holdsin M
sinceM 2 M (cf. Debnition 3.49). By Lemma4.2(2), E; [a=x](M)

E. [a=x](N). By property 7, E (X .M) E (éX .N) andthusM F
C by Lemma4.2(1). _
SupposeC isG = Y and, ~ Cfollowsfrom, =~ 8X .GX 234X,
Let M 2 M be a model of ,. By induction, we know M [
8X .GX =% HX. Note that property g holds for M sinceM 2 M .
By Theorem4.3(3), wemusthaveM E (G = ta H).

SupposeCisA =° Band, ~ Cfollowsfrom, A~ Band, B~ A.
LetM (D;@;E;8) 2 M beamodelof,. If M E A,thenM F B
by induction. If M E B,thenM E A by induction. Thesefactsimply
o(E(A)) O(E(B)). By Lemma3.48,wehaveM F (A, B). By
Theorem4.3(4), wemusthaveM E (A =° B). a
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Debnition 7.4(NK -consistent) A set of sentences, is NK -inconsistentif

B

"Nk Fo, and NK -consistenbtherwise

Now, we usethe model existencetheoremsfor HOL to give short and elegant
proofs of completenesgor NK .

Lemmar.5. The dass®q :=f, cwW», | , iISNK -consisteng is a saturated

Acc .

Proof. Obviously °; is closed under subsets,since any subsetof an NK -
consistentsetis NK -consistent. We now check the remaining conditions. We
prove all the propertiesby proving their contrapositive

re:
la:

Ma:

rs:

lg:

I sat-

SupposeA;: A2 ,. Wehave, ~ F, by NK(Hyp) and NK(: E).

LetA2 ., A sBand, BbeNK -inconsistent. Thatis,, B~ F,. By
NK(: 1), weknow , ~ : B. SinceA 2 ,, weknow, ~ B by NK(Hyp) and
NK(&). Using NK(: E), weknow , = F,andhence, isNK -inconsistent.

. Suppose:: A2, and, A isNK -inconsistent. From, A~ F, and

NK(: 1), wehave, = : A. Since:: A 2 ,, we can apply NK(Hyp) and
NK(: E) to obtain , ™~ F,.

: Suppose(A _B) 2, andboth, Aand, B areNK -inconsistent. By

NK(Hyp) and NK(_E), wehave, = F,.

Suppose: (A_B)2, and, :A :BisNK -inconsistent. By NK(Contr)
and NK(_Igr), wehave, ;: A~ A _ B. Using NK(: E) with: (A_B) 2 _,
wehave, ;: A~ Fo. By NK(Contr) and NK(_I.), wehave, = A_ B. Using
NK(: E) with: (A_B) 2 ,, , isNK -inconsistent.

Suppose(n G) 2 , and, (GA) is NK -inconsistent. By NK(: 1), ,
: (GA). By NK(Hyp) and NK(LE), , = GA. Finally, NK(: E) implies
. Fo.

Suppose: (1 G) 2 ,, w is a parameterwhich doesnot occurin ,, and
. :(Gw) is NK -inconsistent. By NK(Contr), , ~ Gw. By NK(u )",
, (U G). UsingNK(: E) with : (0 G) 2 ,, , isNK -inconsistent.

Let, Aand, : AbeNK -inconsistent. Weshowthat, isSNK -inconsistent.
UsingNK(: 1),weknow, ~ : Aand, ~ :: A.ByNK(: E),wehave, ~ F,.

a

Thus we have shown that °¢" is saurated and in Acg. Now let us check the
conditions for the additional propertiescg, T, f, and b.

riq:

ls:

lNp:

If includesg, thenthe proof proceedsasin r 3 above, but with the rule NK(¢).
Suppose includesi,: (X.M = ' 2 &X.N) 2 , and, : (w=X]M =2
[w=X]N) isNK -inconsistentfor someparameterw which doesnot occurin
any sentenceof . By NK(Contr), wehave, ~ ([w=X]M =% [w=X]N). By
NK(a), wehave, ~ ((X.M =% N)w). By NK(ul),, = (8X.M =% N).
By NK(1),, ~ (XM = ta éX.N). By NK(: E),, isNK -inconsistent.
This caseis analogousto the previous one, genealizing éX.M = éX.N to
arbitrary G = H and usingthe extensionality rule NK(f) insteadof NK(1).
Suppose includesh. Assumethat: (A=°B) 2, butboth, :A B2°,
and, A :B2° . SobothareNK -inconsistentandwehave, A~ B
and, B~ A by NK(Contr). By NK(b), we have, ~ (A =° B). Since
:(A=°B)2,, . isNK -inconsistent. a

B
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Theorem 7.6 (Henkin®theoremfor NK ). Let 2 fa;Aac;ai;af;ab;acb;aib;
afbg. Every su¥cienty T-pure NK -consistensetof sentencefasanM -model.

Proof. Let , bea su¥aciently f-pure NK -consistentsetof sentences By The-
orem 7.5 we know that the classof setsof NK -consistentsentencesonstitute a
sdurated Acc , thus the Model ExistenceTheorem (Theorem 6.34) guaranteesan
M modelfor ,. a

Coroll ary 7.7 (Completenesgheoremfor NK ). Let , bea su¥cienty T-pure
setof sentencesA bea sentenceand 2 fé&;4c;ai;af;ab;ach;aib;afbg. If Ais
valid in all modelsM 2 M that satisfy, ,then, ~ nk A.

Proof. Let A begivensuchthat A isvalid in all M modelsthat satisfy ,. So,

: A is unsdisbale in M . Sinceonly Pnitely many constantsoccur in : A,
. AlissuYcienty f-pure So , : A mustbe NK -inconsistentby Henkin®

theoremabove Thus,, ~ nk A by NK(Contr). a

Finally we can usethe completenesgheoremsobtained so far to prove a com-
pactnesgheoremfor our semantics

Coroll ary 7.8(Compactnesstheoremfor NK ). Let , bea su¥%cienty {-pure
setof sentencesnd 2 f&;ac;arl;af;ab;ach;aib;afbg. , hasan M -modeli»
every bnitesubsebf, hasanM -model.

Proof. If , hasnoM -model,thenby Theorem7.6, isNK -inconsistent.Since
every NK -proof is Pnite, this meanssomebnitesubsett of | isNK -inconsistent.
Hence ! hasnoM -model. a

B

Remark 7.9 (Calculi with primiti ve equality). If primiti veequality isincludedin
the signaure, a simple way of extending the calculi NK in a sound and complete
way is to include the rulesNK(= ") and NK(=") in Figure 9. Theserules are cleary
soundfor modelswith primiti ve equality. One can arguecompletenesdy showing
°q =1, w» (1) j , iISNK -consisteny is a saurated Acc with primiti ve
equality. By Lemma 7.5, we already know °y is a sdurated Acc . To show the
conditions for primiti ve equality, one can show ° saisbesr ! using NK(=") and
r 2 usingNK(=").

NK(=") —

D
NK(=")
D

Figure 9. Primitive equality in NK .

x8. Conclusion.In this article, we have given an overview of the landscge of
semanticsfor classicalhigher-order logics We have di»erentiated nine di»erent
posside notions and have tied the discerning properties to conditions of corre-
sponding abstract consistencyclasses The practical relevanceof thesenotions has
beenillustrated by pointing to application scenarioswithin mathematics, program-
ming languages,and computational linguistics.
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Our model existencetheorems are strong proof tools connecting syntax and
semantics A standard application is in completenessanalysis of higher-order
calculi. A calculusC is shown to be completefor a model classM by showing
that the classof C-consistentor C-irrefutable setsof sentencess in Acc. Then
completenesdollows from the model existenceresults We have given an example
of this by showing completenesgor natural deduction calculiin Section7.

8.1. Applicationsandrelatedwork. The genealizedmodelclasseM havemany
possile applications. An example is higher-order logic programming [45] where
the denotaional semanticsof programs can induce non-standard meaningsfor
the classicalconnectves For instance given an SLD-lik e seach strategy as in
&-PROLOG [43], conjunction is not commutative any more Therefore, various au-
thors have proposedmodel-theoretic semanticswhere property b fails. David Wol-
fram, for instance usesAndr ews@-complexes[58] asa semanticsfor &-PROLOG
and Gopalan Nadathur usesOldeled structuresOfor the same purpose in [45].
Mary DeMarco [20] also develops a model theory for intuitionistic type theory
and é-prolog in which property b may fail (JamesLipton and Mary DeMar co are
continuing this work). Till Mossakowski and Lutz Schreder have beenstudying
non-functional Henkin modelsfor a partial é-calculusin the context of the Has-
Casl specibction language[48,49]. It is plausible to assumehat the resultsof this
article will be useful for further developmentin this direction. Further relevance
of model-theoretic semanticswhere property q fails, however, is not su¥aciently
investigaed yet, but seemsa promising line of reseach.

The article alsoprovidesa basisfor the investigaion of hyper-intensional seman-
ticsof natural languages In fact eatly versionsof this article havealready inBuenced
the work of Lappin and Pollard [40]. Hyper-intensional semanticsprovide theories
for logicswhereBooleanextensionality (and thusthe substitutability of equivalents)
canfail. Linguistically motivated theorieslike the onespresentedn [56,17,41,40]
introduce intensional (non-standard) variants of the connectvesand quantibers
acting on a geneanlized domain of truth values Interestingl, only [41] and [40]
presentformal model-theoretic semantics The model construction in [41] strongly
resemibes Peter Andr ew® 6-complexes (semanticobjects are paired with syntactic
representaions; in this caselinguistic parsetrees). In [40], D, is taken to be a
pre-Booleanalgebra, and possitle worlds are associded with ultrablters A direct
comparisonis aggravated by the fact that Lappin and Pollard@work is situatedin a
Monta gue-styleintensional (i.e., modal) context. A genealization of our work by
techniquesfrom [23] seemghe way to go here

8.2. Relaxingthe saturation assumption.Unfortunately, the model existencethe-
oremspresentedn this article do not support completenesgroofs for most higher-
order machine-orientedcalculi, such as higher-order resolution [33, 13], higher-
order paramodulation [11], or tableau-basedcalculi [5, 37]. This is becauseve had
to assumesauration of abstract consistencyclassedo prove the model existence
theorems The problemisthat machineoriented calculi aretypically, in somesense
cut-free This makessaturation very di%cult to show.

For the samereasonthe results of this article also do not apply to another
prominent application of model existencetheorems relatively simple (but non-
constructive) cut-elimination theorems In [1] Peter Andr ews applies his OUnifying
PrincipleOto cut-elimination in a cut-free non-extensional sequentcalculus, by
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proving the calculuscomplete(relaiveto Ty). He concludesthat cut-elimination
is valid for this calculus Again, the sauration condition preventsus from obtain-
ing variants of the extensional cut-elimination theoremsin [54, 55] by AndrewsO
approach using our model existencetheorem for Henkin models In fact one can
prove (cf. [12]) that the problem of showing that an abstract consistencyclasscan
be extendedto a saurated one is equivalent to showing cut elimination for certain
sequentor resolution calculi.

To accountfor the sauration problem we have additionally investigaed model
existencefor the model classegpresentedn this article using an extension of Peter
Andr ews@-complexes(cf. [12]). The model construction in this techniquerequires
an abstract consistencyclassto saisfy certain acceptability conditions which are
much weaker than sauration. (For example, the acceptaility conditions can be
shown to hold for abstract consistencyclassesbtainedfrom certain cut-freesequent
calculi.) Becausehis techniqueis much morecomplex and subtlethan therelaively
simple quotients of term evaluations usedin this article, we did not include the
extendedresultshere The unsaurated model existencetheoremsimply that every
acceptdle abstract consistencyclasscan be extendedto a saurated one Armed
with this fact, we canusethe model existencetheoremspresentechereto rescuethe
geneal completenessand cut elimination resultsmentioned above To show, for
example, completenessf ahigher-ordermachine-orientedcalculusC, wedebnethe
class® of C-irrefutable sentencesind show that it isanacceptdle (but unsaurated)
abstractconsistencyclass By the extensionresultin [12] thereis a saurated abstract
consistencyclass®?® °. By application of saurated model existencefrom this
article we obtain a suitable modelfor every (su¥iciently J-pure), 2 ° %andthusfor
every (su¥ciently §-pure), 2 °. This immediately givesus completenessHence
the leverage added by this article together with [12] is that we can now extend
non-extensional cut-elimination resultsto extensional cases
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