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HIGHER-ORDER SEMANTICS AND EXTENSION ALITY

CHRISTOPH BENZM ¬ULLER, CHAD E. BROWN, AND MICHAEL KOHLHASE

Abstract. In this paper we re-examine the semanticsof classicalhigher-order logic with the purpose
of clarifying the role of extensionality. To reach this goal, we distinguish nine classesof higher-order
models with respectto various combinations of Boolean extensionality and three forms of functional
extensionality. Furthermore, wedevelop a methodology of abstractconsistencymethods(by providing the
necessarymodel existencetheorems)neededto analyze completenessof (machine-oriented)higher-order
calculi with respectto thesemodel classes.

x1. Moti vation. In classicalÞrst-orderpredicate logic, it is rather simpleto assess
the deductive power of a calculus: Þrst-order logic has a well-established and
intuiti veset-theoreticsemantics,relativeto which completenesscaneasily beveriÞed
using,for instance, the abstract consistencymethod (cf. the introductory textbooks
[6, 22]). This well understoodmeta-theoryhassupportedthedevelopmentof calculi
adapted to specialapplicationsÑsuch asautomated theorem proving (cf. [16, 47]
for an overview).

In higher-order logics,the situation is rather di»erent: the intuiti ve set-theoretic
standard semanticscannot give a sensible notion of completeness,since it does
not admit complete (recursively axiomatizable) calculi [24, 6]. There is a more
general notion of semantics[26], theso-calledHenkin models,that allowscomplete
(recursively axiomatizable) calculi and therefore sets the standard for deductive
power of calculi.

Peter AndrewsÕUnifying Principle for Type Theory [1] provides a method of
higher-order abstract consistencythat hasbecomethe standard tool for complete-
nessproofs in higher-order logic, eventhough it canonly beusedto show complete-
nessrelative to a certain Hilbert stylecalculusTâ . A calculusC is calledcomplete
relative to a calculusTâ i» (if and only if ) C provesall theoremsof Tâ . SinceTâ is
not completewith respectto Henkin models,the notion of completenessthat can
beestablishedby this method is a strictly weaker notion than Henkin completeness.
The di»erencesbetweenthesenotions of completenesscan largely be analyzed in
terms of availability of various extensionality principles, which can be expressed
axiomatically in higher-order logic.

As a consequenceof the limitations of AndrewÕs Unifying Principle, calculi for
higher-order automated theorem proving [1, 32, 33, 34, 42, 36, 37] and the cor-
respondingtheorem proving systemssuch as Tps [7, 8], or earlier versionsof the
Leo [14] systemare not completewith respectto Henkin models. Mor eover, they
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are not even sound with respectto Tâ , since they (for the most part) employ
ç-conversion,which is not admissible in Tâ . In other words, their deductivepower
lies somewhere betweenTâ and Henkin models. Characterizingexactly where re-
vealsimportant theoreticalpropertiesof thesecalculi that havedirectconsequences
for the adequacyin various application domains(seethe discussionin section8.1).
Unlik e calculi without computational concerns,calculi for mechanized reasoning
systemscannot be made completeby simply adding extensionality axioms, since
the search spacesinduced by their introduction grow prohibiti vely. Being able to
compareand characterize the methodsand computational devicesusedinsteadis a
prerequisitefor further developmentin this area.

In this situation, the aim of this article is to provide a semanticalmeta theory
that will support the development of higher-order calculi for automated theorem
proving just asthe correspondingmethodology doesin Þrst-order logic. To reach
this goal, weneedto establish:

(1) classesof modelsthat adequately characterizethedeductivepowerof existing
theorem-proving calculi (providing semanticswith respectto which they are
soundand complete),and

(2) amethodologyof abstractconsistencymethods(by providing for thesemodel
classesthenecessarymodelexistencetheorems,which extend AndrewsÕUni-
fying Principle), so that the completenessanalysis for higher-order calculi
will becomealmost assimpleasin Þrst-order logic.

We fully achieve the Þrst goal in this article, and take a large step towards the
second. In the model existence theorems presentedin this article, we have to
assumea new condition calledsaturation, which limits their utility in completeness
proofs for machine-orientedcalculi. Fortunately, the saturation condition can be
lifted by extensionsof the methodspresentedin this article (seethe discussionin
the conclusion8.2and [12]).

Due to the inherentcomplexity of higher-ordersemanticsweÞrstgivean informal
exposition of the issuescovered and the techniquesapplied. In Section4, we will
investigate thepropertiesof themodelclassesintroducedin Section3 in moredetail
and corroborate them with examplemodelsin Section5. Weprovemodel existence
theoremsfor the model classesin Section 6. Finally, in Section 7 we will apply
the model existencetheoremsfrom Section6 to the task of proving completeness
of higher-order natural deduction calculi. Section 8 concludesthe article with a
discussionof related work, possible applications, and the saturation assumptionwe
introducedfor the model existencetheorems.

The work reported in this article is basedon [15] and signiÞcantly extends the
material presentedthere.

x2. Informal exposition. Before we turn to the exposition of the semanticsin
Section2.3, let usspecifywhat wemeanby Òhigher-order logicÓ:any simply typed
logical system that allows quantiÞcation over function and predicate variables.
Technically, we will follow tradition and employ a logical systemHOL basedon
thesimply typedë-calculusasintroducedin [18]; this doesnot restrict thegenerality
of the methodsreportedin this article, sincethe ideascanbecarriedover. A related
logical systemis discussedin detail in [6].
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2.1. Simply typed ë-calculus. To formulate higher-order logic we start with a
collectionof typesT . Weassumetherearesomebasictypesin T andthat whenever
�; â 2 T , then the function type (� ! â) is in T . Furthermore, we assumethe
types are generated freely, so that (� 1 ! â1) � (� 2 ! â2) implies � 1 � � 2 and
â1 � â2.

HOL -formulae (or terms) are built up from a set V of (typed) variables and
a signature ¶ (a set of typed constants) as applications and ë-abstractions. We
assumethe setV � of variablesof type � is countably inÞnite for eachtype � . The
setw» � (¶) of well-formedformulaeconsistsof thoseformulae which have type � .
The type of formula A � will be annotated as an index, if it is not clear from the
context. We will denote variables with upper-caseletters (X � ; Y; Z; X 1

â ; X 2
ã ; : : : ),

constantswith lower-caseletters (c� ; f � ! â ; : : : ) and well-formed formulae with
upper-casebold letters(A � ; B; C1; : : : ). Finally, weabbreviatemultiple applications
andabstractionsin akind of vectornotation, sothat AU k denotesk-fold application
(associating to the left), ëX k A denotesk-fold ë-abstraction (associating to the
right) and weusethe squaredot ÔÕasan abbreviation for a pair of brackets,where
ÔÕstandsfor the left onewith its partner asfar to the right asis consistentwith the
bracketingalready presentin theformula. Wemay avoid full bracketingof formulas
in the remainderif the bracketing structure is clear from the context.

We will use the terms like freeand boundvariables or closedformulae in their
standard meaningand usefree(A) for the setof freevariablesof a formula A. In
particular, alphabetic changeof namesof bound variablesis built into HOL : we
consideralphabetic variants to be identical (viewing the actual representation asa
representative of an alphabetic equivalenceclass)and usea notion of substitution
that avoidsvariablecaptureby systematically renamingboundvariables.1 Wedenote
a substitution that instantiatesa freevariable X with a formula A with [A=X] and
write ó; [A=X ] for the substitution that is identical with ó but instantiatesX with
A. For any term A wedenoteby A[B]p the term resultingby replacingthe subterm
at position p in A by B.

A structural equality relation of HOL termsis inducedby âç-reduction

(ëX A)B ! â [B=X ]A (ëX CX ) ! ç C

where X is not freein C. It is well-known that the reduction relations â, ç, and
âç areterminating and conßuenton w» (¶), so that thereareunique normal forms
(cf. [9] for an introduction). Wewill denotethe â-normal form of a term A by A

?
y

â ,
and the âç-normal form of A by A#âç. If we allow both reduction and expansion
steps,we obtain notions of â-conversion, ç-conversion, and âç-conversion. We say
A and B areâ-equal[ç-equal, âç-equal] (written A� âB [A� çB, A� âçB]) whenA is
â-convertible [ç-convertible, âç-convertible] to B.

2.2. Higher-order logic (HOL ). In HOL , the setof basetypesis f o;ég for truth
valuesand individuals. Wewill call a formula of typeo a proposition, anda sentence
if it is closed. We will assumethat the signature ¶ contains logical constantsfor
negation (: o! o), disjunction(_ o! o! o), and universalquantiÞcation(µ �

(� ! o)! o) for
eachtype � . Optionally, ¶ may contain primitive equality (= �

� ! � ! o) for eachtype

1We could also have usedde BruijnÕs indices[19] as a concrete implementation of this approach at
the syntax level.
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� . All other constantsarecalledparameters,sincethe argumentation in this article
is parametric in their choice.

Wewrite disjunctionsandequations, i.e., termsof the form ((_A)B) or ((= A)B),
in inÞx notation asA _ B and A = B. As we only assumethe logical constants: ,
_, and µ � (and possibly = � ) asprimiti ve, wewill useformulaeof the form A ^ B,
A ) B, and A , B asshorthand for the formulae: (( : A) _ (: B)), and (: A) _ B,
and(A ) B)^ (B ) A), respectively. For eachA 2 w» o(¶), thestandard notations
8X � A and 9X � A for quantiÞcation areregardedasshorthand for µ � (ëX� A) and
: (µ � (ëX� : A)). Finally, we extend the vector notation for ë-binders to k-fold
quantiÞcation: wewill use8X k A and 9X k A in the obvious way.

Weoften needto distinguishbetweenatomic andnon-atomic formulaein w» o(¶).
A non-atomic formula is any formula whoseâ-normal form is either of the form
: A, A_ B, or µ � C (whereA, B 2 w» o(¶) andC 2 w» � ! o(¶)). An atomic formula
is any other formula in w» o(¶)Ñincluding primiti ve equations A = � B in caseof
the presenceof primiti ve equality.

It is matter of folklor e that equality can directly be expressedin HOL . A
prominent example is the Leibniz formula for equality

Q� := (ëX� Y � 8P� ! o PX ) PY ):

With this deÞnition, the formula (Q� AB) (expressingequality of two formulae A
andB of type � ) â-reducesto 8P� ! o (PA) ) (PB), which canbereadas: formulae
A andB arenot equali» thereexistsadiscerningproperty P.2 In other words,A and
B areequal,if they areindiscernible. Wewill usethe notation A := � B asshorthand
for the â-reduct8P� ! o (PA) ) (PB) of (Q� AB) (where P =2 free(A) [ free(B)).3

There are alternative ways to deÞneequality in terms of the logical connectives
([6, p. 203]) and the techniquesfor equality introducedin this article carry over to
them (cf. Remark 4.4).

In this article we useseveral di»erent notions of equality. In order to prevent
misunderstandingsweexplain thesedi»erent notions togetherwith their syntactical
representation here:

If we deÞnea conceptwe use := (e.g., let D := f T; Fg). � representsidentity.
We refer to a representative of the identity relation on D � as an object of the
semanticaldomainD � ! � ! o with q� . Note that we possibly have one, several, or
no q� in D � ! � ! o for eachdomain D � . The remaining two notions are related to
syntax. = � may occur asa constantsymbolof type � ! � ! o in a signature ¶.
Finally, := � and Q� areusedfor Leibniz equalityasdescribedabove.

2.3. Notionsof modelsfor HOL . A model of HOL is a collection of non-empty
domains D � for all types � together with a way of interpreting formulae. The
model classesdiscussedin this article will vary in the domains and speciÞcsof
the evaluation of formulae. The relationships betweentheseclassesof modelsare
depictedasa cube in Figure 1. We will discussthe model classesfrom bottom to
top, from the most speciÞcnotion of standard models (ST ) to the most general
notion of õ-complexes,motivating the respectivegeneralizations aswego along. In
Section3, where we develop the theory formally basedon the intuitions discussed

2Note that this is symmetricby consideringcomplementsand henceit is su¼cientto use) instead
of , .

3Note that A := � B is â-normal i» A and B areâ-normal. The sameholds for âç-equality.
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Figure 1. The landscapeof higher-order semantics.

here, we will proceedthe other way around, specializingthe notion of a ¶-model
more and more.

The symbolsin the boxesin Figure1 denotemodel classes,the symbolslabeling
the arrows indicate the properties inducing the correspondingspecialization, and
the r -symbolsnext to the boxesindicate the clausesin the deÞnition of abstract
consistencyclasses(cf. DeÞnition 6.5) that areneededto establish a modelexistence
theoremfor this particular classof models(cf. Theorem6.34).

2.3.1. Standard and Henkin models[ST ; H; M âfb ]. A standard model (ST , cf.
DeÞnition 3.51)for HOL providesaÞxedsetDéof individualsandasetDo := f T; Fg
of truth values. All thedomainsfor thefunction typesaredeÞnedinductively: D � ! â

is thesetof functions f : D � � ! Dâ . Theevaluation function E' with respectto an
assignment' of variablesis obtained by the standard homomorphic construction
that evaluatesa ë-abstraction with a function.

One can reconstructthe key idea behind Henkin models(H isomorphic to M âfb ,
cf. DeÞnitions3.50,andTheorem3.68)by the following observation. If thesetD é is
inÞnite, thesetDé! o of setsof individualsmustbeuncountably inÞnite. On theother
hand,any reasonablesemanticsof a languagewith acountablesignaturethat admits
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soundand completecalculi must havecountable models. Leon Henkin generalized
the classof admissible domains for functional types [26]. Instead of requiring
D � ! â (and thus in particular, Dé! o) to bethe full setof functions (predicates), it is
su¼cientto require that D � ! â hasenoughmembersthat any well-formedformula
canbeevaluated (in other words, the domainsof function typesarerich enoughto
satisfy comprehension).Note that with this generalizednotion of amodel, thereare
fewer formulae that are valid in all models(intuiti vely, for any given formula there
are more possibilities for counter-models). The generalization to Henkin models
restrictsthe setof valid formulaesu¼ciently so that all of them canbe provenby a
Hilbert-style calculus[26].

Of courseour picture in Figure 1 is not complete here; we can axiomatically
require the existenceof particular (classesof ) functions, e.g., by assumingthe de-
scription or choiceoperators. Wewill not pursuethis here;for a detaileddiscussion
of the semanticissuesraisedby the presenceof theselogical constantssee[3]. Note
that even though we can consider model classeswith richer and richer function
spaces,we can never reachstandard modelswhere function spacesare full while
maintaining complete(recursively axiomatizable) calculi.

2.3.2. Modelswithoutbooleanextensionality[M â ; M âî ; M âç; M âf ]. Thenext gen-
eralization of model classescomesfrom the fact that we want to have logicswhere
the axiom of Booleanextensionality canfail. For instance, in the semanticsof nat-
ural languagewehaveso-calledverbsandadjectivesof Òpropositional attitudeÓlike
believeor obvious. Wemay not want to commit ourselvesto a logic where the sen-
tenceÒJohn believesthat Phil is a woodchuckÓautomatically entailsÒJohn believes
that Phil is a groundhogÓsinceJohn might not be aware that ÒwoodchuckÓis just
anotherword for ÒgroundhogÓ.Theaxiom of Booleanextensionality doesjust that;
it statesthat whenever two propositionsareequivalent, they must beequal,and can
be substituted for eachother. Similarly, the formulae obvious(O) and obvious(F)
where O := 2 + 2 = 4 and F := 8n > 2x n + yn = zn ) x = y = z = 0 should
not beequivalent, evenif their argumentsare. (Both O and F aretrue over the nat-
ural numbers,but FermatÕs last theorem F is non-obvious to most people). These
phenomenahavebeenstudiedunder the headingof Òhyper-intensional semanticsÓ
in theoretical semantics;see[39] for a survey.

To account for this behavior, we have to generalize the classof Henkin models
further so that there are counter-models to the examplesabove. Obviously, this
involvesweakeningtheassumptionthat Do � f T; Fgsincethis entailsthat thevalues
of O and F areidentical. Wecall the assumptionthat Do hastwo elementsproperty
b. In our ¶-modelswithout property b (M â , M âî , M âç, M âf , cf. DeÞnitions 3.41
and 3.49)weonly insist that there is a division of the truth valuesinto ÒgoodÓand
ÒbadÓones,which we expressby insisting on the existenceof a valuation õ of D o,
i.e., a function õ: Do � ! f T; Fg that is coordinated with the interpretations of the
logical constants: , _, and µ � (for eachtype � ). Thus wehavea notion of validity:
we call a sentenceA valid in sucha model if õ(a) � T, where a 2 Do is the value
of the sentenceA. For example, there is a ¶-model (seeExamples5.4 and 5.5)
where woodchuck(phil ), groundhog(phil ) and believe(john; woodchuck(phil)) are
all valid, but believe(john; groundhog(phil )) is not. In this model, the value of
woodchuck(phil) is di»erent from the valueof groundhog(phil ) in Do.
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2.3.3. Models without functional extensionality [M â , M âç, M âî , M âb , M âçb ,
M âî b ]. In mathematics (and as a consequencein most higher-order model the-
ories), we assumefunctional extensionality, which states that two functions are
equal, if they return identical valueson all arguments. In many applications we
want to usea logic that allows a Þner-grainedmodeling of propertiesof functions.
For instance, if we want to model programsas(higher-order) functions, we might
be interestedin intensional4 propertieslike run-time complexity. Consider for in-
stancethe two functions I := ëX X and L := ëX rev(rev(X )), where rev is the
self-inversefunction that reversesthe order of elementsin a list. While the identity
function hasconstant complexity, the function rev is linear in the length of its ar-
gument. As a consequence, even though L behaveslike I on all inputs, they have
di»erent time complexity. A logic with a functionally extensional model theory
(which is encodedasproperty f, cf. DeÞnitions3.5,3.41and 3.46)would conßate I
and L semantically and thus hide this di»erencerenderingthe logic unsuitable for
complexity analysis.

To arrive at a model theory which does not require functional extensionality
(which we will a call non-functional model theory in the remainder) we needto
generalize the notion of domainsat function typesand evaluation functions. This
is becausethe usualconstruction already usessetsof (extensional) functions for the
domainsof function type and the property of functionality to construct valuesfor
ë-terms.

We build on the notion of applicative structures(cf. DeÞnition 3.1) to deÞne¶-
evaluations (cf. DeÞnition 3.18),wheretheevaluation function isassumedto respect
application and â-conversion. In such models, a function is not uniquely deter-
mined by its behavior on all possible arguments. Suchmodelscan be constructed,
for example, by labeling for functions (e.g., a greenand a red version of a func-
tion f ) in order to di»erentiate betweenthem, even though they are functionally
equivalent (cf. Example 5.6). Property b may or may not hold for non-functional
¶-Models.

We can factor functional extensionality (property f) into two independentprop-
erties, property ç and property î . A model satisÞesproperty ç if it respectsç-
conversion. A modelsatisÞesproperty î if wecanconcludethevaluesof ëX M and
ëX N areidentical whenever thevaluesof M andN areidentical for any assignment
of the variable X . We will show that a model satisÞesproperty f i» it satisÞesboth
property ç and property î (cf. Lemma 3.24).

2.3.4. AndrewsÕmodelsand õ-complexes [M â ; M âç ]. Peter Andrews has pio-
neeredthe construction of non-functional modelswith his õ-complexesin [1] based
on Kurt Sch¬utteÕs semi-valuation method [50]. Theseconstructions, where both
functional and Boolean extensionality fail, are ¶-models as deÞnedin DeÞni-
tion 3.41. (Typically they will not even satisfy the property that Leibniz equality
correspondsto identity in the model,but they will havea quotient by Theorem3.62
which doessatisfy this property.)

2.4. Characterizingthedeductivepower of calculi. Thesemodel classesdiscussed
in the previous section characterize the deductive power of many higher-order

4Justasin thelinguistic application, theword ÒintensionalÓisusedasasynonym for Ònon-extensionalÓ
even though totall y di»erent propertiesare intended.
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theorem proverson a semanticlevel. For example, Tps [8] can be usedin modes
in which the deductive power is characterized by M âç (or even M â if ç-conversion
is disallowed). Note that in particular Tps is not completewith respectto Henkin
models. It is not even completefor M âçb , although it can be usedin modeswith
someÔextensionality treatmentÕbuilt into the proof procedure.

The incompletenessof Tps for Henkin models5 can be seenfrom the fact that
it fails to refute formulae such as cAo ^ : c(:: A), where c is a constant of type
o ! o, or to prove formulae like p(ëX� BX ^ AX ) ) p(ëX� AX ^ BX ), where
p is a constant of type (� ! o) ! o. The problem in the former example is that
the higher-order uniÞcation algorithm employed by Tps cannot determine that A
and :: A denote identical semanticobjects(by Boolean extensionality as already
mentioned before), and thus returns failure instead of success. In the second
example both functional and Boolean extensionality are neededin order to prove
the theorem.

[21] discussesa presentation of higher-order logic in a Þrst-order logic basedon
an approach called theoremproving modulo. It is easyto checkthat this approach
is also incomplete for model classeswith property b. For instancethe approach
cannot prove the formula

8Po! oXoYo (PX ^ PY ) ) P(X ^ Y )

which is valid in Henkin models and which requiresb. As a result, the theorem
provingmoduloapproachof representinghigher-order logic in a Þrst-orderlogic [21]
canonly beusedfor logicswithout Booleanextensionality in its current form.

2.4.1. Model existencetheorems. For all the notions of model classes(except,
of course, for standard models,where sucha theorem cannot hold for recursively
axiomatizable logical systems)wepresentmodelexistencetheoremstying thedi»er-
entiating conditions of the modelsto suitable conditions in the abstract consistency
classes(cf. Section6.3).

A model existencetheorem for a logical systemS (i.e., a logical language L S

togetherwith a consequencerelation j= S� L S � L S) is a theoremof the form:

If a setof sentenceş of S is a memberof anabstract consistency class
° , thenthereexists a S-modelfor ¸ .

For the proof we canusethe classicalconstruction in all cases: abstract consistent
setsare extended to Hintikka sets(cf. Section 6.2), which induce a valuation on
a term structure (cf DeÞnition 3.35). We then take a quotient by the congruence
inducedby Leibniz equality in the term model.

2.4.2. Completenessof calculi. Given a model existencetheorem as described
abovewecanshow the completenessof a particular calculusC (i.e., the derivability
relation ` S� L S � L S) by proving that the class° of setsof sentenceş that are
C-consistent(i.e., cannot berefutedin C) is an abstract consistencyclass. Then the
model existencetheorem tells us that C-consistentsetsof sentencesare satisÞable
in S. Now we assumethat a sentenceA is valid in S, so : A does not have a
S-model and is therefore C-inconsistent. Hence, : A is refutable in C. This shows

5In casethe extensionality axioms are not available in the search space. Note that one can add
extensionality axiomsto the calculusin order to achieveÑat leastin theoryÑHenkin completeness. But
this increasesthe search spacedrastically and is not feasible in practice.
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refutation completenessof C. For many calculi C, this also shows A is provable,
thus establishing completenessof C.

Note that with this argumentation the completenessproof for C condensesto
verifying that ° is an abstract consistencyclass,a task that doesnot refer to S-
models. Thus the usefulnessof model existencetheoremsderivesfrom the fact that
it replacesthe model-theoretic analysisin completenessproofs with the veriÞcation
of someproof-theoretic conditions. In this respecta model existencetheorem is
similar to a Herbrand Theorem,but it is easierto generalize to other logic systems
likehigher-order logic. The techniquewasdevelopedfor Þrst-order logic by Jaakko
Hintikka and Raymond Smullyan [29, 52,53].

x3. Semanticsfor higher-orderlogic. In this sectionwewill introducethe seman-
tical constructions and discusstheir relationships. We will start out by deÞning
applicativestructuresand ¶-evaluations to givean algebraic semanticsfor the sim-
ply typedë-calculus. To obtain a model for higher-order logic,weusea ¶-valuation
to determine whetherpropositions are true or false.

3.1. Applicativestructures.

DeÞnition 3.1 ((Typed) Applicativestructure). A collection D := DT :=
f D � j � 2 T g of non-empty setsD � , indexed by the set T of types, is called
a typed collection (of sets). Let DT and ET be typed collections, then a col-
lection f := f f� : D � � ! E� j � 2 T g of functions is called a typed function
f : DT � ! ET . We will write F (A; B) for the set of functions from A to B and
F T (DT ; ET ) for the setof typed functions. In the following we will also usethe
notion of a typed function extendedto the n-ary casein the obvious way.

We call the pair (D ; @) a (typed) applicative structure if D � DT is a typed
collection of setsand

@ := f @�â : D � ! â � D � � ! Dâ j �; â 2 T g:

Each(non-empty) setD � is calledthe domainof type � and the family of functions
@is calledtheapplicationoperator. Wewrite simply f@a for f@�â a whenf 2 D � ! â

and a 2 D � areclear in context.

Remark 3.2. Often an applicative structure is deÞnedto also include an inter-
pretation of the constantsin a givensignature(for example, in [44]). Weprefer this
signature-independentdeÞnition (as in [30]) for our purposes.

Remark 3.3 (Currying) . The application operator @ in an applicativestructure
is an abstract versionof function application. It is no restriction to exclusively use
a binary application operator, which correspondsto unary function application,
sincewecandeÞnehigher-arity application operators from thebinary oneby setting
f@(a1; : : : ; an) := (: : : (f@a1) : : : @an) (ÒCurryingÓ).

DeÞnition 3.4 (Frame). An applicative structure (D ; @) is called a frame, if
D � ! â � F (D � ; Dâ ) and @�â is application for functions for all types� and â.

DeÞnition 3.5 (Functional/full/standar d applicativestructures). Let A :=
(D ; @) be an applicative structure. We say that A is functional if for all types
� and â and objects f, g 2 D � ! â , we have f � g whenever f@a � g@a for every
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a 2 D � .6 Wesay A is full if for all types� and â and every function f : D � � ! Dâ

there is an object f 2 D � ! â suchthat f@a � f (a) for every a 2 D � . Finally, wesay
A is standard if it is a frameand D � ! â � F (D � ; Dâ ) for all types� and â. Note
that thesedeÞnitionsimposerestrictionson the domainsfor function typesonly.

Remark 3.6. It is easyto show that every frameis functional. Furthermore, an
applicativestructure is standard i» it is a full frame.

Example 3.7 (Applicativesingletonstructure). Wechooseasingleelementaand
deÞneD � := f ag for all types� . The pair (DT ; @a), wherea@aa = a is a (tri vial)
example of a functional applicative structure. It is called the singleton applicative
structure.

Example 3.8 (Applicative term structures). If we deÞneA@B := (AB) for A 2
w» � ! â (¶) and B 2 w» � (¶), then @: w» � ! â (¶) � w» � (¶) � ! w» â (¶) is a
total function. Thus (w» (¶) ; @) is an applicative structure. The intuition behind
this example is that we can think of the formula A 2 w» � ! â (¶) as a function
A : w» � (¶) � ! w» â (¶) that mapsB to (AB).

Analogously, we can deÞnethe applicative structure (cw» (¶) ; @) of closedfor-
mulae(whenweensure¶ containsenoughconstantssothat cw» � (¶) is non-empty
for all types� ).

DeÞnition 3.9 (Homomorphism) . Let A 1 := (D 1; @1) and A 2 := (D 2; @2)
be applicative structures. A homomorphismfrom A 1 to A 2 is a typed function
� : D 1 � ! D 2 suchthat for all types�; â 2 T , all f 2 D 1

� ! â , and a 2 D 1
� wehave

� (f)@2� (a) � � (f@1a). We write � : A 1 � ! A 2. The two applicative structures
A 1 and A 2 are called isomorphicif there are homomorphismsi : A 1 � ! A 2 and
j : A 2 � ! A 1 which aremutually inverseat eachtype.

The most important method for constructingstructures(and models)with given
properties in this article is well-known for algebraic structures and consistsof
building a suitable congruenceand passingto the quotient structure. We will now
develop the formal basisfor it.

DeÞnition 3.10(Applicativestructurecongruences). Let A := (D ; @)beanap-
plicative structure. A typed equivalencerelation � is called a congruenceon A i»
for all f; f0 2 D � ! â and a; a0 2 D � (for any types� and â), f � f0 and a � a0 imply
f@a � f0@a0.

The equivalenceclass[[a]]� of a 2 D � modulo� is the setof all a0 2 D � , suchthat
a � a0. A congruence� iscalledfunctionali» for all types� andâ and f; g 2 D � ! â ,
wehavef � g whenever f@a � g@a for every a 2 D � .

Lemma3.11. Theâ-equalityandâç-equalityrelations� â and� âç arecongruences
on theapplicative structuresw» (¶) andcw».

Proof. The congruencepropertiesare a direct consequenceof the fact that âç-
reduction rulesaredeÞnedto act on subterm positions. a

6This is calledÒextensionalÓin [44]. Weusethe term ÒfunctionalÓto distinguish it from other forms
of extensionality.
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DeÞnition 3.12(Quotient applicativestructure). Let A := (D ; @) be an ap-
plicative structure, � a congruenceon A , and D �

� := f [[a]]� j a 2 D � g. Further-
more, let @� be deÞnedby [[f]]� @� [[a]]� := [[f@a]]� . (To seethat this deÞnition
only dependson equivalenceclassesof � , considerf0 2 [[f]]� and a0 2 [[a]]� . Then
f � f0 and a � a0 imply f@a � f0@a0. Thus, [[f@a]]� � [[f0@a0]]� . So, @� is
well-deÞned.)A =� := (D � ; @� ) is alsoan applicativestructure. We call A =� the
quotientstructure of A for the relation � and the typed function ð� : A � ! A =�
that mapsa to [[a]]� its canonicalprojection.

Theorem 3.13. Let A beanapplicativestructureandlet � bea congruenceonA ,
thenthecanonicalprojectionð� is a surjective homomorphism. Furthermore, A =� is
functional i» � is functional.

Proof. Let A := (D ; @) be an applicative structure. To convince ourselves
that ð� is indeeda surjective homomorphism, we note that ð� is surjective by the
deÞnition of D � . To seethat ð� is a homomorphism let f 2 D � ! â , and a 2 Dâ ,
then ð� (f)@� ð� (a) � [[f]]� @� [[a]]� � [[f@a]]� � ð� (f@a).

The quotient construction collapses� to identity, so functionality of � is equiv-
alent to functionality of A =� . Formally, suppose[[f]]� and [[g]]� are elementsof
D �

� ! â suchthat [[f]]� @� [[a]]� � [[g]]� @� [[a]]� for every [[a]]� in D �
� . This is equiv-

alent to [[f@a]]� � [[g@a]]� for every a 2 D � and hencef@a � g@a for all a 2 D � .
By functionality of � , wehavef � g. That is, [[f]]� � [[g]]� . a

Lemma3.14. � âç is a functional congruenceon w» (¶) . If ¶ � is inÞnite for all
types� 2 T , then� âç is alsofunctionaloncw».

Proof. By Lemma 3.11,� âç is a congruencerelation. To show functionality let
A; B 2 w» ã! � (¶) suchthat AC� âçBC for all C 2 w» ã(¶) be given. In particular,
for any variable X 2 Vã that is not free in A or B, we have AX � âçBX and
ëX AX � âçëX BX . By deÞnition wehaveA� çëXã AX � âçëXã BX � çB.

To show functionality of âç-equality on closedformulae, supposeA and B are
closed.With the samevariable X asabove, let M and N bethe âç-normal formsof
AX and BX , respectively. Wecannot concludethat M � N sinceX is not a closed
term. Instead, choosea constant cã 2 ¶ã that doesnot occur in A or B. (Such a
constant must exist, sincewe have assumedthat ¶ã is inÞnite.) An easyinduction
on the length of the âç-reduction sequencefrom AX to M shows that c doesnot
occur in M and Ac � [c=X](AX ) âç-reducesto [c=X]M . Similarly, c doesnot
occur in N and Bc âç-reducesto [c=X]N . Sincec is a constant, substituting c for
X cannot introducenew redexes. So, simple inductions on the sizesof M and N
show [c=X]M and [c=X]N are âç-normal. By assumption, we know Ac� âçBc.
Sincenormal forms are unique, we must have [c=X]M � [c=X]N . Using the fact
that c doesnot occur in eitherM or N , an induction on the sizeof M readily shows
M � N . So, wehaveA� çëXã AX � âçëXã M � ëXã N � âçëXã BX � çB a

Remark 3.15. Supposewe have a signature ¶ with a singleconstant cé. In this
case, c is the only closedâç-normal form of type é. SinceëX X 6�âç ëX c even
though (ëX X )c� âçc� âç(ëX c)c wehavea counterexampleto functionality of � âç

on cw». The problemhereis that wedo not haveanotherconstantdé to distinguish
the two functions. In w» (¶) wecould alwaysusea variable.
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Remark 3.16(Assumptions on ¶) . From now on, weassume¶ � to beinÞnitefor
eachtype � . Furthermore, weassumethere is a particular cardinal @s suchthat ¶ �

hascardinality @s for every type � . SinceV is countable, this implies w» � (¶) and
cw» � have cardinality @s for eachtype � . Also, whetheror not primiti ve equality
is included in the signature, there can only be Þnitely many logical constantsin ¶ �

for eachparticular type � . Thus, the cardinality of the setof parametersin ¶ � is
also@s. In the countable case, @s is @0.

3.2. ¶-evaluations. ¶-evaluations areapplicativestructureswith a notion of eval-
uation for well-formedformulae in w» (¶).

DeÞnition 3.17(Variable assignment). Let A := (D ; @) be an applicative
structure. A typed function ' : V � ! D is called a variable assignmentinto A .
Given a variable assignment' , variable X � , and value a 2 D � , we use'; [a=X ] to
denotethe variable assignmentwith ('; [a=X ])(X ) � a and ('; [a=X ])(Y ) � ' (Y )
for variablesY other than X .

DeÞnition 3.18(¶-evaluation) . Let E : F T (V ; D ) � ! F T (w» (¶) ; D ) be a
total function, whereF T (V ; D ) is the setof variable assignmentsand F T (w» (¶) ;
D ) is the setof typed functions mapping termsinto objectsin D. Wewill write the
argumentof E asa subscript. So, for eachassignment' , wehavea typed function
E' : w» (¶) � ! D. E is calledan evaluation function for A if for any assignments
' and ø into A , wehave

(1) E'
�
�
V � ' .

(2) E' (FA) � E' (F)@E' (A) for any F 2 w» � ! â (¶) and A 2 w» � (¶) and types
� and â.

(3) E' (A) � Eø (A) for any type � and A 2 w» � (¶), whenever ' and ø coincide
on free(A).

(4) E' (A) � E' (A
?
y

â ) for all A 2 w» � (¶).

Wecall J := (D ; @; E) a¶-evaluationif (D ; @) isanapplicativestructureandE is
an evaluation function for (D ; @). Wecall E' (A � ) 2 D � the denotationof A � in J
for ' . (Note that sinceE is a function, the denotation in J is unique. However, for
a givenapplicativestructureA , theremay bemany possible evaluation functions.)

If A is a closedformula, then E' (A) is independentof ' , sincefree(A) = ; . In
thesecaseswe sometimesdrop the referenceto ' from E' (A) and simply write
E(A).

Wecalla¶-evaluation J := (D ; @; E) functional[full , standard] if theapplicative
structure (D ; @) is functional [full , standard]. We say J is a ¶-evaluation over a
frameif (D ; @) is a frame.

¶-evaluationsgeneralize¶-evaluationsoverframes,whicharethebasisfor Henkin
models, to the non-functional case. The existenceof an evaluation function that
meetstheconditionsaboveseemsto betheweakestsituation whereonewould liketo
speakof a model. Wecannot in general assumethe evaluation function is uniquely
determined by its valueson constantsas this requiresfunctionality. For example,
two evaluation functions E and E 0 on the sameapplicative structuremay agreeon
all constants,but give a di»erent value to the term (ëXéX ). Such an example is
constructedand discussedlater in Remark 5.7.
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Remark 3.19(¶-evaluations respectâ-equality). Let J := (D ; @; E) be a ¶-
evaluation and A� âB. For all assignments' into (D ; @), we have E' (A) �
E' (A

?
y

â ) � E' (B
?
y

â ) � E' (B).

We caneasily show ¶-evaluations satisfy a Substitution-ValueLemma.
Lemma3.20(Substitution-valuelemma). Let J := (D ; @; E) bea ¶-evaluation

and ' bean assignmentinto J . For any types� andâ, variablesXâ , andformulae
A 2 w» � (¶) andB 2 w» â (¶) , wehaveE'; [E' (B)=X](A) � E' ([B=X ]A).

Proof. Using the fact that E respectsâ-equality (cf. Remark 3.19)and the other
propertiesof E (cf. DeÞnition 3.18),wecancompute

E'; [E' (B)=X](A) � E'; [E' (B)=X]((ëX A)X )

� E'; [E' (B)=X](ëX A)@E'; [E' (B)=X](X )

� E' (ëX A)@E' (B)

� E' ((ëX A)B)

� E' ([B=X ]A): a

We will consider two weaker notions of functionality. Theseforms are often
discussedin the literature (cf. [28]).

DeÞnition 3.21(Weakly functional evaluations). Let J � (D ; @; E) be a ¶-
evaluation. We say J is ç-functional if E' (A) � E' ( A#âç) for any type � , formula
A 2 w» � (¶), and assignment' . We say J is î -functional if for all �; â 2 T ,
M ; N 2 w» â (¶), assignments' , and variables X � , E' (ëX� M â ) � E' (ëX� Nâ )
whenever E'; [a=X](M ) � E'; [a=X](N ) for every a 2 D � .

We will now establish that functionality is equivalent to ç-functionality and î -
functionality combined. We prepare for this by Þrst proving two lemmasabout
functional ¶-evaluations.

Lemma3.22. Let J := (D ; @; E) be a functional ¶-evaluation. For any assign-
ment' into J andF 2 w» � ! â (¶) whereX � =2 free(F), wehave

E' (ëX� FX ) � E' (F):

Proof. Let a 2 D � be given. SinceX � =2 free(F), we have E'; [a=X](F) � E' (F).
SinceE respectsâ-equality (cf. Remark 3.19),wecancompute

E' (ëX FX )@a � E'; [a=X]((ëX FX )X ) � E'; [a=X](FX ) � E' (F)@a:

Generalizing over a, weconcludeE' (ëX FX ) � E' (F) by functionality. a
Lemma3.23. Let J := (D ; @; E) be a functional ¶-evaluation. If a formula A

ç-reducesto B in onestep, thenfor any assignment' into J , E' (A) � E' (B).
Proof. We prove this by induction on the structure of the term A. For the

basecasewhen A is the ç-redex which is reduced,we apply Lemma 3.22. When
A � (FC), then the ç-reduction either occurs in F or C. So, B � (GD) where F
ç-reducesto G in one step (or G � F) and D � C (or C ç-reducesto D in one
step). So, by induction we have E' (F) � E' (G) and E' (C) � E' (D). It follows
that E' (A) � E' (B).

WhenA is a ë-abstraction, wemust usefunctionality. Supposefor sometype � ,
A � (ëX� C) (and this is not the ç-redex reducedto obtain B). Then B � (ëX� D)
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where C ç-reducesin one stepto D. By the induction hypothesis,for any a 2 D � ,
E'; [a=X](C) � E'; [a=X](D). SinceE is an evaluation function, wehave

E' (ëX C)@a � E'; [a=X]((ëX C)X ) � E'; [a=X](C)

� E'; [a=X](D) � E'; [a=X]((ëX D)X ) � E' (ëX D)@a:

By functionality, E' (A) � E' (ëX C) � E' (ëX D) � E' (B). a

Lemma3.24(Functionality) . Let J := (D ; @; E) bea ¶-evaluation. ThenJ is
functional i» it is bothç-functionalandî -functional.

Proof. The fact that functionality implies ç-functionality now follows from a
simple induction on the number of âç-reduction steps using Lemma 3.23 and
Remark 3.19.

To show functionality impliesî -functionality , let M ; N 2 w» â (¶), anassignment
' and a variable X � begiven. SupposeE'; [a=X](M ) � E'; [a=X](N ) for every a 2 D � .
We needto show E' (ëX M ) � E' (ëX N ). This follows from functionality since

E' (ëX M )@a � E'; [a;X ]((ëX M )X ) � E'; [a=X](M )

� E'; [a=X](N ) � E'; [a;X ]((ëX N )X ) � E' (ëX N )@a

for every a 2 D � .
To show functionality from ç-functionality and î -functionality , let f, g 2 D � ! â

such that f@a � g@a for all a 2 D � be given. We needto show that f � g. Let
F� ! â , G� ! â and X � be variables and ' be any assignmentsuch that ' (F ) � f
and ' (G) � g. Then for any a 2 D � we have E'; [a=X](FX ) � f@a � g@a �
E'; [a=X](GX ), and thus E' (ëX FX ) � E' (ëX GX ) by î -functionality. Hence,

f � E' (F ) � E' (ëX FX ) � E' (ëX GX ) � E' (G) � g

by ç-functionality. a

Lemma3.25(î -functionality and replacement). Let J := (D ; @; E) beaî -func-
tional ¶-evaluation andB; C 2 w» â (¶) . SupposeE' (B) � E' (C) for every assign-
ment ' into J . Thenfor all formulaeA 2 w» � (¶) , positionsp, andassignments'
into J , E' (A[B]p ) � E' (A[C]p ).

Proof. We show the assertionby an induction on the structure of A. If p is the
top position, wehave

E' (A[B]p ) � E' (B) � E' (C) � E' (A[C]p ):

In particular, if A is a constant or a variable, then p must be the top position and
wearedone. Otherwise, assumep is not the top position. If A is an application FD,
we have to considertwo cases: A[B]p = F[B]qD and A[B]p = F(D[B]r ) for some
positions q and r . Sincethe secondcaseis analogouswe only show the Þrst case.
By the inductivehypothesiswehave

E' (A[B]p ) � E' (F[B]qD) � E' (F[B]q)@E' (D)

� E' (F[C]q)@E' (D) � E' (F[C]qD) � E' (A[C]p ):

If A[B]p = ëXã D[B]q, thenwegettheassertionfrom î -functionality. By the induc-
tivehypothesis,weknow Eø (D[B]q) � Eø (D[C]p ) for every assignmentø . In par-
ticular, for any assignment' andc 2 Dã, wehaveE'; [c=X](D[B]q) � E'; [c=X](D[C]p ).
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By î -functionality , wehave

E' (A[B]p ) � E' (ëX D[B]q) � E' (ëX D[C]q) � E' (A[C]p ):

Thus wehavecompletedall the casesand proventhe assertion. a

Example 3.26(Singleton evaluation) . Thesingletonapplicativestructure(cf.Ex-
ample 3.7) is a ¶-evaluation if for any assignment ' and formula A we take
E' (A) � a, where a is the (unique) memberof D � . Note that in this ¶-evaluation
E(ëX X ) � E' (ëX Y ) for any assignment' .

For a detailed discussionon the closure conditions neededfor the domains for
function typesto berich enoughfor evaluation functions to exist, wereferthereader
to [2, 4].

Note that theapplicativeterm structurew» (¶) from Example3.8cannotbemade
into a ¶-evaluation by providing an evaluation function. To seethis, supposeE is
an evaluation function for w» (¶) and F := E(ëX� X ) 2 w» � ! � (¶). SinceE is
assumedto bean evaluation function, wemust have

E' (A) � E' ((ëX� X )A) � F@A � FA

for every A 2 w» � (¶). In particular, for any constant a� 2 ¶ � , we must have
Fa � E' (a) � E((ëX� X )a) � E(ëX� X )@E(a) � F(Fa). But clearly Fa 6�
F(Fa) no matter what F 2 w» � ! � (¶) we choose. In particular, the ÒobviousÓ
choiceof E(ëX� X ) � (ëX� X ) doesnot work. This examplesuggeststhat weneed
to considerâ-convertible terms equal before we can obtain a term evaluation (cf.
DeÞnition 3.35).

DeÞnition 3.27(¶-evaluation congruences). A congruenceon a ¶-evaluation
J � (D ; @; E) is a congruenceon the underlying applicative structure (D ; @).
Given any two variable assignments' and ø into (D ; @), wewill usethe notation
' � ø to indicate that ' (X ) � ø (X ) for every variable X .

A typed equivalencerelation wasdeÞnedto be a congruenceif it respectsappli-
cation. In order to form a quotient of a ¶-evaluation, we must be able to deÞne
an evaluation function E � on the quotient structure. But E � interpretsall terms,
including ë-abstractions. It is not obvious that onecanÞnda well-deÞnedE � that
is really an evaluation function. In fact, the property one needsin order to show
E � will bea well-deÞnedevaluation function is E' (A) � Eø (A) for all A 2 w» � (¶)
and assignments' and ø with ' � ø . One can show this by an easyinduction
on the term A if the congruence� is functional. However, without the assumption
that � is functional, this direct proof will fail when A is a ë-abstraction. This is a
general problem with trying to prove propertiesof evaluations sincemany objects
in D � ! â may representthe samefunction from D � to Dâ . Fortunately, there is a
way to usecombinators to reducesuch inductions to terms which only have very
specialë-abstractions.

DeÞnition 3.28(SK-combinatory formulae). For all types� , â, andã, wedeÞne
two families of closedformulaewecall combinators:

K � ! â! � := ëX� Yâ X

S(� ! â! ã)! (� ! â)! � ! ã := ëU� ! â! ãV � ! âW� (UW (VW )):
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We deÞnethe set of SK-combinatory formulae to be the least subsetof the setS
� 2 T w» � (¶) containing every K and S, every constantc 2 ¶ and every variable,

that is closedunder application.

As shown in [3], everyformula canbeâ-expandedto anSK-combinatory formula.
Lemma3.29. For every type � and A 2 w» � (¶) , there is an SK-combinatory

formula A0 2 w» � (¶) such that A0 â-reducesto A.
Proof. SeeProposition 1 in [3]. Themain di»erenceto this setupis thesignature,

and this playsno role in the proof. a
Now, wecanshow E' (A) � Eø (A) for SK-combinatory A whenever ' � ø .

Lemma3.30. Let J � (D ; @; E) bea ¶-evaluation, � a congruenceonJ , and'
and ø assignmentsinto J with ' � ø . For every SK-combinatory formula A, we
haveE' (A) � Eø (A).

Proof. The proof is by induction on the SK-combinatory formula A. If A is
a variable X , we have E' (X ) � ' (X ) � ø (X ) � Eø (X ). If A is closed(e.g., a
constant in ¶ or a combinator), then E' (A) � Eø (A), socertainly E' (A) � Eø (A).
Finally, if A is an application of two SK-combinatory formulae F and B, then by
the inductive hypothesiswe have E' (F) � Eø (F) and E' (B) � Eø (B). Since�
respectsapplication, E' (FB) � E' (F)@E' (B) � Eø (F)@Eø (B) � Eø (FB). a

We canusethis result to show the sameproperty holds for all formulae.
Lemma3.31. Let J � (D ; @; E) bea ¶-evaluation, ' andø assignmentsinto J

with ' � ø , and� acongruenceonJ . For every formulaA, wehaveE' (A) � Eø (A).

Proof. Let A 2 w» � (¶) for some type � . By Lemma 3.29 there is an SK-
combinatory formula A0 that â-reducesto A. By Remark 3.19and Lemma 3.30,
wehaveE' (A) � E' (A0) � Eø (A0) � Eø (A). a

Remark 3.32(Corr espondencewith logical relations). Lemma3.31isessentially
an instanceof the ÒBasicLemmaÓfor logical relations (Lemma 8.2.5 in [44]). In
fact, � is functional, i» � is a logical relation over the applicative structure. If �
is not functional, it still satisÞesthis ÒBasicLemmaÓproperty, which makesit a
pre-logical relation in the senseof [31].

DeÞnition 3.33(Quotient ¶-evaluation) . Let J � (D ; @; E) bea¶-evaluation,
� a congruenceon J and let (D � ; @� ) be the quotient applicative structure of
(D ; @) with respectto � .

For eachA 2 D �
� , we choosea representative A� 2 A. So, [[A� ]]� � A. Note

that [[a]]�� � a for every a 2 D � . For any assignment' into J =� , let ' � be the
assignmentinto J givenby ' � (X ) := ' (X ) � . Note that ' � ð� � ' � . Sowe can
deÞneE �

' asð� � E' � , and call J =� := (D � ; @� ; E � ) the quotient¶-evaluationof
J modulo � . (By Lemma3.31,the deÞnitionof E � doesnot dependon thechoice
of representatives.)

This deÞnition is justiÞedby the following theorem.
Theorem 3.34(Quotient ¶-evaluation theorem). If J is a ¶-evaluation and� is

a congruenceonJ , thenJ =� is a ¶-evaluation.
Proof. We prove that E � is an evaluation function by verifying the conditions

in DeÞnition 3.18. For any assignment' into the quotient applicativestructure, let
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' � be the assignmentwith ' � ð� � ' � as in DeÞnition 3.33. First , we compute
E �

'

�
�
V � (ð� � E' � )

�
�
V � ð� � E' �

�
�
V � ð� � ' � � ' . Sinceð� is a homomorphism

wehave

E �
' (FA) � ð� (E' � (FA))

� ð� (E' � (F)@E' � (A))

� ð� (E' � (F))@� ð� (E' � (A))

� E �
' (F)@� E �

' (A):

If ' and ø coincideon free(A), then E �
' (A) � [[E' � (A)]]� � [[Eø � (A)]]� � E �

ø (A)
sincethis entails that ' � and ø � coincide on free(A) too (as we have chosenpar-
ticular representativesfor eachequivalenceclass).Finally, E �

' (A) � [[E' � (A)]]� �
[[E' � (A

?
y

â )]]� � E �
' (A

?
y

â ). a

DeÞnition 3.35(Term evaluations for ¶) . Let cw»(¶)
?
y

â be the collection of

closedwell-formed formulae in â-normal form and A@âB be (AB)
?
y

â . For the

deÞnition of an evaluation function let ' be an assignmentinto cw»(¶)
?
y

â . Note

that ó := '
�
�
free(A) is a substitution, since free(A) is Þnite. Thus we can choose

Eâ
' (A) := ó(A)

?
y

â
. We call T E(¶) â := (cw»

?
y

â
; @â ; E â ) the â-term evaluation

for ¶.
Analogously, wecandeÞneT E(¶) âç := ( cw»#âç ; @âç; E âç) the âç-term evalua-

tion for ¶.

The nameterm evaluation in the previous deÞnition is justiÞedby the following
lemma.

Lemma3.36. T E(¶) â is a ¶-evaluationandT E(¶) âç is a functional¶-evaluation.

Proof. The fact that (cw» (¶)
?
y

â ; @â ) is an applicative structure is immediate:

For eachtype � , cw» � (¶)
?
y

â is non-empty (by the assumptionin Remark 3.16)and

@â : cw» � ! â (¶)
?
y

â � cw» � (¶)
?
y

â � ! cw»â (¶)
?
y

â :

We next checkthat E â is an evaluation function.

(1) Eâ
' (X ) � '

�
�
free(X )(X ) � ' (X ).

(2) Eâ
' respectsapplication since ó(FA)

?
y

â �
�
ó(F)

?
y

âó(A)
?
y

â

�?y
â where ó �

'
�
�
free(FA)

.

(3) Eâ
' (A) �

�
'

�
�
free(A)(A)

�?y
â �

�
' 0

�
�
free(A)(A)

�?y
â � E â

' 0(A) whenever ' and ' 0

coincideon free(A).
(4) Eâ

' (A) � ó(A)
?
y

â � ó(A
?
y

â )
?
y

â � Eâ
' (A

?
y

â ) where ó � '
�
�
free(A).

A similar argument shows that T E(¶) âç is a ¶-evaluation. Also, one can show
T E(¶) âç is functional using an argumentsimilar to Lemma 3.14since¶ is inÞnite
at all types by Remark 3.16. (Alternatively, one can simply apply Lemma 3.14
and Theorem 3.13 to note that the applicative structure cw»(¶) =� âç is functional.
The applicative structure cw»(¶) =� âç is isomorphic to the applicative structure
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( cw»(¶)
?
y

âç
; @âç). One can easily show that functionality is preserved under iso-

morphism.) a

Remark 3.37. Note that T E(¶) â is not a functional ¶-evaluation since, for in-
stance, for any constanthã! ä 2 ¶

(ëXã hã! äX )@âCã � h@âC

for all C in T Eã(¶) â but ëX hX 6� h.

Remark 3.38. One can show that an evaluation function E for an applicative
structure (D ; @) is uniquely determined by its valuesE(c) on the constantsc 2 ¶
and its valuesE(S) and E(K ) on the combinators S and K . When the applicative
structure is functional, even the valuesof eachE(S) and E(K ) are determined, so
that E is uniquely determined by its valuesE(c) for c 2 ¶.

DeÞnition 3.39(Homomorphism on ¶-evaluations). Let J 1 := (D 1; @1; E 1)
and J 2 := (D 2; @2; E 2) be¶-evaluations. A ¶-homomorphismis a typed function
� : D 1 � ! D 2 such that � is a homomorphism from the applicative structure
(D 1; @1) to the applicativestructure(D 2; @2) and �

�
E1

' (A)
�

� E2
� � ' (A) for every

A 2 w» � (¶) and assignment' for J 1.

3.3. ¶-models.The semanticnotions so far are independentof the set of base
types. Now, wespecializetheseto obtain anotion of modelsby requiringspecialized
behavior on the type o of truth values. For this we usethe notion of a ¶-valuation
which givesa truth-v alue interpretation to the domain Do of a ¶-evaluation con-
sistentwith the intuiti ve interpretations of the logical constants. Sincemodelsare
semanticentitiesthat areconstructedprimaril y to makea statementabout the truth
or falsity of a formula, the requirementthat thereexistsa ¶-valuation is perhapsthe
most general condition under which one wants to speakof a model. Thus we will
deÞneour mostgeneral notion of semanticsas¶-evaluations that have¶-valuations.

DeÞnition 3.40. Fix two values T 6� F. Let J := (D ; @; E) be a ¶-evalua-
tion and õ: Do � ! f T; Fg be a (total) function. We deÞneseveral propertiesthat
characterize logical operators with respectto õ in the table shown in Figure 2.

prop. where holds when for all

L : (n) n 2 Do! o õ(n@a) � T i» õ(a) � F a 2 Do

L _ (d) d 2 Do! o! o õ(d@a@b) � T i» õ(a) � T or õ(b) � T a; b 2 Do

L ^ (c) c 2 Do! o! o õ(c@a@b) � T i» õ(a) � T and õ(b) � T a; b 2 Do

L ) (i) i 2 Do! o! o õ(i@a@b) � T i» õ(a) � F or õ(b) � T a; b 2 Do

L , (e) e 2 Do! o! o õ(e@a@b) � T i» õ(a) � õ(b) a; b 2 Do

L �
8 (ð) ð 2 D (� ! o)! o õ(ð@f) � T i» 8a 2 D � õ(f@a) � T f 2 D � ! o

L �
9 (ó) ó 2 D (� ! o)! o õ(ó@f) � T i» 9a 2 D � õ(f@a) � T f 2 D � ! o

L �
= (q) q 2 D � ! � ! o õ(q@a@b) � T i» a � b a; b 2 D �

Figure 2. Logical propertiesin ¶-models.

DeÞnition 3.41(¶-model). Let J := (D ; @; E) be a ¶-evaluation. A function
õ: Do � ! f T; Fg is called a ¶-valuation for J if L : (E(: )) and L_ (E(_)) hold,
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and for every type � L �
8 (E(µ � )) holds. In this case, M := (D ; @; E; õ) is calleda

¶-model.
For the caseof (the optional) primiti ve equality, i.e., when = � 2 ¶ � ! � ! o for all

types� , wesay M is a ¶-modelwith primitiveequalityif L �
= (E(= � )) holds for every

type � .
We say that ' is an assignmentinto M if it is an assignmentinto the underlying

applicativestructure(D ; @). Furthermore, ' satisÞesa formula A 2 w» o(¶) in M
(wewrite M j= ' A) if õ(E' (A)) � T. Wesay that A isvalid in M (and write M j= A)
if M j= ' A for all assignments' . WhenA 2 cw»o(¶), wedrop the referenceto the
assignmentand usethe notation M j= A. Finally, wesay that M is a ¶-modelfor a
set¸ � cw»o(¶) (wewrite M j= ¸) if M j= A for all A 2 ¸.

A ¶-model M := (D ; @; E; õ) iscalledfunctional[full , standard] if theapplicative
structure (D ; @) is functional [full , standard]. Similarly, M is called ç-functional
[î -functional] if the evaluation (D ; @; E) is ç-functional [î -functional]. We say M
is a ¶-model over a frameif (D ; @) is a frame.

Remark 3.42(Ad ding primiti ve equality). In the deÞnition of ¶-model above,
the addition of property L �

= (E(= � )) addressingthecaseof primiti veequality above
has a purely practical motivation: calculi with a primiti ve treatment of equality,
seefor instance [10, 11], may provide a more e»ective approach to equational
reasoningin higher-order logic than theexclusiveuseof Leibniz equality. Therefore
weenrichour theory to automatically alsoaddressthesituation where(alwaysbuilt-
in) Leibniz equality and (optional) primiti ve equality are simultaneously present
in the language. The generalization to primiti ve equality is lesstri vial than the
generalization to other (optional) primiti ve logical connectivessuch as ^ or ) .
This is the main reasonwhy we built primiti ve equality directly into our theory
while weomit other logical primiti ves(cf. alsoRemarks 3.47and 6.9).

Lemma3.43(Truth and falsity in ¶-models). Let M := (D ; @; E; õ) be a ¶-
modeland' anassignment.Let To := 8Po P _ : P andFo := : To. Thenõ(E' (To))
� T andõ(E' (Fo)) � F.

Proof. Let P beavariableof typeo. Wehaveõ(E' (To)) � T, i» õ(E' (P_ : P)) �
T for every assignment' . The propertiesof õ show that this statementis equivalent
to õ(' (P)) � Tor õ(' (P)) � F, which is alwaystrue sinceõ mapsinto f T; Fg. Note
further that õ(E' (Fo)) � F sinceõ(E' (To)) � T. a

Remark 3.44. Let M := (D ; @; E; õ) be a ¶-model. By Lemma 3.43,Do must
haveat leastthe two elementsE' (To) and E' (Fo), and õ must besurjective.

Remark 3.45. In contrast to the caseof Henkin models, DeÞnition 3.41 only
constrainsthe functional behavior of thevaluesof the logicalconstantswith respect
to õ. This doesnot full y specifythesevaluessince

� M neednot be functional,
� and therecanbemore than two truth values.

We will now introducesemanticalpropertiescalled q, ç, f, and b, which we will
useto characterize di»erent classesof ¶-models.

DeÞnition 3.46(Propertiesq, ç, î , f and b). Given a ¶-model M := (D ; @; E;
õ), wesay that M hasproperty
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q: i» for all � 2 T there is someq� 2 D � ! � ! o suchthat L �
= (q� ) holds.

ç: i» M is ç-functional.
î : i» M is î -functional.
f: i» M is functional. (This is generally associated with functional extensionality.)
b: i» Do has at most two elements. By Lemma 3.44 we can assumewithout loss

of generality that Do � f T; Fg, õ is the identity function, E' (To) � T and
E' (Fo) � F. (This is generally associated with Booleanextensionality.)

Remark 3.47(Choice of logical constants). The work presentedin this article is
basedon the choice of the primiti ve logical constants : , _, and µ � . We have
also introducedshorthand for formulasconstructedusing^ , ) , , , and existential
quantiÞcation. One can (easily; cf. Lemma 3.48) verify that in any ¶-model M �
(D ; @; E; õ), eachof thepropertiesL ^ (E(ëXoYo X ^ Y )), L ) (E(ëXoYo X ) Y )),
L , (E(ëXoYo X , Y )) and L �

9 (E(ëP� ! o 9X � PX )) (for eachtype � ) hold with
respectto õ. In this sense, our choice of logical constants and shorthand for
other logical constantsis su¼cient. However, Leibniz equality Q � will only satisfy
L �

= (E(Q� )) for eachtype � i» the model satisÞesproperty q (cf. Remark 3.52and
Theorem3.63).

On the other hand, in the absenceof extensionality, onecangain some(limited)
expressive power by including extra logical constantssuch as ^ in the signature.
This is the casesincethere may be several objectsin c 2 Do! o! o suchthat L ^ (c)
holds. So, onecould havea ¶-model M � (D ; @; E; õ) (where ^ is also in ¶) such
that L ^ (E(^ )) holds, but E(^ ) 6� E(ëXoYo : (: X _ : Y )). Wewill not investigate
this possibility here.

Our choiceof logical constantsdi»ers from AndrewsÕchoice[6] who considers
primiti veequality astheonly logicalprimiti vefrom which all other logicaloperators
are deÞnedusing the deÞnitions in Figure 3. For the sake of clarity, we write
q� for = � when = � is not being written in inÞx notation. For Henkin models,
the deÞnitions in Figure 3 are appropriate. However, without extensionality, the
situation is quite di»erent. SupposeJ � (D ; @; E) is a ¶-evaluation where= � 2 ¶
for every type � . Let õ : Do � ! f T; Fg bea function suchthat L �

= (E(= � )) holds for
eachtype� . Thefact that õ(E(To)) � Tfollowsdirectly from L o! o! o

= (E(= o! o! o))
and reßexivity of (meta-level) equality. Unfortunately, this is the last deÞnition
which is clearly appropriate without further assumptions. So long asDo hasmore
than one element, one can show õ(E(Fo)) � F. So, let us explicitl y assumeDo

To := qo = o! o! o qo

Fo := (ëXo To) = o! o (ëXo X )
: o! o := qoFo

µ � := q� ! o(ëX� To)
^ o! o! o := ëXoYo (ëGo! o! o GToTo) = (o! o! o)! o (ëGo! o! o GXY )
) o! o! o := ëXoYo (X = o (X ^ Y ))
_o! o! o := ëXoYo : (: X ^ : Y )
¶ � := ëP� ! o (: µ � ëX� : (PX ))

Figure 3. A deÞnition of logical constants from equality in
Henkin models.
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hasmore than one element, which is anyway met by ¶-models (cf. Remark 3.44).
Next, weinvestigatewhetherL : (E(: )) holds. Let a 2 Do begiven. By Lo

= (E(= o)),
we know õ(E(= o)@E(Fo)@a) � T is equivalent to E(Fo) � a. So, if õ(E(= o)@
E(Fo)@a) � T, then õ(a) � õ(E(Fo)) � F. For the converse, supposeõ(a) � F.
This, in general, does not imply E(Fo) � a. However, if we assumea is the
uniquememberof Do such that õ(a) � F, then we can concludeE(Fo) � a. In
particular, if Do hasonly two elements,thenõmustbeinjectiveandwecanconclude
E(Fo) � a. So, Boolean extensionality is required to ensure that L : (E(: )) holds
for this deÞnition of : .

We now investigate whether L �
8 (E(µ � )) holds for µ � deÞnedas in Figure 3.

Let f 2 D � ! o be given. Supposeõ(E(= � ! o)@E(ëX� To)@f) � T. Then, by
L � ! o

= (E(= � ! o)), weknow E(ëX� To) � f. This doesguaranteeE(To) � f@a and
henceõ(f@a) � T for every a 2 D � . However, showing the converserequiresthat
M is functional (i.e., strong functional extensionality isgiven). Supposeõ(E(= � )@
E(ëX� To)@f) � F. WecanconcludeE(ëX� To) 6� f, but this is of little value. If J
is not functional, then thesemay be di»erent representativesin D � ! o of the same
function. If J is functional, there must be somea 2 D � suchthat E(To) 6� f@a.
However, this still doesnot imply õ(f@a) � F. If Do hasonly two elements,then the
factsthat E(To) 6� f@aandE(To) 6� E(Fo) imply E(Fo) � f@a, henceõ(f@a) � F.

Similar observations apply to the other deÞnitionsin Figure3. ThesedeÞnitions
do show that at leastTo and Fo aredeÞnable from primiti veequality (so long asDo

hasat leasttwo elements).Furthermore, if Do hasexactly two elements: isdeÞnable
from primiti veequality. Weconjecturethat this isasmuchasonecandeÞnein terms
of primiti ve equality without extensionality assumptions. That is, we conjecture
that without assumingDo hastwo elements,theremay beno objectn 2 Do! o such
that L : (n) holds. Furthermore, weconjecture that without assumingfunctionality
and that Do hastwo elements,theremay beno object d 2 Do! o! o suchthat L_ (d)
holds, and theremay beno object ð 2 D (� ! o)! o suchthat L �

8 (ð) holds.

The next lemmaformally veriÞesthat L , (E(ëXoYo X , Y )) holdswith respect
to the valuation of a ¶-model, asindicated in the remark above.

Lemma3.48(Equivalence). Let M := (D ; @; E; õ) be a ¶-model, ' an assign-
mentinto M , andA; B 2 w» o(¶) . õ(E' (A , B)) � T i» õ(E' (A)) � õ(E' (B)) .

Proof. Supposeõ(E' (A , B)) � T. This implies õ(E' (: A _ B)) � T and
õ(E' (: B_ A)) � T. If õ(E' (A)) � T, thenõ(E' (: A_ B)) � Timpliesõ(E' (B)) � T,
so õ(E' (A)) � T � õ(E' (B)). If õ(E' (A)) � F, then õ(E' (: B _ A)) � T implies
õ(E' (B)) � F, so õ(E' (A)) � F � õ(E' (B)). Sincetheseare the only two possible
valuesfor õ(E' (A)), wehaveõ(E' (A)) � õ(E' (B)).

Supposeõ(E' (A)) � õ(E' (B)). Either õ(E' (A)) � õ(E' (B)) � T or õ(E' (A)) �
õ(E' (B)) � F. An easyconsideration of both casesveriÞesõ(E' (: A _ B)) � Tand
õ(E' (: B _ A)) � T. Hence, õ(E' (A , B)) � T. a

Wenext deÞneclassesof ¶-modelsin which certainpropertieshold. Theseclasses
are denotedby M � where � 2 f â;âç;âî ;âf;âb;âçb;âî b;âfbg. The subscript â is
always included to emphasize that â-equal terms are interpreted to be identical
elementsin all models(cf. Remark 3.19). The subscriptsç, î , f and b indicate when
the correspondingpropertiesmust hold (cf. DeÞnition 3.46). Note that wearenot
including property qasanexplicit subscript. Theonly ¶-modelsweneedto consider
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which do not satisfy property q areterm models. It will turn out (cf. Theorem3.62)
that wecanobtain amodelsatisfying propertyqfrom amodelthat doesnot by taking
aquotient. However, this may not preservepropertiesî or f. Consequently, weomit
q asa subscriptand deÞnethe setsM � (for � 2 f â;âç;âî ;âf;âb;âçb;âî b;âfbg) so
that every model in M � satisÞesproperty q. (This choicewill be discussedfurther
in Remark 3.52.)

DeÞnition 3.49(Higher-order model classes). We will denote the class of ¶-
modelsthat satisfy property q by M â , and we will usesubclassesof M â depending
on the validity of the propertiesç, î , f, and b. We obtain the specialized classes
of ¶-models M âç, M âî , M âf , M âb , M âçb , M âî b , and M âfb by requiring that the
propertiesspeciÞedin the index arevalid.

If primiti ve equality is in the signature, i.e., if = � 2 ¶ � ! � ! o, then werequire the
modelsto be ¶-modelswith primiti ve equality. Note that in this caseproperty q is
automatically ensured.

We can group theseeight classesin two dimensionsas in Figure 4 basedon the
Òamountof extensionalityÓrequired.

functional

Boolean
none weak(ç) weak(î ) strong (f)

none M â M âç M âî M âf

b M âb M âçb M âî b M âfb

Figure 4. Extensionalmodel classes.

DeÞnition 3.50(¶-Henkin models). A ¶-Henkin model is a model M over a
framewith M 2 M âfb . We denote the classof all ¶-Henkin modelsby H. (Such
modelsarecalledgeneral modelsin [2] and [6]. Weavoid this terminology heresince
weconsidermodelswhich aremoregeneral than these.)

DeÞnition 3.51(¶-standard models). A ¶-standard modelis a ¶-Henkin model
that is also full (i.e., a model M 2 M âfb over a standard frame). The classof all
¶-standard modelsis denotedby ST .

Remark 3.52(Property q). The purpose of property q is to ensure that for all
types � there is an object q� in D � ! � ! o representingmeta equality for the do-
main D � . This ensuresthe existenceof objectsrepresentingunit setsf ag for each
a 2 D � in the domains D � ! o, which in turn makesLeibniz equality the intended
equality relation. This is becausemembershipin theseunit setscan be usedas
an appropriately strong criterion to distinguish betweendi»erent elementsof D � .
This aspectis discussedin detail by Peter Andrews in [2]. He notes that Leon
Henkin unintentionally introducedin [26] a classof modelswhich neednot satisfy
property q insteadof the classof Henkin modelsin the senseabove. As Andrews
shows,a consequenceis that sucha model may fail to satisfy the principle of strong
functional extensionality (cf. DeÞnition 4.5) givenby the formula

8Fé! é8Gé! é(8XéFX := é GX ) ) F := é! é G
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even though the model (as a model over a frame) is functional. Andrews Þxed
this problem by introducing property q. Here, we have followed this by requiring
property q in all our model classesM � .

Now let usextend the notion of a quotient evaluation to ¶-models.

DeÞnition 3.53(¶-model congruences). A congruenceon a ¶-model M � (D ;
@; E; õ) is a congruenceon theunderlying ¶-evaluation (D ; @; E) suchthat õ(a) �
õ(b) for all a; b 2 Do with a � b.

DeÞnition 3.54(Quotient ¶-model). Let M � (D ; @; E; õ) bea ¶-model, � be
a congruenceon M , and (D � ; @� ; E � ) bethe quotient ¶-evaluation of (D ; @; E)
with respectto � (cf. DeÞnition 3.33). Using thenotation for representativesA� 2 A
for A 2 D �

� asin DeÞnition 3.33,wedeÞneõ� : D �
o � ! f T; Fg by õ� (A) := õ(A� )

for every A 2 D �
o . (Since õ(a) � õ(b) whenever a � b in Do, this deÞnition

of õ� doesnot dependon the choiceof representativesand õ� ([[a]]� ) � õ(a) for
every a 2 Do.) Wecall M =� := (D � ; @� ; E � ; õ� ) the quotient¶-model of M with
respectto � .

Theorem 3.55(Quotient ¶-model theorem). Let M � (D ; @; E; õ) be a ¶-
modeland� bea congruenceonM . ThequotientM =� is a ¶-model.

Furthermore, if for every type � , = � 2 ¶ � and we have õ(E(= � )@a@b) � T i»
a � b for every a; b 2 D � , thenM =� is a ¶-modelwith primitive equality.

Proof. We checkthe conditions of DeÞnition 3.41,again using the A� notation
for representatives. To check condition L : (E � (: )) for õ� , for all A 2 D �

o we
need to show that õ� (E � (: )@� A) � T i» õ� (A) � F. Let A 2 D �

o be given.
SinceM is a ¶-model we have õ(E(: )@A� ) � T i» õ(A� ) � F. Since[[A� ]]� � A
and [[E(: )@A� ]]� � E � (: )@� A, we have õ� (E � (: )@� A) � T i» õ� (A) � F.
Checkingcondition L_ (E � (_)) for õ� is analogous.

To checkcondition L �
8 (E � (µ � )) for õ� , supposewehaveG 2 D �

� ! o. For every
A 2 D �

� , õ� (G@� A) � õ(G� @A� ). So, if õ� (G@� A) � T for every A 2 D �
� , then

õ(G� @a) � õ(G� @[[a]]�� ) � T for every a 2 D � , and we concludeõ(E(µ � )@G� ) �
T. Hence, õ� (E � (µ � )@� G) � T. Conversely, supposeõ� (E � (µ � )@G) � T.
Then õ(E(µ � )@G� ) � Tandhenceõ� (G@A) � õ(G� @A� ) � T for everyA 2 D �

� .
Supposeprimiti ve equality is in the signatureand õ(E(= � )@a@b) � T i» a � b

for every a; b 2 D � . To verify L �
= (E � (= � )) holds for õ� , we simply note that

õ� (E � (= � )@� A@� B) � T, i» õ(E(= � )@A� @B� ) � T, i» A� � B� , i» A � B. a
We candeÞnepropertiesof a congruenceanalogousto thosedeÞnedfor models

in DeÞnition 3.46.

DeÞnition 3.56(Propertiesç, î , f and b for congruences). Given a ¶-model
M := (D ; @; E; õ) and a congruence� on M , wesay � hasproperty
ç: i» E' (A) � E' ( A#âç) for any type � , A 2 w» � (¶), and assignment' .
î : i» for all �; â 2 T , M ; N 2 w» â (¶), assignment ' , and variables X � ,

E' (ëX� M â ) � E' (ëX� Nâ ) whenever E'; [a=X](M ) � E'; [a=X](N ) for every
a 2 D � .

f: i» � is functional.
b: i» Do hasat most two equivalenceclasseswith respectto � . (By Remark 3.44

therearealwaysat leasttwo.)
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Remark 3.57. It follows tri vially from reßexivity of congruencesthat if a model
satisÞesproperty ç, thenany congruenceon themodelsatisÞesproperty ç. Similarly,
if a model hasonly two elementsin Do, then Do can haveat most two equivalence
classeswith respectto any congruence� . So, if a model satisÞesproperty b, then
any congruenceon the model satisÞesproperty b. This is not true for propertiesî
or f. For an example, werefer to the functional model (satisfying property f, hence
property î ) constructedby Andrews in [2]. Using the resultswe prove below, one
can show Leibniz equality must inducea congruencefailing to satisfy propertiesî
and f on this functional model.

Lemma3.58. Let M bea ¶-model,¸ � cw»o(¶) , and � bea congruenceon M .
We have M =� j= ¸ i» M j= ¸ . Furthermore, if � 2 f ç; î; f; bg and � satisÞes
property � , thenM =� satisÞesproperty � .

Proof. Let Ao 2 ¸. SinceA isclosed,M j= A, i» õ(E(A)) � T, i» õ� (E � (A)) �
T, i» M =� j= A. So, M j= ¸ i» M =� j= ¸.

Suppose� satisÞesproperty ç. Let A 2 w» � (¶), and an assignment' into M =�
begiven. Let ' � bea correspondingassignmentinto M (cf. DeÞnition 3.33). Since
� satisÞesproperty ç, we know E' � (A) � E' � ( A#âç). Taking equivalenceclasses,
wehaveE �

' (A) � E �
' ( A#âç).

Suppose� satisÞesproperty î . Let M ; N 2 w» â (¶), a variable X � and an
assignment' into M =� be given. Again, let ' � be a correspondingassignment
into M . SupposeE �

'; [A=X](M ) � E �
'; [A=X](N ) for every A 2 D �

� . This means
E' � ;[A� =X](M ) � E' � ;[A� =X](N ) for every A 2 D �

� . For any a 2 D � , using
Lemma 3.31,weknow

E' � ;[a=X](M ) � E' � ;[A� =X](M ) � E' � ;[A� =X](N ) � E' � ;[a=X](N )

where A 2 D �
� is the equivalenceclassof a. Since � satisÞesproperty î , we

know that E' � (ëX M ) � E' � (ëX N ). Taking equivalenceclasses,we seethat
E �

' (ëX M ) � E �
' (ëX N ).

If � is functional (satisÞesproperty f), we know M =� is functional (satisÞes
property f) by Theorem3.13.

Finally, if � satisÞesproperty b, thenclearly D �
o hasonly two elements. So, M =�

satisÞesproperty b. a

DeÞnition 3.59(Congruencerelation :� ). Let M � (D ; @; E; õ) be a ¶-model.
Let q� 2 D � ! � ! o be E(Q� ), i.e., the interpretation of Leibniz equality at type � .
We deÞnea :� b in D � i» õ(q� @a@b) � T.

Beforechecking :� is a congruence, weÞrstshow that it is at leastreßexive.

Lemma3.60. Let M bea ¶-model.For each type � anda 2 D � , wehavea :� a.

Proof. We needto checkõ(E(Q� )@a@a) � T. Let X � be a variable of type �
and ' be someassignmentwith ' (X ) � a. Let r := E' (ëP� ! o : (PX ) _ PX )).
For any p 2 D � ! o, sinceE is an evaluation function, wehave

õ(r@p) � õ(E'; [p=P](: (PX ) _ PX )) :

As M is a ¶-model, wehaveõ(E'; [p=P](: (PX ) _ PX )) � T sinceeither

õ(E'; [p=P](PX )) � T or õ(E'; [p=P](: (PX ))) � T:
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So, again sinceM is a ¶-model, õ(E(µ � ! o)@r) � T. By the deÞnitionsof r and
:= � , we have õ(E' (X := � X )) � T. As X := � X is a â-reduct of Q � XX , we have
õ(E' (Q� XX )) � T aswell. Using ' (X ) � a, weseethat õ(E(Q � )@a@a) � T. a

In order to checkthat :� is a congruence, it is useful to unwind the deÞnitionsto
better characterize whena :� b for a, b 2 D � .

Lemma3.61(Propertiesof :� ). Let M bea ¶-model. For each type � anda; b 2
D � , the followingareequivalent:

(1) a :� b.
(2) For all variables X � and Y � and assignments' such that ' (X ) � a and

' (Y ) � b, wehaveõ(E' (X := � Y )) � T.
(3) For every p 2 D � ! o, õ(p@a) � T impliesõ(p@b) � T.
(4) For every p 2 D � ! o, õ(p@a) � õ(p@b) .

Proof. At eachtype � , let q� 2 D � ! � ! o bethe interpretation E(Q � ) of Leibniz
equality. By deÞnition,a :� b i» õ(q� @a@b) � T.

To show (1) implies (2), supposea :� b and ' is an assignmentwith ' (X � ) � a
and ' (Y � ) � b. Sinceõ(q� @a@b) � T, we have õ(E' (Q� XY )) � T. SinceE
respectsâ-equality (cf. Remark 3.19),wehaveõ(E' (X := � Y )) � T.

To show (2) implies (3), supposeõ(E' (X := � Y )) � T whenever ' is an as-
signment with ' (X ) � a and ' (Y ) � b. Let X and Y be particular distinct
variablesof type � and ' be any suchassignmentwith ' (X ) � a and ' (Y ) � b.
Let p 2 D � ! o with õ(p@a) � T and a variable P� ! o be given. By assumption,
õ(E' (8P� ! o : (PX ) _ (PY ))) � T. Sinceõ(E'; [p=P](PX )) � õ(p@a) � T, we have
õ(p@b) � õ(E'; [p=P](PY )) � T.

To show (3) implies (4), let p 2 D � ! o be given. If õ(p@a) � T, then we have
õ(p@b) � T by assumption. So, õ(p@a) � õ(p@b) in this case. Otherwise, we
must haveõ(p@a) � F. Let q := E' (ëX� : (P� ! oX )) where ' is someassignment
with ' (P) := p. SinceM is a model, õ(q@a) � õ(E(: )@(p@a)) � T. Applying
the assumption to q, we have õ(q@b) � T and so õ(E(: )@(p@b)) � T. Thus,
õ(p@b) � F and õ(p@a) � õ(p@b) in this caseaswell.

To show (4) implies (1), supposeõ(p@a) � õ(p@b) for every p 2 D � ! o. In par-
ticular, this holds for p := q� @a 2 D � ! o. Sinceõ(q� @a@a) � T by Lemma 3.60,
wemust haveõ(q� @a@b) � T. That is, a :� b. a

Theorem 3.62(Propertiesof M =:
� ). Let M bea ¶-model.Then :� is a congruence

relationon themodelM andM =:
� satisÞesproperty q. Furthermore, if for every type

� , = � 2 ¶ � and õ(E(= � )@a@b) � T i» a :� b for all a; b 2 D � , then M =:
� is a

¶-modelwith primitive equality.

Proof. We Þrst verify that :� is an equivalencerelation on eachD � . Reßexivity
wasshown in Lemma 3.60. To checksymmetry and transitivity we usecondition
(4) in Lemma 3.61. For symmetry, let a :� b in D � and p 2 D � ! o be given. So,
õ(p@a) � õ(p@b). Generalizing over p, we have b :� a. For transitivity, let a :� b
and b :� c in D � and p 2 D � ! o be given. So, õ(p@a) � õ(p@b) � õ(p@c).
Generalizing over p, wehavea

:
� c.

We next verify that :� is a congruence. Supposef :� g in D � ! â and a :� b 2 D � .
To show f@a :� g@b we usecondition (3) in Lemma 3.61. Let p 2 Dâ! o with
õ(p@(f@a)) � T be given. Let ' be an assignmentwith ' (Pâ! o) � p, ' (X � ) � a
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and ' (G� ! â ) � g for variables P, X and G. We can use Lemma 3.61(3)
with E' (ëF� ! â (P(FX ))) and f :� g to verify that õ(p@(g@a)) � T. Using
Lemma 3.61(3) with E' (ëX� (P(GX ))) and a :� b veriÞesõ(p@(g@b)) � T. So,
f@a :� g@b.

It remainsto check that õ(a) � õ(b) whenever a :� b for a; b 2 Do. Let a :� b
in Do be given. Applying Lemma 3.61(4) to E(ëXo X ) 2 Do! o we have õ(a) �
õ(E(ëXo X )@a) � õ(E(ëXo X )@b) � õ(b) as desired. So, :� is a congruence
relation on M .

Now, weshow M =:
� satisÞesproperty q. At eachtype � , let q� 2 D � ! � ! o bethe

interpretation E(Q� ) of Leibniz equality. To checkproperty q, weshow that [[q� ]] :
�

is the appropriate object in D
:�

� ! � ! o for each� 2 T . Let a; b 2 D � begiven. Note
that [[a]] :

� � [[b]] :
� is equivalent to a :� b.

Also, õ
:

� ([[q� ]] :
� @

:
� [[a]] :

� @
:

� [[b]] :
� ) � T is equivalent to õ(q� @a@b) � T. So, we

needto show that õ(q� @a@b) � T if and only if a :� b. But this is precisely the
deÞnition of :� .

The statementfor primiti ve equality follows immediately by Theorem3.55. a
Now, we know that when one takesa quotient of a model M by :� , one obtains

a model satisfying property q. It is worthwhile to note the following relationship
between

:
� and property q.

Theorem 3.63. Let M � (D ; @; E; õ) bea ¶-model.Thefollowingareequivalent:
(1) M satisÞesproperty q.
(2) For any congruence� onM , type � , anda; b 2 D � , a � b impliesa � b.
(3) For any type � , anda; b 2 D � , a :� b impliesa � b.
(4) For any type � , L �

= (E(Q � )) holdsfor õ.
Proof. To show (1) implies (2), supposeM satisÞesq, � is a congruenceon M ,

and a � b for a; b 2 D � . Let q� 2 D � ! � ! o be the object at type � guaranteedto
exist by property q. Sincea � b, wehave(q� @a@a) � (q� @a@b). By property q,
we have õ(q� @a@a) � T (sincea � a). Since� is a congruenceon the model, we
haveõ(q� @a@b) � T. By property q, this meansa � b.

Since :� is a particular congruenceon M , weknow (2) implies (3).
To show (3) implies (4), we needto show L �

= (E(Q� )) holds for eachtype � . By
the deÞnition of :� , for every a; b 2 D � wehaveõ(E(Q� )@a@b) � T, if and only if
a :� b, i» a � b. The last equivalenceholds by our assumptionthat a :� b implies
that a � b, and by Lemma 3.60.

For each type � , L �
= (E(Q� )) implies E(Q� ) is the witness required to show

property q. So, weknow (4) implies (1). a

Remark 3.64(Congruencesfor ¶-modelswith primiti veequality). Theorem
3.63 shows that oncewe have a model M which satisÞesproperty q, there are no
nontri vial congruenceson M . Hence, there are no nontri vial quotients of M . In
particular, the only possible congruencefor a ¶-model with primiti ve equality is
the tri vial congruencegiven by the identity relation � . Consequently, the quotient
construction in the caseof a ¶-model with primiti veequality leadsto essentially the
samemodelagain. Wethereforedo not considerquotientsof modelswith primiti ve
equality.

3.4. ¶-modelsover frames. In this section, we deÞnethe notion of an isomor-
phism betweentwo modelsand show every functional ¶-model is isomorphic to a
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model over a frame. In particular, this shows that the model classM âfb is simply
the closureof the classH of Henkin modelsunder isomorphismof ¶-models.

DeÞnition 3.65(¶-model homomorphism/isomorphism). Let M 1 � (D 1; @1;
E1; õ1) and M 2 � (D 2; @2; E 2; õ2) be ¶-models. A homomorphismfrom M 1 to
M 2 is a typed function � : D 1 � ! D 2 such that � is a homomorphism from the
evaluation (D 1; @1; E 1) to the evaluation (D 2; @2; E 2) and õ1(a) � õ2(� (a)) for
every a 2 D 1

o .
A homomorphism i from M 1 to M 2 is calledan isomorphismi» there is a homo-

morphism j from M 2 to M 1 wherej � : D 2
� � ! D 1

� is the inverseof i � : D 1
� � ! D 2

�
at eachtype � . Two modelsare said to be isomorphicif there is such an isomor-
phism. (It is clear from the deÞnition that this is a symmetricrelationship between
models.)

Remark 3.66. The classH of Henkin models is not closedunder isomorphism
of models. Neither is the classST of standard models. This is becauseHenkin
and standard models require that the domains D � ! â consist of functions from
F (D � ; Dâ ). Wemay, however, takea givenHenkin model and appropriately mod-
ify it to obtain an isomorphic model that is not in the classof Henkin models. For
example, we may chooseD 0

� ! â := f (0; f ) j f 2 D � ! â g and deÞne@ appropri-
ately (cf. Example5.6 for a similar construction).

Lemma3.67. Let M 1 andM 2 beisomorphic¶-models.
(1) For any setof sentenceş , M 1 j= ¸ , i» M 2 j= ¸ .
(2) If M 1 is a ¶-modelwith primitiveequality, thenM 2 is a ¶-modelwith primitive

equality.
(3) If � 2 f q; ç; î; f; bg andM 1 satisÞes� , thenM 2 satisÞes� .

In particular, each modelclassM � is closedunderisomorphismof models.
Proof. Let i be a homomorphism from M 1 � (D 1; @1; E 1; õ1) to M 2 � (D 2;

@2; E 2; õ2) and j be its inverse.
Let ¸ beasetof sentenceswith M 1 j= ¸. That is, for everyA 2 ¸, õ1(E1(A)) � T.

So, for everyA 2 ¸, õ2(E2(A)) � õ1(j (E 2(A))) � õ1(E1(A)) � T(sinceA isclosed,
wecan ignore the variable assignment).This showsM 2 j= ¸; the other direction is
obtained by switching indices.

Supposeq� 2 D 1
� ! � ! o is suchthat L �

= (q� ) holds for õ1. Weshow that L �
= (i (q� ))

holds for õ2. Given a; b 2 D 2
� . We have a � b, i» j (a) � j (b), i» õ1(q� @1j (a)@1

j (b)) � T, i» õ2(i (q� @1j (a)@1j (b))) � T, i» õ2(i (q� )@2a@2b)) � T.
In particular, supposeM 1 is a ¶-model with primiti ve equality. Then, we have

L �
= (E1(= � )) for õ1 at eachtype � . So, L �

= (i (E1(= � ))) holds for õ2 at eachtype � .
Sincei (E1(= � )) � E2(= � ), weknow M 2 is a ¶-model with primiti ve equality.

Next, supposeM 1 satisÞesproperty q. Let � be a type and q� be the witnessfor
property q in M 1 at � . That is, L �

= (q� ) holds for õ1. We have shown L �
= (i (q� ))

holds for õ2. Hence, M 2 satisÞesproperty q.
SupposeM 1 satisÞesproperty ç. To show M 2 satisÞesç, let A 2 w» � (¶) and an

assignment' into M 2 begiven. We compute

E2
' (A) � (i � j )(E 2

' (A)) � i (E1
j � ' (A))

� i (E 1
j � ' ( A#âç)) � (i � j )(E 2

' ( A#âç)) � E 2
' ( A#âç):
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So, M 2 satisÞesproperty ç.
M 2 satisÞesî , let M ; N 2 w» â (¶), a variable X � , and an assignmentø into M 2

be given. SupposeE 2
ø; [b=X](M ) � E2

ø; [b=X](N ) for all b 2 D 2
� . For any a 2 D 1

� , we
compute

E1
j � ø; [a=X](M ) � j (E 2

i � j � ø; [i (a)=X](M )) � j (E 2
ø; [i (a)=X](M ))

� j (E 2
ø; [i (a)=X](N )) � E1

j � ø; [a=X](N ):

SinceM 1 satisÞesproperty î , we know E 1
j � ø (ëX M ) � E1

j � ø (ëX N ). Finally, we
compute

E2
ø (ëX M ) � i (E1

j � ø (ëX M )) � i (E 1
j � ø (ëX N )) � E2

ø (ëX N ):

So, M 2 satisÞesproperty î .
SupposeM 1 satisÞesproperty f and we are given f; g 2 D 2

� ! â for types � and
â. Supposefurther that f@2b � g@2b for every b 2 D 2

� . It is enough to show
j (f) � j (g). This followsfrom property f in M 1 if wecanshow j (f)@1a � j (g)@1a
for every a 2 D 1

� . So, let a 2 D 1
� begiven. We Þnishthe proof by computing

j (f)@1a � j (f)@1(j � i )(a) � j (f@2i (a))

� j (g@2i (a)) � j (g)@1(j � i )(a) � j (g)@1a:

Finally, if M 1 satisÞesproperty b, thenD 1
o hastwo elements. Sinceio : D 1

o � ! D 2
o

hasinversej o, D 2
o must alsohavetwo elements. Thus, M 2 satisÞesproperty b. a

Theorem 3.68(Models over frames). Let M � (D ; @; E; õ) bea ¶-modelwhich
satisÞesproperty f (i .e., M is functional). Then there is an isomorphicmodelM f r

over a frame.

Proof. We deÞnethe model M f r := (D f r ; @f r ; E f r ; õf r ) by deÞningits compo-
nents.

WeÞrstdeÞnethedomainsD f r for M f r by induction on types. Wesimultaneously
deÞnefunctions i � : D � � ! D f r

� and j � : D f r
� � ! D � which will witnessthat the

two modelsare isomorphic. At eachstepof the deÞnition,wecheckthat i � and j �

are mutual inverses. For basetypes� 2 f é;og let D f r
� := D � and i � and j � be the

identity functions (clearly mutual inverses).
Giventwo types� andâ, weassumewehaveD f r

� , mutual inversesi � : D � ! D f r
�

and j � : D f r
� � ! D � , as well as D f r

â and mutual inversesiâ : Dâ ! D f r
â and

j â : D f r
â � ! Dâ . We deÞne

D f r
� ! â :=

�
f : D f r

� � ! D f r
â

�
� 9f 2 D � ! â 8a 2 D f r

� f (a) � iâ (f@j � (a))
	

:

Note that D f r
� ! â � F (D f r

� ; D f r
â ). To deÞnethemap i � ! â : D � ! â � ! D f r

� ! â , welet

i � ! â (f) bethefunction taking eacha 2 D f r
� to iâ (f@j � (a)). This choicefor i � ! â (f)

isclearly in D f r
� ! â by deÞnition. To deÞnethe inversemap j � ! â : D f r

� ! â � ! D � ! â ,

wemust usethe fact that M is functional. Givenany f 2 D f r
� ! â , by deÞnitionthere

is somef 2 D � ! â such that f (a) � iâ (f@j � (a)) for every a 2 D f r
� . (Note that

the function f and object f are di»erent in general.) By functionality and the fact
that the i and j at types � and â are already inverses,this f is unique, since if
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iâ (f@j � (a)) � iâ (g@j � (a)) for every a 2 D f r
� , then f@j � (i � (a)) � g@j � (i � (a))

for every a 2 D f r
� . That is, f@a � g@a for every a 2 D f r

� . So, for every f 2 D f r
� ! â ,

we deÞnej � ! â (f ) to be the uniquef suchthat f (a) � iâ (f@j � (a)). It is easyto
checkthat i � ! â and j � ! â aremutually inverse.

For the applicative structure (D f r ; @f r ) to be a frame, we are forced to let the
application operator @f r to be function application. That is, for every f 2 D f r

� ! â

and a 2 D f r
� , f @f r a := f (a). We deÞnethe evaluation function E f r simply by

E f r
' (A) := i (Ej � ' (A)) for every A 2 w» � (¶) and assignment' into the applicative

structure (D f r ; @f r ). SinceD f r
o � Do, wecan let õf r := õ.

We only sketch the remainder of the proof. First one can show that i and j
preserve application. One can use this fact to verify that E f r is an evaluation
function so that (D f r ; @f r ; E f r ) is a ¶-evaluation, and that õf r � õ is a valuation
function for this evaluation. This veriÞesM f r is a model. Finally, to verify onehas
an isomorphism, one can easily checkthe remainderof the conditions for i and j
to behomomorphismsbetweenthe models. Theseare isomorphismssincethey are
mutually inverseon the domainsof eachtype. a

We can conclude that M âfb is simply the closure of the classof H of Henkin
modelsunder isomorphism. Given any M 2 M âfb , by Theorem 3.68, there is an
isomorphic model M f r over a frame. By Lemma 3.67,this model M f r satisÞesq, f,
and b (sinceM does). Also, if primiti ve equality is presentin the signature, by the
samelemmaweknow M f r is a model with primiti ve equality. That is, M f r 2 H.

x4. Propertiesof modelclasses.In this sectionwediscusssomepropertiesof the
model classesintroducedin section3. Our interest is in the propertiesof Leibniz
equality and primiti veequality.

DeÞnition 4.1 (Extensionality for Leibniz equality). We call a formula of the
form

EXT � ! â:= := 8F� ! â 8G� ! â (8X � FX
:= â GX ) ) F

:= � ! â G

an axiom of (strong) functionalextensionality for Leibniz equality, and refer to the
set

EXT !:= := f EXT � ! â:= j �; â 2 T g

as the axiomsof (strong) functional extensionality for Leibniz equality. Note that
EXT !:= speciÞesfunctionality of the relation correspondingto Leibniz equality := .
We call the formula

EXT o:= := 8Ao 8Bo (A , B) ) A := o B

the axiom of Booleanextensionality. We call the setEXT !:= [ f EXT o:= g the axioms
of (strong) extensionalityfor Leibniz equality.

In Examples 5.4 to 5.8 below we give concrete models in which EXT o:= and
EXT � ! â:= fail in various ways. First , weproverelationships betweenpropertiesq, b
and f and the statementsEXT o:= and EXT !:= .

Lemma4.2 (Leibniz equality in ¶-models). Let M := (D ; @; E; õ) bea¶-model,
' beanassignment,� 2 T , andA, B 2 w» � (¶) .
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(1) If E' (A) � E' (B), thenõ(E' (A := � B)) � T.
(2) If M satisÞesproperty q andõ(E' (A := � B)) � T, thenE' (A) � E' (B).
Proof. Let ' be any assignmentinto M . For the Þrst part, supposeE' (A) �

E' (B). Given r 2 D � ! o, we have either õ(r@E' (A)) � õ(r@E' (B)) � F or
õ(r@E' (B)) � õ(r@E' (A)) � T. In either case, for any variable P� ! o not in
free(A) [ free(B), wehaveõ(E'; [r=P](: (PA) _ PB)) � T. So, wehaveE' (A := � B) �
T.

To show the secondpart, supposeõ(E' (A := � B)) � T. By property q, there is
someq� 2 D � ! � ! o such that for a, b 2 D � we have õ(q� @a@b) � T i» a � b.
Let r � q� @E' (A). From õ(E' (A := � B)) � T, weobtain E'; [r=P](: PA _ PB) � T
(where P� ! o =2 free(A) [ free(B)). SinceE'; [r=P](PA) � q� @E' (A)@E' (A) � T,
we must have õ(E'; [r=P](PB)) � T. That is, õ(q� @E' (A)@E' (B)) � T. By the
choiceof q� , wehaveE' (A) � E' (B). a

Theorem 4.3 (Extensionality in ¶-models). Let M � (D ; @; E; õ) bea ¶-model.
(1) If M satisÞesproperty q but not property f, thenM 6j= EXT !:= .
(2) If M satisÞesproperty q but not property b, thenM 6j= EXT o:= .
(3) If M satisÞespropertiesq andf, thenM j= EXT !:= .
(4) If M satisÞesproperty b, thenM j= EXT o:= .

Thuswe cancharacterize the di»erent semanticalstructureswith respectto Boolean
andfunctionalextensionalityby the table in Figure5.7

in M â , M âç, M âî M âf M âb ,M âçb ,M âî b M âfb

formula valid? by valid? by valid? by valid? by
EXT !:= Ñ 1. + 3. Ñ 1. + 3.
EXT o:= Ñ 2. Ñ 2. + 4.7 + 4.7

Figure 5. Extensionality in ¶-models.

Proof. SupposeM satisÞesproperty qbut doesnot satisfy property f. Thenthere
must be types � and â and objects f; g 2 D � ! â such that f 6� g but f@a � g@a
for every a 2 D � . Let F� ! â ; G� ! â 2 V � ! â be distinct variables,X � 2 V � , and
' be any assignmentwith ' (F ) � f and ' (G) � g. For any a 2 D � , f@a � g@a
implies õ(E'; [a=X](FX := â GX )) � T by Lemma 4.2(1). Using the fact that õ is a

valuation, we have õ(E' (8X (FX := â GX ))) � T. On the other hand, sincef 6� g
and M satisÞesproperty q, we have õ(E' (F := � ! â G)) � F by contraposition of
Lemma 4.2(2). This implies M 6j= EXT � ! â:= .

SupposeM satisÞesproperty q but doesnot satisfy property b. Then, theremust
be at least threeelementsin Do. Sinceõ maps into a two elementset, there must
be two distinct elementsa; b 2 Do such that õ(a) � õ(b). Let Ao; Bo 2 Vo be
distinct variablesand ' be any assignmentinto M with ' (A) � a and ' (B) � b.
By Lemma 3.48,we know õ(E' (A , B)) � T. Sincea 6� b and property q holds,

7Thecasesin theÞgurecorrespondingto Theorem4.3(4)areactually specialcases. In Theorem4.3(4),
we can infer a model satisÞesEXT o:= even if property q doesnot hold. However, the models in M âb ,
M âçb , M âî b and M âfb do satisfy property q by the deÞnition of thesemodel classes.
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by contraposition of Lemma 4.2(2), we know õ(E' (A := o B)) � F. It follows that
M 6j= EXT o:= .

Let ' be any assignment into M . From õ(E' (8X � FX := GX )) � T we
know õ(E'; [a=X](FX := GX )) � T holds for all a 2 D � . By Lemma 4.2(2)
we can conclude that E'; [a=X](FX ) � E'; [a=X](GX ) for all a 2 D � and hence
E'; [a=X](F )@E'; [a=X](X ) � E'; [a=X](G)@E'; [a=X](X ) for all a 2 D � . That is,
E'; [a=X](F )@a � E'; [a=X](G)@a for all a 2 D � . SinceX doesnot occur free in
F or G, by property f and DeÞnition 3.18(3) we obtain E' (F ) � E' (G). This
Þnally givesus that õ(E' (F := � ! â G)) � T with Lemma 4.2(1). It follows that
M j= EXT � ! â:= and M j= EXT !:= , since� and â werechosenarbitr arily. Note that
we certainly needthe assumption that M satisÞesproperty q (which is employed
within the application of Lemma 4.2(2). As explained in Remark 3.52, there is a
functional model in which property q fails and EXT é! é:= is not valid.

Let Ao; Bo 2 Vo be distinct variables and ' be any assignmentinto M . Since
property bholds,wecanassumeDo � f T; Fgandõisthe identity function. Suppose
õ(E' (A , B)) � T. By Lemma 3.48,we have E' (A) � õ(E' (A)) � õ(E' (B)) �
E' (B). By Lemma 4.2(1), we have õ(E' (A := o B)) � T. It follows that M j=
EXT o:= . a

Remark 4.4 (AlternativedeÞnitionsof equality). Leibniz equality is a very
prominent way of deÞningequality in higher-order logic. However, therearealter-
nativedeÞnitionssuchas(cf. [6, p. 203])

::= � := ëX� Y � 8Q� ! � ! o (8Z � QZZ ) ) QXY:

An important questionis whetheran alternativedeÞnition of equality is equivalent
to the Leibniz deÞnition in particular model classes. As Remark 3.47shows, this
has to be carefully investigated for eachequality deÞnition and eachmodel class
in question. We can show that for all A � ; B� 2 cw» � (¶) A ::= B and A := B are
equivalent modulo õ for all M 2 M â (and thus for all other model classes).That
is, we can show õ(E(A ::= � B)) � õ(E(A := � B)). Note that this is weaker than
showing E(A ::= � B) � E(A := � B). The keyideais to reducethe deÞnitionof ::= to
:= (and viceversa)by instantiating the universally quantiÞedsetvariablesQ and P
appropriately. Wemay, for instance, show A ::= � B implies A := � B by choosingthe
instantiation [ëU� V � 8P� ! o PU ) PV ] for Q and the converseby choosingthe
instantiation [ëV� 8Q� ! � ! o (8Z � QZZ ) ) QAV ] for P. As a consequencethe
propertiesof Leibniz equality with respectto extensionality alsoapply to ::= .

DeÞnition 4.5 (Extensionality for primiti veequality). Analogous to the exten-
sionality axiomsfor Leibniz equality, wecandeÞnethe axiomsof strong( functional
andBoolean)extensionalityfor primitive equality:

EXT � ! â
= := 8F� ! â 8G� ! â (8X � FX = â GX ) ) F = � ! â G

EXT o
= := 8Ao 8Bo (A , B) ) A = o B:

As before we refer to the set EXT !
= := f EXT � ! â

= j �; â 2 T g as the axiomsof
(strong) functionalextensionalityfor primitive equality.

The following lemma shows that in a ¶-model with primiti ve equality for each
� 2 T the denotations of = � and := � are identical modulo õ.
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Lemma4.6 (Primiti ve and Leibniz equality). If M := (D ; @; E; õ) 2 M � is a
¶-modelwith primitive equality where � 2 f â;âç;âî ;âf;âb;âçb;âî b;âfbg, thenwe
have õ(E' (A = � B)) � õ(E' (A := � B)) for all assignments' into M , types� 2 T ,
andA, B 2 w» � (¶) .

Proof. Sinceproperty q holds for M 2 M � , by Lemma 4.2parts (1) and (2), we
have õ(E' (A := � B)) � T i» E' (A) � E' (B). SinceM is a ¶-model with primiti ve
equality, we know E' (A) � E' (B) is equivalent to õ(E(= � )@E' (A)@E' (B)) � T,
and henceto õ(E' (A = � B)) � T. a

Remark 4.7. Lemma 4.6 implies that for all modelsin our model classesM � the
extensionality axioms for primiti ve equality are equivalent to the corresponding
extensionality axioms for Leibniz equality. Thus, the analysis for the Leibniz
versionsappliesdirectly to the versionsusing primiti ve equality. Also, Lemma 4.6
reinforcesthat (provided property q holds) we can indeeduseLeibniz equality to
treat equality asa deÞnednotion (relative to modelsin M � ). Thus, we principally
do not needto assumethe constants= � to be in our signature. The critical part
in this choice is that for ensuring the correct meaning for Q� we have to require
the existenceof an object representingthe identity relation for eachtype in each
¶-model (cf. [2] for a discussionin thecontext of Henkin models). This requirement
is automatically met if we considerprimiti ve equality. Hence it seemsnatural to
treat equality asprimiti ve.

Remark 4.8 (Propertiesç and î ). We have shown, in the presenceof property
q, a model M satisÞesproperty f i» M j= EXT !:= . Similarly, we have shown that
property b correspondsto a model satisfying EXT o:= . A correspondinganalysiscan
be done for propertiesç and î (cf. DeÞnition 3.46). AssumeM satisÞesproperty
q. Then, M satisÞesproperty ç i» M j= A

:
= � ( A#âç) for every type � and closed

formula A 2 cw» � (¶). Also, M satisÞesproperty î i»

M j= 8F� ! â 8G� ! â (8X � FX := â GX ) ) (ëX FX ) := � ! â (ëX GX )

for all types� and â.

x5. Example models.We now sketch the construction of models in the model
classesM � to demonstrate concretely how propertiesfor Boolean,strong and weak
functional extensionality can fail. We need this to show that the inclusions (cf.
Figure 1) of the model classesdeÞnedin Section3 are proper, and we indeedneed
all of them.

We start with the simplestexample of a Henkin model, which we will call the
singleton model, sincethe domain of individuals is a singleton. Note that the un-
derlying evaluation of this model is not the singletonevaluation from Example3.26
sinceDo hastwo elements. In this model, all formsof extensionality arevalid.

Example 5.1 (Singleton modelÑ M âfb 2 ST � H � M âfb ). Let (D ; @) be the
full framewith Do := f T; Fg and Dé := f�g . One can easily deÞnean evaluation
function E for this frame by induction on terms, using functions to interpret ë-
abstractions. The identity function õ: Do � ! f T; Fg is a valuation, assumingthe
logical constantsare interpretedin the standard way (including primiti ve equality,
if presentin ¶). So, M âfb := (D ; @; E; õ) deÞnesa model. This model clearly
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satisÞesall our propertiesb, f (henceç and î ) and q (sincethe frameis full). So,
M âfb 2 ST � H � M âfb .

Remark 5.2. In particular, all our model classesare non-empty. By parts (3)
and (4) of Theorem4.3,wehaveM âfb j= EXT o:= and M âfb j= EXT !:= .

We can usethe singleton model M âfb to construct another model which makes
the importance of property q clear.

Remark 5.3. Let M âfb � (D ; @; E; õ) as above and T E(¶) â � (D â ; @â ; E â )
be the â-term evaluation as deÞnedin DeÞnition 3.35. Let õ0: D â

o � ! f T; Fg
be the function õ0(A) := õ(E(A)) for every A 2 cw»o(¶)

?
y

â . One can show

M 0 := (D â ; @â ; E â ; õ0) is a ¶-model such that M 0 j= A i» M âfb j= A for every
sentenceA. In particular, M 0 j= EXT o:= and M 0 j= EXT !:= .

Nevertheless,M 0 fails to satisfy propertiesq, b, ç and f. Property b doesnot hold
sinceD â

o � cw»o(¶)
?
y

â is inÞnite. Property ç doesnot hold since, for example,

Eâ (ëFé! éXéFX ) � ëFé! éXéFX 6� ëFé! éF � E â (ëFé! éF ):

Property f cannothold sinceproperty ç doesnot hold. (On theother hand,property
î doeshold sincethe underlying evaluation is a term evaluation.)

We know now by Theorem 4.3, either part (1) or part (2), that property q must
not hold. A concrete way to seethat property q fails is to consider two distinct
constantsaé; bé 2 ¶é. Wemust haveM âfb j= a := é b (sinceDéhasonly oneelement),
and so M 0 j= a := é b. On the other hand a and b are distinct elements(as distinct
â-normal forms) in D â

é .
The model M 0 showsthat property q is neededin the proofs of parts (1) and (2)

of Theorem4.3.

Example 5.4 (Failure of bÑ M âf 2 M âf n M âfb ). Let (D ; @) be the full frame
with Do = f a; b; cg and Dé = f 0; 1g. We deÞnean evaluation function E for
this frame by deÞningE(: ), E(_), and E(µ � ) to be the functions given in the
following table:

E(: ) a b c
c c a

E(_) a b c
a a a a
b a a a
c a a c

E(µ � )@f =
�

a; if f@g 2 f a; bg for all g 2 D � ;
c; if f@g = c for someg 2 D � :

We can chooseE(w) to be arbitr ary for parametersw 2 ¶. Sincethe applicative
structure (D ; @) is a frame, hencefunctional, this uniquely determines E on all
formulae. Also, sincethe frameis full, weareguaranteedthat therewill beenough
functions to interpret ë-abstractions.

Let the map õ: Do � ! f T; Fg bedeÞnedby õ(a) := T, õ(b) := T and õ(c) := F.
It is easyto check that M âf := (D ; @; E; õ) is indeed a ¶-model. Sincethis is a
model over a frame, we automatically know it satisÞesproperty f. Sincethe frame
is full, we know property q holds. (By the sameargument, if primiti ve equality is
in the signature, we can ensure E(= � ) is interpreted appropriately for eachtype
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� .) Clearly property b fails, so we have M âf 2 M âf n M âfb . By Theorem 4.3(2),
M âf 6j= EXT o:= .

In this model one can easily verify, if d := E' (Do) and e := E' (Eo), then the
valuesE' (D ^ E), E' (D ) E), and E' (D , E) aregivenby the following tables:

e:
E(D ^ E) a b c

d: a a a c
b a a c
c c c c

e:
E(D ) E) a b c

d: a a a c
b a a c
c a a a

e:
E(D , E) a b c

d: a a a c
b a a c
c c c a

Note that one can properly model the woodchuck=groundhog example from [39]
referred to in the introduction in M âf .

Example 5.5 (Groundhogsand woodchucks). Let M âf be given as above and
supposewoodchucké! o, groundhogé! o, johné, and philé are in the signature¶. Let
E(phil ) := 0 and E(john) := 1. Let E(woodchuck) be the function w 2 Dé! o

with w(0) � b and w(1) � c. Let E(groundhog) be the function g 2 Dé! o with
g(0) � a and g(1) � c. One can show that the sentence8Xé(woodchuckX ) ,
(groundhogX ) isvalid. Also, E(woodchuckphil) � b andE(groundhogphil) � a,
so the propositions (woodchuckphil) and (groundhogphil) are valid. Next, sup-
posebelieveé! o! o 2 ¶ and E(believe) is the (Curried) function bel 2 Dé! o! o such
that bel(1)(b) � b and bel(1)(a) � bel(1)(c) � bel(0)(a) � bel(0)(b) � bel(0)(c) �
c (Intuiti vely, John believespropositionswith valueb, but not thosewith valuea or
c). So, believesjohn(woodchuckphil) is valid, while believesjohn(groundhogphil)
is not.

As wehaveseen,Booleanextensionality fails whenonehasmorethan two values
in Do. We can generalize the construction deÞningDo := f Fg [ B , where B is
any setwith T 2 B and F =2 B . The model will satisfy Boolean extensionality i»
B � f Tg. In this way, we can easily construct modelsfor the casewith property b
andthecasewithout property bsimultaneously. Wewill usethis ideato parameterize
the remainingmodelconstructionsby B . Thesesemanticconstructionsaresimilar
to those in multi-valued logics, which have been studied for higher-order logic
in [38]. In contrast to theselogicswhere the logical connectivesareadapted to talk
about multiple truth values,in our settingwearemainly interestedin multiple truth
valuesasdiverseõ-pre-imagesof T and F.

Example 5.6 (Failure of f and çÑ M âî b 2 M âî b n M âfb ). We start by construct-
ing anon-functional applicativestructureby attaching distinguishinglabelsto func-
tions without changing their applicative behavior. Let B be any set with T 2 B
and F =2 B . Let Do := f Fg [ B and Dé := f�g with � assingletonelement. For
eachfunction type � ! â, let

D � ! â := f (i; f ) j i 2 f 0; 1g and f : D � � ! Dâ g:

Technically, we should write D B for D , but to easethe notation, we wait until
the model is deÞnedto make its dependenceon B explicit. We deÞneapplication
by (i; f )@a := f (a) whenever (i; f ) 2 D � ! â and a 2 D � . It is easyto seethat
(D ; @) is an applicativestructureand is not functional. Consider, for example, the
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unique function u : Dé � ! Dé. For both (0; u); (1; u) 2 Dé! éwehave(i; u)@� � � ,
although (0; u) 6� (1; u).

We can deÞnean evaluation function by induction on terms. We must be-
gin by interpreting the constants. For the logical constants, let E(: ) := (0; n)
where n(b) := F for every b 2 B and n(F) := T. Let E(_) := (0; d) where
d(b) := (0; k T) for every b 2 B , d(F) := (0; id ), k T is the constantT function and
id is the identity function from Do to Do. For eachtype � , let d(µ � ) := (0; ð� )
where for each(i; f ) 2 D � ! o, ð� (( i; f )) := T if f (a) 2 B for all a 2 D � and
ð� (i; f ) := F otherwise. For each type � , let q� := (0; q� ) 2 D � ! � ! o where
q� (a) := (0; sa) and sa(b) := T if a � b and sa(b) := F otherwise. If primiti ve
equality is presentin the signature, let E(= � ) := q� . Let E(w) 2 D � be arbitr ary
for parametersw 2 ¶ � .

For variables, we must deÞneE' (X ) := ' (X ). Similarly, for application, we
must deÞneE' (FA) := E' (F)@E' (A). For ë-abstractions, we have a choice. To
be deÞnite, we chooseE' (ëX� Bâ ) := (0; f ) where f : D � � ! Dâ is the function
suchthat f (a) � E'; [a=X](B) for all a 2 D � .

With somework (which we omit), one can show that this E is an evaluation
function. Furthermore, taking õ to be the function such that õ(b) := T for ev-
ery b 2 B and õ(F) := F, one can easily show that this is a valuation. Hence,
M B := (D ; @; E; õ) is a ¶-model.

The objectsq� witnessproperty q for M B (and also show that this is a model
with primiti ve equality, when primiti ve equality is in the signature). Note that the
objects(1; q� ) alsowitnessproperty q. So, in thenon-functional casesuchwitnesses
arenot unique.

We have already noted that property f fails, since the applicative structure is
not functional. One may question whether propertiesç or î hold. In fact, prop-
erty ç doesnot, as one may verify by computing, for example, E(ëF� ! â F ) and
E(ëF� ! âX � FX ) for types � and â. We have E(ëF� ! â F ) � (0; id ) where id is
the identity function from D � ! â to D � ! â . However, E(ëF� ! âX � FX ) � (0; p)
where p is the function from D � ! â to D � ! â suchthat p(( i; f )) � (0; f ) for each
f : D � � ! Dâ . Property î does hold.8 The reason is that if E'; [a=X](M ) �
E'; [a=X](N ) for every a 2 D � , then E' (ëX� M ) � (0; f ) � E' (ëX N ) where
f (a) � E'; [a=X](M ) � E'; [a=X](N ) for every a 2 D � .

SinceM B is satisÞesproperty q but not property f, by Theorem 4.3(1) we have
M B 6j= EXT � ! â:= for sometypes � and â. (One can easily check that, in fact,

M B 6j= EXT � ! â:= for all types � and â by considering the witnesses(0; f ) and
(1; f ) in D � ! â where f : D � � ! Dâ is any function.)

If B � f Tg, then the model M âî b := M f Tg satisÞesproperty b. So, we know
M âî b 2 M âî b n M âfb . On the other hand, if b is any value with b =2 f T; Fg, and
B � f T; bg, then the model M âî := M f T;bg doesnot satisfy property b. In this
case, weknow M âî 2 M âî n (M âf [ M âî b).

8This construction is an exampleof how oneconstructsmodelsfor the simply typed ë-calculususing
retractions. Such constructions will always yield modelssatisfying property î , but only yield models
satisfying property ç wheneachretraction is an isomorphism, in which casethe applicative structure is
functional.
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Remark 5.7. Let M B be the ¶-model (D ; @; E; õ) constructedin Example 5.6.
We can deÞnean alternative evaluation function E 0 by induction on terms. For
all w 2 ¶, let E0(w) := E(w). For variables, we deÞneE 0

' (X ) := ' (X ). For
application, we must deÞneE0

' (FA) := E0
' (F)@E 0

' (A). For ë-abstractions, we
chooseE 0

' (ëX� Bâ ) := (1; f ) wheref : D � � ! Dâ isthefunction suchthat f (a) �
E'; [a=X](B) for all a 2 D � . We omit checkingE0 is an evaluation function, but the
veriÞcation is that sameis checkingE is an evaluation function. Notice that E and
E0 agreeon all constants(by deÞnition). However, they are di»erent evaluation
functions. For example,

E(ëXéX ) � (0; id) 6� (1; id) � E 0(ëXéX )

where id : Dé � ! Dé is the identity function.This example shows that evaluation
functionsarenot uniquely determinedby their valueson constantsin non-functional
models.

In Lemma3.14,wehaveshown that âç-equality inducesa functional congruence
if the ¶ � is inÞnite for all types � . As a result, with such signatures, the term
evaluation T E(¶) âç is functional (cf. Lemma 3.36). As noted in Remark 3.15,if ¶
is Þnite, we cannot show that functionality holds. Nevertheless,even if ¶ is Þnite,
the evaluation T E(¶) âç interpretsâç-convertible terms the same. We can usethis
ideato construct non-functional modelswhich satisfy property ç.

Example 5.8 (Failure of î ÑInstances of M â , M âç, M âb , M âçb ). Again, let B be
any setwith T 2 B and F =2 B . Chooseconstantscé; co 2 ¶ and let ¶0 := f cé; cog.
By induction on types,wedeÞneC0

� 2 cw» � (¶ 0)
?
y

âç � cw» � (¶ 0)
?
y

â . At basetypes,

let C0
é := céand C0

o := co. At function types,let C0
� ! â := ëX� C0

â . (Thus eachC0
�

is of the form ëX câ whereâ 2 f é;og.) In particular, cw» � (¶ 0)
?
y

âç
and cw» � (¶ 0)

?
y

â
arenon-empty for eachtype � .

Wecannow inductively deÞnea map ñ from w» � (¶) to w» � (¶ 0) which collapses
termsto the smallersignature. For variables,let ñ(X ) := X . For constantsw� 2 ¶
(including logical constants),let ñ(w� ) := C0

� . For application and ë-abstraction,
we simply use ñ(FA) := ñ(F)ñ(A) and ñ(ëX A) := ëX ñ(A). By induction on
the formula A, one can show [ñ(B)=X ]ñ(A) � ñ([B=X ]A) for any A 2 w» � (¶),
B 2 w» â (¶) and Xâ . From this, one can show ñ(A)� âçñ(B) whenever A� âçB for
every A; B 2 w» � (¶). Note alsothat ñ(A0) � A0 for every A0 2 w» � (¶ 0).

We can construct a non-functional applicative structure using an indexing tech-
nique similar to Example 5.6. In this case, insteadof indexing with i 2 f 0; 1g, we
useterms in cw» � (¶ 0)#� as indices. (Here A#� meansthe â-normal form if � � â
and the âç-normal form if � � âç.) In essence, this index records someinforma-
tion about the ÒimplementationÓof the function. Note that cw»é(¶ 0)#� � f cég and
cw»o(¶ 0)#� � f cog. Let Dé := f (cé; 0)g andDo := f (co; F)g[ f (co; b) j b 2 B g. For
function types, let D � ! â be the setof pairs (F0

� ! â ; f ), where F0 2 cw» � ! â (¶ 0)#�

and f : D � � ! Dâ isany function suchthat f (A0; a) � ((F0A0)#� ; b) for somevalue
b. Application is deÞnedasin Example5.6: (F; f )@a := f (a). The construction
of this applicative structure closely follows AndrewsÕõ-complexesin [1], except we
havea very restrictedsignature¶0 which doesnot include logical constants.
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To show that eachdomain is non-empty, weconstruct a particular elementc� 2
D � for eachtype � . (This elementwill also be usedto interpret parameters.) Let
cé := (cé; 0), co := (co; F), and c� ! â := (C0

� ! â ; k ) where k : D � � ! Dâ is the
constantfunction k(a) := câ for everya 2 D � . The fact that c� ! â 2 D � ! â follows
from (C0

� ! âA)#� � C0
â .

Onecanseethat the applicativestructure is non-functional by noting (ëXéX; f )
and (ëXécé; f ) aredistinct membersof Dé! é, wheref is the unique function taking
Dé into itself. However, (ëXéX; f )@cé � cé � (ëXécé; f )@cé. In fact, once we
deÞnetheevaluation function, this sameexamplewill show that property î will fail.

Let õ: Do � ! f T; Fg beõ((co; F)) := F and õ((co; b)) := T for eachb 2 B . This
will be the valuation function on the model.

Weonly sketchthe deÞnitionof the evaluation function E and the proof that this
givesamodelM � ;B := (D ; @; E; õ). WecandeÞneE by induction on terms. First ,
we interpret parametersw� 2 ¶ by E(w� ) := c� . For logical constantsa� 2 ¶, we
choosethe Þrst componentof E(a� ) to be C0

� and the secondcomponentto be an
appropriate function. WecandeÞnethe witnessesq� in a similar way and usethese
to interpret primiti ve equality, if it is presentin the signature.

We are forcedto let E' (X ) := ' (X ) and E' (FA) := E' (F)@E' (A). For the ë-
abstraction step, wechooseE' (ëX� Bâ ) := ((ó(ñ(ëX B)))#� ; f ), where f : D � � !
Dâ satisÞesf (a) � E'; [a=X](B) for all a 2 D � and ó is the substitution deÞnedby
letting ó(Y ) be the Þrst component of ' (Y ) for eachY 2 free(ëX B). In order
to show E is well-deÞned,one shows the Þrst component of E' (A) is (ó(ñ(A)))#�

(where ó is the substitution for free(A) deÞnedfrom the Þrst componentsof the
valuesof ' ) for every formula A.

The fact that E evaluatesvariablesand application properly is immediate from
the deÞnition. The fact that E' (A) dependsonly the freevariablesin A follows by
an induction on the deÞnition of E. To show E respectsâ-conversionif � � â and
âç-conversion if � � âç (so that the model will also satisfy property ç), one Þrst
showsE respectsa singleâ[ç]-reduction, then doesan induction on the position of
the redex, and Þnally doesan induction on the number of â[ç]-reductions.

Oncethesedetailsarechecked,weknow M � ;B isamodel(with primiti veequality,
if present)satisfying property q. Wealready know themodelwill not satisfy property
f since the applicative structure is not functional. We can also check that the
model will not satisfy property î by considering E(ëXéX ) and E(ëXécé). We
know E(ëXéX ) 6� E(ëXécé) sincethe Þrst components((ëXéX ) and (ëXécé)) are
not equal. However, Dé has only one element, cé � (cé; 0). So, we must have
E'; [a=X](X ) � cé � E'; [a=X](cé) for every a 2 Dé. This showsproperty î fails.

If � � âç, then we have noted above that E respectsâç-conversion. So, in
this case, the model satisÞesproperty ç. If � � â, then we can easily check
E(ëFé! éXéFX ) 6� E(ëFé! éF ) sincethe Þrst componentswill di»er. So, in this
case, the model doesnot satisfy property ç.

As in Example5.6,if B � f Tg, thenM âb := M â;f Tg andM âçb := M âç;f Tg satisfy
property b. So, weknow M âb 2 M âb n (M âçb [ M âî b ) and M âçb 2 M âçb n M âfb . If
B � f T; bg where b is any valuewith b =2 f T; Fg, then the modelsM â := M â;f T;bg

and M âç := M âç;f T;bg do not satisfy property b, soM â 2 M â n(M âç [ M âî [ M âb)
and M âç 2 M âç n (M âf [ M âçb ).
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In particular, the modelsM âç and M âçb show that respectingç-conversiondoes
not guaranteestrong functional extensionality.

Thus wehavegiven(sketchesof ) concretemodelsthat distinguish model classes
and shown that the inclusionsbetweenthe M � modelclassesin Figure1 areproper.

x6. Model existence. In this section we presentthe model existencetheorems
for the di»erent semanticalnotions introducedin Section3. The model existence
theoremshavethe following form, where � 2 f â;âç;âî ;âf;âb;âçb;âî b;âfbg:

Theorem (Model existence). For a givenabstract consistency class°¶ 2 Acc� (cf.
DeÞnition6.7) anda set¸ 2 °¶ there is a ¶-modelM of ¸ , such that M 2 M � (cf.
DeÞnition3.49).

The most important tools usedin the proofs of the model existencetheoremsare
the so-called¶-Hintikka sets. Thesesetsallow computations that resemble thosein
theconsideredsemanticalstructures(e.g.,Henkin models)andallow usto construct
appropriate valuations for the term evaluation T E(¶) â deÞnedin DeÞnition 3.35.
The key stepin the proof of the model existencetheoremsis an extension lemma,
which guaranteesa ¶-Hintikka setH for any su¼ciently ¶-puresetof sentenceş
in °¶ .

6.1. Abstractconsistency.Let usnow review a few technicalitiesthat wewill need
for the proofs of the model existencetheorems.

DeÞnition 6.1 (Compactness). Let C bea classof sets.

(1) C is called closedundersubsetsif for any setsS and T , S 2 C whenever
S � T and T 2 C.

(2) C is calledcompactif for every setS wehaveS 2 C i» every Þnitesubsetof
S is a memberof C.

Lemma6.2. If C is compact,thenC is closedundersubsets.

Proof. SupposeS � T and T 2 C. Every Þnite subsetA of S is a Þnite subset
of T , and sinceC is compactweknow that A 2 C. Thus S 2 C. a

Wewill now introducea technicalside-conditionthat ensuresthat wealwayshave
enoughwitnessconstants.

DeÞnition 6.3 (Su¼ciently ¶-pure). Let ¶ be a signature and ¸ be a set of ¶-
sentences. ¸ is calledsu¼ciently ¶-pure if for eachtype � there is a setP � � ¶ � of
parameterswith equalcardinality to w» � (¶), suchthat the elementsof P � do not
occur in the sentencesof ¸.

This canbeobtained in practiceby enriching the signaturewith spuriousparam-
eters. Another way would be to usespecially marked variables (which may never
be instantiated) asin [36]. Note that for any set to be su¼ciently ¶-pure, ¶ � must
be inÞnite for eachtype � , sincewe have assumedthat V � � w» (¶) are inÞnite.
Recallthat in Remark 3.16weassumedevery¶ � hasacommon(inÞnite) cardinality
@s for every type � . (One could easily show that no set of ¶-sentencescould be
su¼ciently pureif, for example, ¶é is countablewhile ¶é! é is uncountable. In sucha
casew» � (¶) is uncountable for every type � so onecould not satisfy the su¼cient
purity condition at type é.)
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Not ation 6.4. For reasonsof legibility wewill write S � a for S [ f ag, where S
is a set. We will usethis notation with the convention that � associatesto the left.

DeÞnition 6.5 (Propertiesfor abstract consistencyclasses). Let °¶ be a classof
setsof ¶-sentences. We deÞnethe following properties of °¶ , where ¸ 2 °¶ , � ,
â 2 T , A, B 2 cw»o, F 2 cw» � ! o, and G, H , (ëX� M ), (ëX� N ) 2 cw» � ! â are
arbitr ary.

r c: If A is atomic, then A =2 ¸ or : A =2 ¸.
r : : If :: A 2 ¸, then ¸ � A 2 °¶ .
r â : If A� âB and A 2 ¸, then ¸ � B 2 °¶ .
r ç : If A� âçB and A 2 ¸, then ¸ � B 2 °¶ .
r _ : If A _ B 2 ¸, then ¸ � A 2 °¶ or ¸ � B 2 °¶ .
r ^ : If : (A _ B) 2 ¸, then ¸ � : A � : B 2 °¶ .
r 8 : If µ � F 2 ¸, then ¸ � FW 2 °¶ for eachW 2 cw» � .
r 9 : If : µ � F 2 ¸, then ¸ � : (Fw) 2 °¶ for any parameterw� 2 ¶ � which does

not occur in any sentenceof ¸.
r b : If : (A := o B) 2 ¸, then ¸ � A � : B 2 °¶ or ¸ � : A � B 2 °¶ .
r î : If : (ëX� M := � ! â ëX� N ) 2 ¸, then ¸ � : ([w=X ]M := â [w=X ]N ) 2 °¶ for

any parameterw� 2 ¶ � which doesnot occur in any sentenceof ¸.
r f : If : (G := � ! â H ) 2 ¸, then ¸ � : (Gw := â H w) 2 °¶ for any parameter

w� 2 ¶ � which doesnot occur in any sentenceof ¸.
r sat: Either ¸ � A 2 °¶ or ¸ � : A 2 °¶ .

For the optional caseof primiti ve equality, i.e., when= � 2 ¶ � ! � ! o for all types
� , wenow add a setof further properties. While our Þrstchoicewill be to combine
the r r

= property with r
:=

= , wewill later show that other pair combinations from this
setareequivalent.

DeÞnition 6.6 (Propertiesfor abstract consistencyclasses). Suppose = � 2
¶ � ! � ! o for all types � . Let °¶ be a classof setsof ¶-sentences. We deÞnefor
¸ 2 °¶ , A; B 2 cw» � and F 2 cw»o whereF hasa subterm of type � at position p:

r r
= : : (A = � A) =2 ¸.

r s
= : If F[A]p 2 ¸ and A = � B 2 ¸, then ¸ � F[B]p 2 °¶ .9

r
:=

= : If A = � B 2 ¸, then ¸ � A := � B 2 °¶ .
r =:= : If A := � B 2 ¸, then ¸ � A = � B 2 °¶ .

r
:= �

= � : If : (A = � B) 2 ¸, then ¸ � : (A := � B) 2 °¶ .
r = �

:= � : If : (A
:
= � B) 2 ¸, then ¸ � : (A = � B) 2 °¶ .

DeÞnition 6.7 (Abstract consistencyclasses). Let ¶ be a signature and °¶ be a
classof setsof ¶-sentencesthat is closedunder subsets. If r c; r : ; r â ; r _ ; r ^ ; r 8

and r 9 are valid for °¶ , then °¶ is calledan abstract consistency classfor ¶-models.
Furthermore, when = � 2 ¶ � ! � ! o for all types � and the properties r r

= and r
:=

=
are valid then °¶ is called an abstract consistency classwith primitive equality. In
the following we often simply usethe phraseabstract consistencyclassto refer to
an abstract consistencyclasswith or without primiti ve equality. We will denote

9Although this resemblesLemma 3.25which requiredproperty î , it is far weaker sinceA and B must
beclosed.
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the collection of abstract consistencyclasses(with primiti ve equality) by Accâ .
Similarly, weintroducethe following collectionsof specialized abstract consistency
classes(with primiti ve equality): Accâç, Accâî , Accâf , Accâb , Accâçb , Accâî b , Accâfb ,
where we indicate by indiceswhich additional propertiesfrom fr ç; r î ; r f ; r bg are
required.

Remark 6.8. If primiti ve equality is not in the signature, Accâ correspondsto
the abstract consistencyproperty discussedby Andrewsin [1]. The only (technical)
di»erencescorrespondto �â -conversion. In [1], � -conversionis handled in the r â

rule using � -standardized forms. Also, we have deÞnedthe r â rule to work with
â-conversioninsteadof â-reduction. Weprefer this strongerversionof r â over the
weaker option ÒIfA 2 ¸, then ¸ � A

?
y

â 2 °¶Ósinceit helpsto avoid the useof r sat

in several proofs below. (Note that r â follows from the weaker option and r sat.)
Furthermore, in practical applications, e.g., proving completenessof calculi, the
stronger property is typically aseasyto validate asthe weaker one. An analogous
argumentappliesto r ç.

Remark 6.9. While the work presentedin this article is basedon the choiceof
the primiti ve logical connectives: ; _; and µ � (and possibly primiti ve equality), a
meansto generalize the framework over the concrete choiceof logical primiti ves
is provided by the uniform notation approach as, for instance, given in [22]. It is
clearly possible to achieve such a generalization for our framework as well. This
canbe done in straightforward manner: r ^ becomesan � -property, r _ becomesa
â-property, r 8 becomesa ã-property, and r 9 becomesa ä-property. Thus they will
havethe following form:
� -case: If � 2 ¸, then ¸ � � 1 � � 2 2 °¶ .
â-case: If â 2 ¸, then ¸ � â1 2 °¶ or ¸ � â2 2 °¶ .
ã-case: If ã 2 ¸, then ¸ � ãW 2 °¶ for eachW 2 cw» � .
ä-case: If ä 2 ¸, then ¸ � äw 2 °¶ for any parameterw� 2 ¶ which doesnot occur

in any sentenceof ¸.

We often refer to property r c asÒatomic consistencyÓ.The next lemma shows
that wealsohavethe correspondingproperty for non-atoms.

Lemma6.10(Non-atomic consistency). Let °¶ be an abstract consistency class
andA 2 cw»o(¶) , thenfor all ¸ 2 °¶ wehaveA =2 ¸ or : A =2 ¸ .

Proof following a similar argument in [1], Lemma 3.3.3. If for some¸ 2 °¶ and
A 2 cw»o(¶) we have A 2 ¸ and : A 2 ¸, then f A; : Ag 2 °¶ since°¶ is closed
under subsets. Furthermore, using r â and closure under subsetswe can assume
suchan A is â-normal. We prove f A; : Ag =2 °¶ for any â-normal A 2 cw»o(¶) by
induction on the number of logical constantsin A.

If A isatomic (which includesprimiti veequations), this followsimmediately from
r c. SupposeA � : B for someB 2 cw»o(¶) and f: B; :: Bg 2 °¶ . By r : and
closureundersubsets,wehavef: B; Bg 2 °¶ , contradicting theinduction hypothesis
for B. SupposeA � B _ C for someB; C 2 cw»o(¶) and f B _ C; : (B _ C)g 2 °¶ .
By r _ , r ^ andclosureundersubsets,wehaveeither f B; : Bg 2 °¶ or f C; : Cg 2 °¶ ,
contradicting the induction hypothesesfor B and C. SupposeA � µ � B for some
B 2 cw» � ! o(¶) and f µ � B; : (µ � B)g 2 °¶ . Since¶ � is assumedto be inÞnite (by
Remark 3.16), there is a parameter w� 2 ¶ � which doesnot occur in A. Since
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w is a parameter, the sentenceBw clearly hasone lesslogical constant than µ � B.
However, we cannot directly apply the induction hypothesis as Bw may not be
â-normal. SinceB is â-normal, the only way Bw can fail to be â-normal is if B
has the form ëX� C for someC 2 w» o(¶) where free(C) � f X � g. In this case, it
is easyto show that the reduct [w=X ]C is â-normal and containsthe samenumber
of logical constantsasB. In either case, wecan let N be the â-normal form of Bw
and apply the induction hypothesisto obtain f N ; : N g =2 °¶ . On the other hand,
r 9 , r 8 , r â and closure under subsetsimplies f N ; : N g 2 °¶ , a contradiction. a

Remark 6.11. Note that for the connectives_ and µ � there is a positive and a
negativecondition givenin thedeÞnitionabove, namely r _ / r ^ for _ and r 8 / r 9 for
µ � . For := o and := � ! â the situation is di»erent sincewe needonly conditions for
the negativecases. Positive counterpartscan be inferred by expanding the Leibniz
deÞnition of equality (cf. Lemma 6.12).

Lemma6.12(Leibniz equality). Let °¶ be an abstract consistency class. The fol-
lowing properties are valid for all ¸ 2 °¶ , A; B 2 cw»o(¶) , C 2 cw» � (¶) and
F; G 2 cw» � ! â (¶) .

r r:= : : (C := � C) =2 ¸ .

r !:= : If F := � ! â G 2 ¸ , then¸ � FW := â GW 2 °¶ for any closedW 2 cw» � (¶) .
r o:= : If A := o B 2 ¸ , then¸ � A � B 2 °¶ or ¸ � : A � : B 2 °¶ .

Proof. To show r r:= , assume: (C := C) 2 ¸. By subsetclosuref: (C := C)g 2 °¶

and by r 9 with some parameter p which does not occur in C and r â we get
f: (C := C); : (: pC _ pC)g 2 °¶ . The contradiction followsby r ^ , r : and r c. So,
r r:= holds.

To show r !:= , supposeF := � ! â G 2 ¸. By application of r 8 with ëX� ! â FW :=
X W and r â we have ¸ � (: (FW := FW) _ FW := GW) 2 °¶ . By r _ and subset
closure we get ¸ � : (FW := FW) 2 °¶ or ¸ � FW := GW 2 °¶ . The latter proves
the assertionsincethe Þrstoption is ruled out by r r:= (shown above).

To show r o:= , supposeA := o B 2 ¸. Applying r 8 with ëY Y we have ¸ �
(ëPo! o : PA _ PB)(ëY Y ) 2 °¶ . By r â and subsetclosure we get ¸ � : A _ B 2
°¶ . Similarly, we further derive by r 8 with ëY : Y , r â , and subsetclosure that
¸ � : A _ B � :: A _ : B 2 °¶ . By applying r _ twice and subsetclosure we get
the following four options: (i) ¸ � : A � :: A 2 °¶ , (ii) ¸ � : A � : B 2 °¶ , (iii)
¸ � B � :: A 2 °¶ , or (iv) ¸ � B � : B 2 °¶ . Cases(i) and (iv) are ruled out by
non-atomic consistency. In case(iii) we furthermore get by r : and subsetclosure
that ¸ � B � A 2 °¶ . Thus, ¸ � : A � : B 2 °¶ or ¸ � B � A 2 °¶ . a

Wecould easily add respectivepropertiesfor symmetry, transitivity, and congru-
enceto the previous lemma. They can be shown analogously, i.e., they also follow
from the propertiesof Leibniz equality.

In contrast to [1], we work with saturated abstract consistencyclassesin order
to simplify the proofs of the model existencetheorems. For a discussionof the
consequencesof this decision,seeSection8.2.

DeÞnition 6.13(Saturatedness). We call an abstract consistencyclass°¶ satu-
rated if it satisÞesr sat.
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Remark 6.14. Clearly, not all abstract consistencyclassesaresaturated,sincethe
emptysetisonethat isnot (cw»o(¶) iscertainly non-emptysince8Po P 2 cw»o(¶)).

Remark 6.15. The saturation condition r sat can be very di¼cult to verify in
practice. For example, showing that an abstract consistencyclassinduced from a
sequentcalculus(as in [1]) is saturated correspondsto showing cut-elimination (cf.
[12]). SinceAndrews [1] did not usesaturation, he could usehis resultsto give a
model-theoretic proof of cut-elimination for a sequentcalculus. Wecannot usethe
resultsof this article to obtain similar cut-elimination results.

We now investigate derivedpropertiesof primiti ve equality.

Lemma6.16(Primiti ve equality). Let °¶ beanabstractconsistency classwith prim-
iti ve equality, i.e., = � 2 ¶ � ! � ! o for all types� 2 T , where r r

= andr
:=

= hold. Then
r =:= andr s

= arevalid. Furthermore, r
:= �

= � andr = �

:= � arevalid if °¶ is saturated.

Proof. To show r =:= wederive from (A := � B) 2 ¸ by r 8 with ëX� A = � X , r â ,
and subsetclosure that ¸ � : (A = A) _ A = B 2 °¶ . By r _ and subsetclosure we
get ¸ � : (A = A) 2 °¶ or ¸ � A = B 2 °¶ . The assertionfollows from the latter
option sincethe former is ruled out by r r

= .
In order to show r s

= let F[A]p 2 ¸, we derive from A = � B 2 ¸ by r
:=

= that
¸ � (A := B) 2 °¶ . By r 8 with ëX F[X ]p (where X 2 V � doesnot occur bound in
F[A]p ), r â , and subsetclosurewe furthermoreget that ¸ � (: F[A]p _ F[B]p ) 2 °¶ .
Application of r _ andsubsetclosuregivesus¸ � : F[A]p 2 °¶ or ¸ � F[B]p 2 °¶ . The
assertionfollows from the latter option sincethe former is ruled out by F[A]p 2 ¸
and non-atomic consistency.

The straightforward proof for r = �

:= � employs saturation, r
:=

= , and non-atomic
consistency. Similarly, the proof for r

:= �

= � employs saturation, r =:= , and atomic
consistency. a

The next theorem provides some alternatives to our choice of r
:=

= and r r
= in

the deÞnition of abstract consistencyclasseswith primiti ve equality provided that
saturation holds. In practical applications the usermay therefore choosethe com-
bination that suitsbest.

Theorem 6.17(Alternativepropertiesfor primiti ve equality). Let °¶ be an ab-
stract consistency classandlet = � 2 ¶ � ! � ! o for all types� 2 T . If °¶ is saturated
andvalidatesoneof thefollowingcombinationsof properties, thenit alsovalidatesr

:=
=

andr r
= . Thecombinationsare:

(1) r s
= andr r

= .
(2) r

:=
= andr =:= .

(3) r
:= �

= � andr = �

:= � .

Proof. To prove (1) we only have to show r
:=

= . Let (A = B) 2 ¸ and suppose
¸ � (A := B) =2 °¶ . Then by saturation ¸ � : (A := B) 2 °¶ and by application of r s

=
wegeta contradiction to r r:= (cf. Lemma 6.12).

To prove(2) weonly haveto show r r
= . Since¸ � : (A := A) =2 °¶ by r r:= wegetby

saturation ¸ � A := A 2 °¶ . By r =:= and subsetclosure, wehave¸ � A = A 2 °¶ . By
atomic consistency, wehave: (A = A) =2 ¸.
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For (3) we Þrst show r r
= . Suppose: (A = A) 2 ¸. Then by r

:= �

= � we get
¸ � : (A := A) 2 °¶ contradicting r r:= . To show r

:=
= let A = B 2 ¸ and suppose

¸ � A
:
= B =2 °¶ . By saturation we get ¸ � : (A

:
= B) 2 °¶ and by application of

r = �

:= � wegeta contradiction to atomic consistency. a

Lemma6.18(Compactnessof abstract consistencyclasses). For eachabstractcon-
sistency class°¶ thereexistsacompactabstractconsistency class° 0

¶ satisfyingthesame
r � propertiessuch that °¶ � ° 0

¶ .

Proof (following and extending [6], Proposition 2506). We choose° 0
¶ := f ¸ �

cw»o j every Þnitesubsetof ¸ is in °¶ g. Now supposethat ¸ 2 °¶ . °¶ is closed
under subsets,soevery Þnitesubsetof ¸ is in °¶ and thus ¸ 2 ° 0

¶ . Hence°¶ � ° 0
¶ .

Next let us show that ° 0
¶ is compact. Suppose¸ 2 ° 0

¶ and ¹ is an arbitr ary
Þnite subsetof ¸. By deÞnition of ° 0

¶ all Þnitesubsetsof ¸ are in °¶ and therefore
¹ 2 ° 0

¶ . Thus all Þnite subsetsof ¸ are in ° 0
¶ whenever ¸ is in ° 0

¶ . On the other
hand, supposeall Þnitesubsetsof ¸ arein ° 0

¶ . Then by the deÞnitionof ° 0
¶ theÞnite

subsetsof ¸ arealsoin °¶ , so¸ 2 ° 0
¶ . Thus ° 0

¶ is compact. Note that by Lemma6.2
wehavethat ° 0

¶ is closedunder subsets.
Next weshow that if °¶ satisÞesr � , then ° 0

¶ satisÞesr � .

r c: Let ¸ 2 ° 0
¶ and supposethere is an atom A, suchthat f A; : Ag � ¸. f A; : Ag

is clearly a Þnitesubsetof ¸ and hencef A; : Ag 2 °¶ contradicting r c for °¶ .
r : : Let ¸ 2 ° 0

¶ , :: A 2 ¸, ¹ beany Þnitesubsetof ¸ � A, and ² := (¹ n f Ag) �
:: A. ² is a Þnitesubsetof ¸, so ² 2 °¶ . Since°¶ is an abstract consistency
classand :: A 2 ², weget ² � A 2 °¶ by r : for °¶ . Weknow that ¹ � ² � A
and °¶ is closedunder subsets,so¹ 2 °¶ . Thus every Þnitesubset¹ of ¸ � A
is in °¶ and thereforeby deÞnition ¸ � A 2 ° 0

¶ .
r â ; r ç ; r _ ; r ^ ; r 8 ; r 9 : Analogousto r : .
r î : Let ¸ 2 ° 0

¶ , : (ëX� M := � ! â ëX N ) 2 ¸ and ¹ be any Þnite subsetof
¸ � : ([w=X ]M := â [w=X ]N ), wherew 2 ¶ � isaparameterthat doesnot occur
in any sentenceof ¸. Weshow that ¹ 2 °¶ . Clearly ² := (¹ nf: ([w=X ]M := â

[w=X ]N )g) � : (ëX M := � ! â ëX N ) is a Þnite subsetof ¸ and therefore
² 2 °¶ . Since °¶ satisÞesr î and : (ëX M := � ! â ëX N ) 2 ², we have
² � : ([w=X ]M := â [w=X ]N ) 2 °¶ . Furthermore, ¹ � ² � : ([w=X ]M := â

[w=X ]N ) and °¶ is closedunder subsets,so ¹ 2 °¶ . Thus every Þnite subset
¹ of ¸ � : ([w=X ]M := â [w=X ]N ) is in °¶ , and thereforeby deÞnitionwehave
¸ � : ([w=X ]M := � [w=X ]N ) 2 ° 0

¶ .
r f : Analogousto r î .
r b : Let ¸ 2 ° 0

¶ with : (A := B) 2 ¸. Assume¸ � A � : B =2 °¶ and ¸ � : A � B =2 °¶ .
Then there exists Þnite subsetş 1 and ¸ 2 of ¸, suchthat ¸ 1 � A � : B =2 °¶

and ¸ 2 � : A � B =2 °¶ . Now wechoosȩ 3 := ¸ 1 [ ¸ 2 � : (A := B). Obviously
¸ 3 is a Þnitesubsetof ¸ and therefore ¸ 3 2 °¶ . Since°¶ satisÞesr b , wehave
that ¸ 3 � A � : B 2 °¶ or ¸ 3 � : A � B 2 °¶ . From this and the fact that °¶ is
closedunder subsetsweget that ¸ 1 � A � : B 2 °¶ or ¸ 2 � : A � B 2 °¶ , which
contradictsour assumption.

r sat: Let ¸ 2 ° 0
¶ . Assumeneither ¸ � A nor ¸ � : A is in ° 0

¶ . Then there are
Þnite subsets¸ 1 and ¸ 2 of ¸, such that ¸ 1 � A =2 °¶ and ¸ 2 � : A =2 °¶ .
As ¹ := ¸ 1 [ ¸ 2 is a Þnite subsetof ¸, we have ¹ 2 °¶ . Furthermore,
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¹ � A 2 °¶ or ¹ � : A 2 °¶ because°¶ is saturated. °¶ is closedunder subsets,
so ¸ 1 � A 2 °¶ or ¸ 2 � : A 2 °¶ . This is a contradiction, so we can conclude
that if ¸ 2 ° 0

¶ , then ¸ � A 2 ° 0
¶ or ¸ � : A 2 ° 0

¶ .

In caseprimiti ve equality is presentin the signature, we check the corresponding
properties.

r r
= : Let ¸ 2 ° 0

¶ and assume: (A = � A) 2 ¸. f: (A = � A)g is clearly a Þnite
subsetof ¸ and hencef: (A = � A)g 2 °¶ contradicting r r

= in °¶ .
r

:=
= ; r s

= ; r =:= ; r
:= �

= � ; r = �

:= � Analogousto r : . a

6.2. Hintikka sets. Hintikka setsconnectsyntaxwith semanticsasthey provide
the basis for the model constructions in the model existencetheorems. We have
deÞnedeight di»erent notions of abstract consistencyclassesby ÞrstdeÞningprop-
ertiesr � , then specifyingwhich should hold in Acc� . Similarly, wedeÞneHintikka
setsby ÞrstdeÞningthe desiredproperties.

DeÞnition 6.19(¶-Hintikka properties). Let H bea setof sentences. WedeÞne
the following propertieswhich H may satisfy, where A; B 2 cw»o, C; D 2 cw» � ,
F 2 cw» � ! o, and (ëX� M ); (ëX N ); G; H 2 cw» � ! â :

~r c: A =2 H or : A =2 H .
~r : : If :: A 2 H , then A 2 H .
~r â : If A 2 H and A� âB, then B 2 H .
~r ç : If A 2 H and A� âçB, then B 2 H .
~r _ : If A _ B 2 H , then A 2 H or B 2 H .
~r ^ : If : (A _ B) 2 H , then : A 2 H and : B 2 H .
~r 8 : If µ � F 2 H , then FW 2 H for eachW 2 cw» � .
~r 9 : If : µ � F 2 H , then there is a parameterw� 2 ¶ � suchthat : (Fw) 2 H .
~r b : If : (A := o B) 2 H , then f A; : Bg � H or f: A; Bg � H .
~r î : If : (ëX� M := � ! â ëX N ) 2 H , then there is a parameterw� 2 ¶ � suchthat

: ([w=X ]M := â [w=X ]N ) 2 H .
~r f : If : (G := � ! â H ) 2 H , then thereisa parameterw� 2 ¶ � suchthat : (Gw := â

H w) 2 H .
~r sat: Either A 2 H or : A 2 H .
~r r

= : : (C = � C) =2 H .
~r

:=
= : If C = � D 2 H , then C := � D 2 H .

DeÞnition 6.20(¶-Hintikka set). A set H of sentencesis called a ¶-Hintikka
set if it satisÞes~r c, ~r : , ~r â , ~r _ , ~r ^ , ~r 8 and ~r 9 . When primiti ve equality is present
in the signature and H is a Hintikka set satisfying ~r r

= and ~r
:=

= we call H a ¶-
Hintikka set with primitive equality. We deÞnethe following collections of Hin-
tikka sets(with primiti ve equality): Hintâ , Hintâç, Hintâî , Hintâf , Hintâb , Hintâçb ,
Hintâî b , and Hintâfb , whereweindicate by indiceswhich additional propertiesfrom
f ~r ç; ~r î ; ~r f ; ~r bg are required. If primiti ve equality is in the signature, we require
H 2 Hint � to bea Hintikka setwith primiti ve equality.

We will construct Hintikka setsas maximal elementsof abstract consistency
classes. To obtain a Hintikka set, wemust explicitl y show the property ~r 9 (and ~r î
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or ~r f whenappropriate). Thiswill ensurethat Hintikka setshaveenoughparameters
which act aswitnesses.

Lemma6.21(Hintikka lemma). Let °¶ be an abstract consistency class in Acc� .
Supposea setH 2 °¶ satisÞesthe followingproperties:

(1) H is subset-maximalin °¶ (i .e., for each sentenceD 2 cw»o such that H � D 2
°¶ , wealreadyhaveD 2 H ).

(2) H satisÞes~r 9 .
(3) If � 2 f âî ;âî bg, then ~r î holdsin H .
(4) If � 2 f âf;âfbg, then ~r f holdsin H .

Then,H 2 Hint � . Furthermore, if °¶ is saturated,thenH satisÞes~r sat.

Proof. H satisÞes~r 9 by assumption.Also, if � 2 f âî ;âî bg (� 2 f âf;âfbg), then
we have explicitl y assumedH satisÞes~r î ( ~r f ). The fact that H 2 °¶ satisÞes~r c

followsdirectly from non-atomic consistency(Lemma 6.10). Similarly, if primiti ve
equality is in the signature, then H satisÞes~r r

= sinceH 2 °¶ and °¶ satisÞesr r
= .

Every other ~r � property follows directly from the correspondingr � property and
maximality of H in °¶ . For example, to show ~r : , suppose:: A 2 H . By r : ,
we know H � A 2 °¶ . By maximality of H , we have A 2 H . Checking ~r â , ~r ç

(if � 2 f âç;âçbg), ~r ^ , ~r 8 , and ~r
:=

= hold for H follows exactly this samepattern.
Checking ~r _ , ~r b (if � 2 f âb;âçb;âfbg) and ~r sat (if °¶ is saturated) follows a
similar pattern, but with a simplecaseanalysis. For example, to check ~r sat, given
A 2 cw»o(¶), r sat implies H � A 2 °¶ or H � : A 2 °¶ . So, either A 2 H or
: A 2 H . a

It is worth noting that the converseof ~r
:=

= also holds in Hintikka sets with
primiti ve equality.

Lemma6.22. Supposeprimitive equality is in the signature and H is a Hintikka
setwith primitive equality. Then,wehave the followingproperty for every type � and
A; B 2 cw» � (¶) :

r
:=

= : A = � B 2 H i» A := � B 2 H .

Proof. If A = � B 2 H , then A := � B 2 H by ~r
:=

= . For the conversedirection
assumethat A := � B 2 H . From this we get by ~r 8 with ëX A = X and r â that
: (A = A) _ A = B 2 H . Since: (A = A) =2 H by ~r r

= , ~r _ impliesA = � B 2 H . a

It is helpful to note the following propertiesof Leibniz equality in Hintikka sets.
Lemma6.23. SupposeH is a Hintikka set. For any F; G 2 cw» � ! â (¶) and

A; B; C 2 cw» � (¶) ( for types� andâ), wehavethe following:
~r r:= : : (A := � A) =2 H .
~r tr:= : If A := � B 2 H andB := � C 2 H , thenA := � C 2 H .
~r !:= : If (F := � ! â G) 2 H and(A := � B) 2 H , then(FA := â GB) 2 H .

Proof. To show ~r r:= , suppose: (A := � A) 2 H . By ~r 9 and ~r â , there must be
someparameterq� ! o suchthat : (: qA _ qA) 2 H . By ~r ^ , we have :: qA 2 H
and : qA 2 H , contradicting ~r c.

To show ~r tr:= , supposeA := � B 2 H and B := � C 2 H . Let Q� ! o be the

closedformula (ëX� A := � X ). Applying ~r 8 to B := � C 2 H and Q, we know
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: (QB) _ QC 2 H . By ~r _ , weknow : (QB) 2 H or QC 2 H . If : (QB) 2 H , then
: (A := � B) 2 H by ~r â , contradicting ~r c. So, QC 2 H and henceA := � C 2 H as
desired.

To show ~r !:= , let P(� ! â)! o betheclosedformula (ëH � ! â FA := â H A), Applying
~r 8 to (F := � ! â G) 2 H and P, we have : (PF) _ PG 2 H . By ~r _ , we know
: (PF) 2 H or PG 2 H . If : (PF) 2 H , then : (FA := â FA) 2 H by ~r â , which
contradicts ~r r:= . So, wemust havePG 2 H and hence(FA := â GA) 2 H . Let Q� ! o

be the closedformula (ëX� FA := â GX ). Applying ~r 8 and ~r _ to (A := � B) 2 H ,
weknow : (QA) 2 H or QB 2 H . If : (QA) 2 H , then : (FA := â GA) 2 H by ~r â ,
contradicting ~r c. So, QB 2 H and hence(FA := â GB) 2 H asdesired. a

Whenever a Hintikka setsatisÞes~r sat, wecanprove far moreclosure properties.
For example, we can prove conversesof ~r : , ~r â , ~r _ , ~r ^ , ~r 8 , ~r 9 and ~r

:=
= (when

primiti ve equality is in the signature). Also, if any of ~r ç , ~r b , ~r î or ~r f hold, we can

prove the correspondingconverse. (We could call theseproperties
 
r � .) The proofs

of the strongerpropertiesr : and r _ in Lemma 6.25indicate how onewould prove
any of theseconverseproperties.

DeÞnition 6.24(Saturated set). We say a set of sentencesH is saturated if it
satisÞes~r sat.

By Lemma6.21,any Hintikka setconstructedasamaximalmemberof asaturated
abstract consistencyclasswill be saturated. However, it is also possible for a
maximal member of an abstract consistencyclass°¶ to be saturated without °¶

beingsaturated.
Lemma6.25(Saturated setslemma). SupposeH isasaturatedHintikka set.Then

we have the following properties for every A; B 2 cw»o(¶) , F 2 cw» � ! o(¶) , and
C 2 cw» � (¶) ( for any type � ):
r : : : A 2 H i» A =2 H .
r _ : (A _ B) 2 H i» A 2 H or B 2 H .
r 8 : (µ � F) 2 H if andonly if FD 2 H for every D 2 cw» � (¶) .

r
â

8 : (µ � F) 2 H i» (FD)
?
y

â 2 H for every D 2 cw» � (¶)
?
y

â .

r r : (C := � C) 2 H .

Proof. If : A 2 H , then A =2 H by ~r c. If A =2 H , then : A 2 H sinceH is
saturated. So, r : holds.

If (A _ B) 2 H , then A 2 H or B 2 H by ~r _ . We prove the converseby
contraposition. Suppose(A _ B) =2 H . By saturation wehave: (A _ B) 2 H , and
by ~r ^ we get : A 2 H and : B 2 H . So, by ~r c, A =2 H and B =2 H . Thus, r _

holds.
Onedirection of r 8 is ~r 8 . For onedirectionof r

â
8 , note that if (µ � F) 2 H , then

for any D 2 cw» � (¶)
?
y

â wehave(FD)
?
y

â 2 H by ~r 8 and ~r â .

Suppose(µ � F) =2 H . By saturation, : (µ � F) 2 H . By ~r 9 , there is a parameter
w� 2 ¶ � suchthat : (Fw) 2 H . By ~r c, weknow (Fw) =2 H . This showsthe other
direction of r 8 . Furthermore, by ~r â weknow : (Fw)

?
y

â 2 H and so (Fw)
?
y

â =2 H .

Sincew is â-normal, wealsohavethe other direction of r
â

8 .
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Finally, r r followsdirectly from saturation and ~r r:= . a

Lemma6.26(Saturated setslemmafor b). SupposeH 2 Hint � where � 2 f âb;
âçb;âî b;âfbg. If H is saturated, then the following property holdsfor all A; B 2
cw»o(¶) .

r b : A := o B 2 H or A := o : B 2 H .

Proof. Suppose(A := o B) =2 H and (A := o : B) =2 H . By saturation, : (A := o

B) 2 H and : (A := o : B) 2 H . By ~r b , we must have f A; : Bg � H or f: A; Bg �
H . We must also have f A; :: Bg � H or f: A; : Bg � H . Each of the four cases
leadsto an immediate contradiction to ~r c. a

Lemma6.27(Saturated setslemmafor ç). SupposeH 2 Hint � where � 2 f âç;
âçbg. If H is saturated, then the following property holds for every type � and
A 2 cw» � (¶) :

r ç: (A := � A#âç) 2 H .

Proof. If (A := A#âç) =2 H , then by saturation : (A := A#âç) 2 H . So, by ~r ç we

have: ( A#âç
:= � A#âç) 2 H . But this contradicts ~r r:= . a

Lemma6.28(Saturated setslemmafor î ). SupposeH 2 Hint � where � 2 f âî ;
âî bg. If H is saturated, then the following properties hold for all �; â 2 T and
(ëX� M ); (ëX N ) 2 cw» � ! â (¶) :

r î : (ëX M := � ! â ëX N ) 2 H i» ([A=X]M := â [A=X ]N ) 2 H for every A 2
cw» � (¶) .

r
â

î : (ëX M := � ! â ëX N ) 2 H i» ([A=X]M := â [A=X ]N )
?
y

â 2 H for every A 2

cw» � (¶)
?
y

â .

Proof. Suppose(ëX M := � ! â ëX N ) 2 H and A 2 cw» � (¶). Wecanapply ~r 8

and ~r â usingthe closedformula (ëK � ! â [A=X ]M := â K A) to obtain

(: ([A=X ]M
:
= â [A=X ]M ) _ [A=X]M

:
= â [A=X ]N ) 2 H :

Since: ([A=X ]M := â [A=X ]M ) =2 H (by ~r r:= ), we know ([A=X]M := â [A=X ]N ) 2

H . This showsonedirection of r î . By ~r â wehave([A=X]M := â [A=X ]N )
?
y

â2 H .

Sincethis holds in particular for any A 2 cw» � (¶)
?
y

â , this shows one direction of

r
â

î .

Suppose(ëX M := � ! â ëX N ) =2 H . We show that there is a (â-normal) A 2
cw» � (¶) with [A=X]M := â [A=X ]N =2 H . By saturation, : (ëX M := � ! â ëX N ) 2
H . By ~r î , there is a parameterw� 2 ¶ � suchthat : ([w=X ]M := â [w=X ]N ) 2 H .
By ~r c, [w=X ]M := â [w=X ]N =2 H . ChoosingA := w we have the other direction
of r î . Sincew is â-normal and ([w=X ]M := â [w=X ]N )

?
y

â =2 H (using ~r â ), wehave

the other direction of r
â

î . a

Lemma6.29(Saturated setslemmafor f). SupposeH 2 Hint � where� 2 f âf;âfbg.
If H is saturated, then the following property holds for any types � and â and
G; H 2 cw» � ! â (¶) .

r f : G := � ! â H 2 H i» GA := â HA 2 H for every A 2 cw» � (¶) .
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r
â

f : G := � ! â H 2 H i» (GA := â HA )
?
y

â2 H for every A 2 cw» � (¶)
?
y

â .

Proof. Suppose(G
:
= � ! â H ) 2 H and A 2 cw» � (¶) . Since(A

:
= � A) 2 H by

r r wehave(GA := â HA ) 2 H by ~r !:= (cf. Lemma 6.23). This showsonedirection

of r f . By ~r â we have (GA := â HA )
?
y

â2 H . Sincethis holds in particular for any

A 2 cw» � (¶)
?
y

â
, this showsonedirection of r

â
f .

Suppose(G := � ! â H ) =2 H . By saturation, : (G := � ! â H ) 2 H . By ~r f , there is
a parameterw� 2 ¶ � suchthat : (Gw := â H w) 2 H . By ~r c, (Gw := â H w) =2 H .
Choosing A := w we have the other direction of r f . Since w is â-normal and

(Gw := â H w)
?
y

â =2 H (using ~r â ), wehavethe other direction of r
â

f . a

In Lemma 3.24, we compared properties ç, î and f of models by showing f
is equivalent to ç plus î . Similarly, Theorem 6.31 compares ~r ç , ~r î , and ~r f as
propertiesof Hintikka sets. Showing ~r f implies ~r ç requiressaturation and must be
shown in several stepsreßectedby Lemma 6.30.

Lemma6.30. Let H bea saturatedHintikka setsatisfying ~r f .

(1) For all F 2 cw» � ! â wehave(ëX� FX ) := � ! â F 2 H .
(2) For all A; B 2 cw» � (¶) , if A ç-reducesto B in onestep, thenA := � B 2 H .
(3) For all A 2 cw» � (¶) , A := � A#âç 2 H .
(4) For all A 2 cw»o(¶) , if A 2 H , then A#âç 2 H .

Proof. To show part (1), suppose(ëX� FX ) := � ! â F =2 H . By saturation,
: ((ëX� FX ) := � ! â F) 2 H . By ~r f , there is a parameterw� suchthat

: ((( ëX� FX )w) := â (Fw)) 2 H :

By ~r â , : ((Fw) := â (Fw)) 2 H , which contradicts ~r r:= (cf. Lemma 6.23).
We provepart (2) by induction on the position of the ç-redex in A. If A is the ç-

redex reducedto obtain B, then this followsfrom part (1). SupposeA � (Fã! � Cã)
and B � (Gã! � C) where F ç-reducesto G in one step. By induction, we know
F := ã! � G 2 H . By r r , C := ã C 2 H . By ~r !:= , we have (FC) := � (GC) 2 H as
desired. The casein which A � (Fã! � Cã) and B � (FDã) where C ç-reducesto D
in onestepis analogous.

SupposeA � (ëYâ Cã) and B � (ëYâ Dã) where C ç-reducesto D in one
step. Let p be the position of the redex in C. AssumeA := â! ã B =2 H . By
saturation, : (A

:
= â! ã B) 2 H . By ~r f , there is some parameter wâ such that

: (Aw := ã Bw) 2 H . By ~r â , we know : ([w=Y ]C := ã [w=Y ]D) 2 H . Note that
[w=Y ]C ç-reducesto [w=Y ]D in one step by reducing the redex at position p in
[w=Y ]C. So, by the induction hypothesis,[w=Y ]C := ã [w=Y ]D 2 H , contradicting
~r c.

Part (3) followsby induction on the number of âç-reductionsfrom A to A#âç. If
A is âç-normal, we have A := � A 2 H by r r . If A reducesto A#âç in n + 1 steps,
then there is someB� suchthat A reducesto B in onestepand B reducesto A#âç in
n steps. By induction, we have B := � A#âç 2 H . If A â-reducesto B in one step,

then A := � B 2 H by r r and ~r â . If A ç-reducesto B in onestep, then A := � B 2 H
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by part (2). Using ~r tr:= , A := � B 2 H and B := � A#âç 2 H imply A := � A#âç 2 H
asdesired.

Finally, to show part (4), supposeA 2 H . By part (3), A := o A#âç 2 H . By ~r 8 ,

: (ëXo X )A _ (ëXo X ) A#âç 2 H . By ~r â and ~r _ , we have : A 2 H (contradicting
~r c) or A#âç 2 H . Hence, A#âç 2 H . a

Theorem 6.31. Let H bea Hintikka set.

(1) If H satisÞes~r ç and ~r î , thenH satisÞes~r f .
(2) If H satisÞes~r f , thenH satisÞes~r î .
(3) If H is saturatedandsatisÞes~r f , thenH satisÞes~r ç .

Proof. SupposeH satisÞes~r ç and ~r î . Assume: (F := � ! â G) 2 H . By ~r ç,
: ((ëX� FX ) := � ! â (ëX GX )) 2 H . By ~r î , there is a parameter w� such that
: ((Fw) := â (Gw)) 2 H . Thus, ~r f holds.

SupposeH satisÞes ~r f and : (ëX� M := � ! â ëX N ) 2 H . By ~r f , there is
a parameter w� such that : ((ëX� M )w := â (ëX N )w) 2 H . By ~r â , we have
: ([w=X ]M := â [w=X ]N ) 2 H . Thus, ~r î holds.

SupposeH is saturated and satisÞes~r f . AssumeA 2 H , B 2 cw»o(¶), A� âçB
and B =2 H . By saturation, we know : B 2 H . By Lemma 6.30(4), we know
A#âç 2 H and : B#âç 2 H . SinceA#âç � B#âç, this contradicts ~r c. a

6.3. Model existencetheorems. We shall now presentthe proof of the abstract
extensionlemma,which will nearly immediately yield themodelexistencetheorems.
For the proof weadapt the construction of HenkinÕs completenessproof from [26,
27].

Lemma6.32(Abstract extensionlemma). Let ¶ be a signature, °¶ be a compact
abstract consistency classin Acc� , where� 2 f â;âç;âî ;âf;âb;âçb;âî b;âfbg, andlet
¸ 2 °¶ be su¼ciently ¶-pure. Then there exists a ¶-Hintikka setH 2 Hint � , such
that ¸ � H . Furthermore, if °¶ is saturated,thenH is saturated.

Proof. In the following argument, note that � , â, and ã aretypesasusual,while
ä, å, ó and ô areordinals.

By Remark 3.16,there is an inÞnite cardinal @s which is the cardinality of ¶ � for
eachtype � . This easily implies cw» � (¶) is of cardinality @s for eachtype � . Let
å be the Þrst ordinal of this cardinality. (In the countable case, å is ù .) Sincethe
cardinality of cw»o(¶) is @s, we can usethe well-ordering principle to enumerate
cw»o(¶) as(Aä)ä<å.

Let � be a type. For eachä < å, let U ä
� be the setof constantsof type � which

occur in a sentencein the set f Aó j ó � äg. Sinceä < å, the set f Aó j ó � äg
hascardinality lessthan @s. Hence, U ä

� hascardinality lessthan @s. By su¼cient
purity, we know there is a set of parametersP� � ¶ � of cardinality @s such that
the parametersin P� do not occur in the sentencesof ¸. So, P� n U ä

� must have
cardinality @s for any ä < å. Using the axiom of choice, we can Þnd a sequence
(wä

� )ä<å where for eachä < å, wä
� 2 P� n (U ä

� [ f wó
� j ó < äg). That is, for each

type � , weknow wä
� is a parameterof type � which doesnot occur in any sentence

in ¸ [ f Aó j ó � äg. As a consequence, if wä
� occursin Aó , then ä < ó. Also, we

haveensured that if wä
� � wó

� , then ä � ó for any ä, ó < å.
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The parameterswä
� are intended to serve as witnesses. To easethe argument,

we deÞnetwo sequencesof witnessingsentencesrelated to the sequence(Aä)ä<å.
For eachä < å, let Eä := : (Bwä

� ) if Aä is of the form : (µ � B), and let Eä := Aä

otherwise. If � 2 f âf;âfbgandAä isof theform : (F
:
= � ! â G), letX ä := : (Fwä

�
:
= â

Gwä
� ). If � 2 f âî ;âî bg and Aä is of the form : ((ëX� M )

:
= � ! â (ëX N )), let

X ä := : ([wä
� =X]M := â [wä

� =X]N ). Otherwise, let X ä := Aä. (Notice that any
sentence: (F := � ! â G) is also of the form : (µ ãB), where ã is (� ! â) ! o. So,
whenever X ä 6� Aä, wemust alsohaveEä 6� Aä.)

We construct H by inductively constructing a transÞnitesequence(H ä)ä<å such
that H ä 2 °¶ for eachä < å. Then the ¶-Hintikka setis H :=

S
ä<å H ä. WedeÞne

H 0 := ¸. For limit ordinals ä, wedeÞneH ä :=
S

ó<ä H ó .
In the successorcase, if H ä � Aä 2 °¶ , then welet H ä+1 := H ä � Aä � Eä � X ä. If

H ä � Aä =2 °¶ , we let H ä+1 := H ä.
We show by induction that for every ä < å, type � and parameter wô

� which
occurs in somesentencein H ä, we have ô < ä. The basecaseholds sinceno wô

�
occurs in any sentencein H 0 � ¸. For any limit ordinal ä, if wô

� occurs in some
sentencein H ä, then by deÞnition of H ä, wô

� already occurs in somesentencein
H ó for someó < ä. So, ô < ó < ä.

For any successorordinal ä+ 1, supposewô
� occursin somesentencein H ä+1 . If

it already occurredin a sentencein H ä, then wehaveô < ä < ä+ 1 by the inductive
assumption. So, we needonly considerthe casewhere wô

� occursin a sentencein
H ä+1 n H ä. Note that (H ä+1 n H ä) � f Aä; Eä; X äg. In any case, note that if ô is ä,
then wearedone, sinceä < ä + 1. If wô

� is any parameterwith ô 6� ä and occursin
Eä or X ä, then it must alsooccur in Aä (by noting that wô

� 6� wä
� and inspectingthe

possible deÞnitionsof Eä and X ä), in which caseô < ä < ä + 1.
In particular, we now know wä

� doesnot occur in any sentenceof H ä for any
ä < å and type � .

Next we show by induction that H ä 2 °¶ for all ä < å. The basecaseholds by
the assumptionthat H 0 � ¸ 2 °¶ . For any limit ordinal ä, assumeH ó 2 °¶ for
every ó < ä. We haveH ä �

S
ó<ä H ó 2 °¶ by compactness,sinceany Þnitesubset

of H ä is a subsetof H ó for someó < ä.
For any successorordinal ä + 1, we assumeH ä 2 °¶ . We have to show that

H ä+1 2 °¶ . This is tri vial in caseH ä � Aä =2 °¶ (for all abstract consistencyclasses)
sinceH ä+1 � H ä. SupposeH ä � Aä 2 °¶ . Weconsiderthreesub-cases:

(i) If Eä � Aä and X ä � Aä, then H ä � Aä � Eä � X ä 2 °¶ sinceH ä � Aä 2 °¶ .
(ii) If Eä 6� Aä and X ä � Aä, then Aä is of the form : µ � B and Eä � : Bwä

� .
We conclude that H ä � Aä � Eä 2 °¶ by r 9 sincewä

� doesnot occur in Aä

or any sentenceof H ä. Since X ä � Aä, this is the sameas concluding
H ä � Aä � Eä � X ä 2 °¶ .

(iii) If X ä 6� Aä, then � 2 f âî ;âf;âî b;âfbg (by the deÞnition of X ä). H ä � Aä �
Eä 2 °¶ by r 9 sincewä

(� ! â)! o doesnot occur in Aä or any sentencein H ä.

Now, wä
� (which is di»erent from wä

(� ! â)! o sinceit hasa di»erent type) does

not occur in any sentencein H ä � Aä � Eä. WehaveH ä � Aä � Eä � X ä 2 H
by r î (if � 2 f âî ;âî bg) or by r f (if � 2 f âf;âfbg).

Since°¶ is compact, wealsohaveH 2 °¶ .
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Now weknow that our inductively deÞnedsetH is indeedin °¶ and that ¸ � H .
In order to apply Lemma 6.21, we must check H is maximal, satisÞes~r 9 , ~r î (if
� 2 f âî ;âî bg), and ~r f (if � 2 f âf;âfbg). It is immediate from the construction
that ~r 9 holds since if : (µ � F) 2 H , then : (Fwä

� ) 2 H where ä is the ordinal
such that Aä � : (µ � F). If � 2 f âî ;âî bg, then we have ensured ~r î holds since
: ([wä

� =X]M := â [wä
� =X]N ) 2 H whenever : ((ëX� M ) := � ! â (ëX N )) 2 H

where ä is the ordinal such that Aä � : ((ëX� M ) := � ! â (ëX N )). Similarly, we
have ensured ~r f holds when � 2 f âf;âfbg since: (Fwä

�
:= â Gwä

� ) 2 H whenever
: (F := � ! â G) 2 H where ä is the ordinal suchthat Aä � : (F := � ! â G).

It only remainsto show that H ismaximal in °¶ . So, let A 2 cw»o andH � A 2 °¶

be given. Note that A � Aä for someä < å. SinceH is closedunder subsetswe
know that H ä � Aä 2 °¶ . By deÞnition of H ä+1 we concludethat Aä 2 H ä+1 and
henceA 2 H .

So, Lemma 6.21implies H 2 Hint � and H is saturated if °¶ is saturated. a

We now use the ¶-Hintikka sets, guaranteed by Lemma 6.32, to construct a
¶-valuation for the ¶-term evaluation that turns it into a model.

Theorem 6.33(Model existencetheoremfor saturated sets). For all � 2 f â;âç;
âî ;âf;âb;âçb;âî b;âfbg wehave: If H is a saturatedHintikka setin Hint � (cf. DeÞ-
nition 6.20), thenthereexists a modelM 2 M � (cf. DeÞnition3.49) that satisÞesH .
Furthermore, each domainD � of M hascardinality at most@s.

Proof. We start with the construction of a ¶-model M H
1 for H basedon the

term evaluation T E(¶) â . This model may not be in the model classM � asit may
not satisfy property q. However, we will be able to useTheorem 3.62 to obtain a
model of H which is.

Note that sinceH is saturated, by Lemma 6.25,H satisÞesr : , r _ , and r
â

8 .
The domain of type � of the evaluation T E(¶) â (cf. DeÞnition 3.35 and

Lemma 3.36)is cw» � (¶)
?
y

â , which hascardinality @s. To constructM H
1 , wesimply

needto givea valuation function for this evaluation. This valuation function should
bea function õ: cw»o(¶)

?
y

â
� ! f T; Fg. We deÞne

õ(A) :=
�

T if A 2 H ;
F if A =2 H :

To show õ is a valuation, we must check the logical constantsare interpreted
appropriately. For eachA 2 cw»o(¶)

?
y

â , we have õ(: A) � T i» õ(A) � F since

: A 2 H i» A =2 H by r : . For eachA; B 2 cw»o(¶)
?
y

â , we have õ(A _ B) � T i»

õ(A) � T or õ(B) � T, since(A _ B) 2 H i» A 2 H or B 2 H by r _ . Finally,

for eachtype � and F 2 cw» � ! o(¶)
?
y

â , r
â

8 implies (µ � F) 2 H i» (FA)
?
y

â 2 H

for every A 2 cw» � (¶)
?
y

â . Thus, we have õ(µ � F) � T i» õ(F@âA) � T for every

A 2 cw» � (¶)
?
y

â .

This veriÞesM H
1 := (cw»

?
y

â ; @â ; E â ; õ) is a ¶-model. Clearly, M H
1 j= H since

õ(A) � T for every A 2 H by deÞnition.
By Theorem 3.62,we have a congruencerelation :� on M H

1 induced by Leibniz
equality. Note that by Lemma 3.61 in the term model M H

1 , for every type � and
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every A; B 2 cw» � (¶)
?
y

â
, we have A �

:� B� , i» õ(A := B) � T, i» (A := � B) 2 H .
Furthermore, if primiti veequality is in the signature, then H 2 Hint � is a Hintikka

setwith primiti veequality. Hence, H satisÞesr
:=

= by Lemma6.22. WehaveA :� B,

i» (A := � B) 2 H , i» (by r
:=

= ) (A = � B) 2 H , i» õ(E â (= � )@âA@âB) � T.
Let M := M H

1 =:� . Each domain of this model has cardinality at most @s as it
is the quotient of a setof cardinality @s. By Theorem 3.62,we know the quotient
model M models H , satisÞesproperty q, and is a model with primiti ve equality
(if primiti ve equality is in the signature). Hence, M 2 M â . Now, we can use
Lemma 3.58to checkM 2 M � by checkingcertain propertiesof

:
� .

When � 2 f âb;âçb;âî b;âfbg, we must check that :� has only two equivalence
classesin D â

o . To show this, Þrstnote that r b holds for H by Lemma 6.26. Choose
any â-normal B 2 H . By ~r c, : B =2 H . By r b , for every A 2 cw»o(¶)

?
y

â either

(A := o B) or (A := o : B). That is, in M H
1 , for every A 2 cw»o(¶)

?
y

â
we either have

A :� B or A :� : B. So, weknow M satisÞesproperty b.
When � 2 f âç;âçbg, the fact that :� satisÞesproperty ç follows from r ç which

holds for H by Lemma 6.27.
When � 2 f âî ;âî bg, we must show that :� satisÞesproperty î . Let M ; N 2

w» â (¶), an assignment' and a variable X � be given. SupposeEâ
'; [A=X](M ) :�

Eâ
'; [A=X](N ) for every A 2 cw» � (¶)

?
y

â . Let è be the substitution deÞnedby

è(Y ) := ' (Y ) for each variable Y 2 (fr ee(M ) [ free(N )) n f X g. So, for each
A 2 cw» � (¶)

?
y

â ,

([A=X ]è(M ))
?
y

â � E â
'; [A=X](M ) :� E â

'; [A=X](N ) � ([A=X ]è(N ))
?
y

â :

That is, ([A=X ]è(M ) := â [A=X ]è(N ))
?
y

â
2 H for every A 2 cw» � (¶)

?
y

â
. By r

â
î

(Lemma 6.28),wehave((ëX è(M )) := � ! â ëX è(N ))
?
y

â2 H . So,

Eâ
' (ëX M ) � (ëX è(M ))

?
y

â
:� (ëX è(N ))

?
y

â � E â
' (ëX N ):

Thus, :� satisÞesî asdesired.
When � 2 f âf;âfbg, we must show :� is functional. Let � and â be typesand

G; H 2 cw» � ! â (¶)
?
y

â . We needto show G :� H i» (GA)
?
y

â
:� (HA )

?
y

â for every

A 2 cw» � (¶)
?
y

â . This followsdirectly from r
â

f .
This veriÞesthe fact that M 2 M � whenever H 2 Hint � . a

Theorem 6.34(Model existencetheorem). Let °¶ be a saturated abstract con-
sistency class and let ¸ 2 °¶ be a su¼ciently ¶-pure set of sentences. For all
� 2 f â;âç;âî ;âf;âb;âçb;âî b;âfbg we have: If °¶ is an Acc� (cf. DeÞnition 6.7),
thenthereexists a modelM 2 M � (cf. DeÞnition3.49)that satisÞeş . Furthermore,
each domainof M hascardinality at most@s.

Proof. Let °¶ be an abstract consistencyclass. We can assumewithout lossof
generality (cf. Lemma6.18)that °¶ is compact, sothepreconditionsof Lemma6.32
are met. Therefore, there exists a saturated Hintikka setH 2 Hint � with ¸ � H .
The proof is completedby a simpleappeal to the Theorem6.33. a
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Theorem 6.35(Model existencefor Henkin models). Let °¶ be a saturated ab-
stractconsistency classin Accâfb andlet ¸ 2 °¶ beasu¼ciently ¶-puresetof sentences.
Thenthereis a Henkin model(cf. DeÞnition3.50)that satisÞeş . Furthermore, each
domainof themodelhascardinality at most@s.

Proof. By Theorem 6.34, there is a model M 2 M âfb with M j= ¸. By Theo-
rem 3.68, there is a Henkin model M f r 2 M âfb isomorphic to M . By the isomor-
phism, wehaveM f r j= ¸ and that eachdomain of M f r hasthe samecardinality as
the correspondingdomain of M . a

Remark 6.36. The model existencetheoremsshow there are ÒenoughÓmodels
in eachclassM � to model su¼ciently pure setsin saturated abstract consistency
classesin Acc� . Theseresultsare abstract formsof completeness. To completethe
analysis, we can show abstract forms of soundness. One way to show this is to
deÞnea classof sentences

° �
¶ := f ¸ � cw»o j 9M 2 M � M j= ¸ g

for each� 2 f â;âç;âî ;âf;âb;âçb;âî b;âfbg and show ° �
¶ is a (saturated) Acc� . We

only sketch the proof here.
The fact that each° �

¶ satisfy r c, r â , r : , r _ , r ^ , r 8 , and r sat is straightforward.
The proof that r 9 holds has the technical di¼culty that one must modify the
evaluation of a parameter. Showing r b [r ç] holds when consideringmodelswith
property b [ç] is alsoeasy.

Whenshowing r f holds in ° âf
¶ [° âfb

¶ ], oneseesthe importance of assumingprop-
erty q holds. Suppose¸ 2 ° âf

¶ [° âfb
¶ ] and : (F := � ! â G) 2 ¸. Then there

is a model M � (D ; @; E; õ) 2 M âf [M âfb ] such that M j= ¸. This implies
M j= : (F := � ! â G). Without using property q, it follows by Lemma 4.2(1) that
E(F) 6� E(G). By functionality, there is an a 2 D � suchthat E(F)@a 6� E(G)@a.
Let ' be any assignmentinto M . Then E'; [a=X](FX ) 6� E'; [a=X](GX ). Now, using

property q, we canconcludeM '; [a=X] j= : ((FX ) := â (GX )) by Lemma 4.2(2). Let
w� 2 ¶ be a parameter that does not occur in any sentenceof ¸. With some
technicalwork which weomit, onecanchangethe evaluation function to E 0sothat
E0(A) � E(A) for all A 2 ¸, andE 0(w) � a. In thenew modelM 0 � (D ; @; E 0; õ),
wehaveM 0 j= ¸ and M 0 j= : (Fw := â Gw). Also, M 0 2 Accâf [Accâfb ]. This shows
¸ � : (Fw := â Gw) 2 ° âf

¶ [° âfb
¶ ]. The proof that r î holds in ° âî

¶ [° âî b
¶ ] is analogous.

We havenow establisheda setof proof-theoretic conditions that aresu¼cientto
guaranteethe existenceof a model.

x7. Characterizinghigher-ordernatural deductioncalculi. In this sectionweapply
the model existencetheoremsabove to prove someclassicalhigher-order calculi of
natural deductionsoundand completewith respectto the modelclassesintroduced
in Section3. The Þrst calculusfor sucha formulation of higher-order logic wasa
Hilbert-style systemintroducedby Alonzo Church in [18]10. Leon Henkin proves
completeness(with respectto Henkin models)for a similar calculuswith full exten-
sionality in [26]. PeterAndrewsintroduceda weakercalculusTâ [1], which lacksall

10Church included functional extensionality axioms but only mentions the Boolean extensionality
axiom asan option.
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A 2 ¸
NK(Hyp)

¸ `̀ A

A� âB ¸ `̀ A
NK(â)

¸ `̀ B

¸ � A `̀ Fo
NK(: I )

¸ `̀ : A

¸ `̀ : A ¸ `̀ A
NK(: E)

¸ `̀ C

¸ `̀ A
NK(_IL )

¸ `̀ A _ B

¸ `̀ B
NK(_IR)

¸ `̀ A _ B

¸ `̀ A _ B ¸ � A `̀ C ¸ � B `̀ C
NK(_E)

¸ `̀ C

¸ `̀ Gw� w parameternot occurring in ¸ or G
NK(µ I )w

¸ `̀ µ � G

¸ `̀ µ � G
NK(µ E)

¸ `̀ GA

¸ � : A `̀ Fo
NK(Contr)

¸ `̀ A

Figure 6. Inferencerules for NKâ .

formsof extensionality. This calculushasbeenwidely usedasa syntacticmeasure
of completenessfor machine-orientedcalculi [1, 32,33,34,42,36,37].

Insteadof applying our methodsto Hilbert-style calculi, wewill usea collection
of natural deduction calculi to avoid the tedious details of proving a deduction
theorem and propositional completeness. Mor eover, natural deduction calculi are
more relevant in practice. They form the logical basisfor semi-automated theorem
proving systemssuchasHOL [25], Isabelle [46], or º mega [51].

DeÞnition 7.1 (The calculi NK� ). The calculus NKâ consistsof the inference
rules11 in Figure6 for the provability judgment `̀ betweensetsof sentenceş and
sentencesA. (We write `̀ A for ; `̀ A.) The rule NK(â) incorporatesâ-equality
into `̀ . The otherscharacterize the semanticsof the connectivesand quantiÞers.

For � 2 f âç;âî ;âf;âb;âçb;âî b;âfbg we obtain the calculusNK� by adding the
rulesshown in Figure7 whenspeciÞedin � .

Remark 7.2. It is worth noting that there is a derivation of `̀ To (i.e., `̀ 8P0

P _ : P) which only usesthe rules in Figure 6. Let p be a parameterof type o. A
derivation of : (p _ : p) `̀ (p _ : p) is shown in Figure 8. Using NK(Hyp) and

11Recallthat Fo isdeÞnedto be: (8Po (P _ : P)) andM 6j= Fo for each¶-model M (cf. Lemma3.43).
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A� âçB ¸ `̀ A
NK(ç)

¸ `̀ B

¸ `̀ 8X � M := â N
NK(î )

¸ `̀ (ëX� M ) := � ! â (ëX� N )

¸ `̀ 8X � GX := â H X
NK(f)

¸ `̀ G := � ! â H

¸ � A `̀ B ¸ � B `̀ A
NK(b)

¸ `̀ A := o B

Figure 7. Extensional inferencerules.

NK(Hyp)
: (p _ : p); p `̀ : (p _ : p)

NK(Hyp)
: (p _ : p); p `̀ p

NK(_IL )
: (p _ : p); p `̀ (p _ : p)

NK(: E)
: (p _ : p); p `̀ Fo

NK(: I )
: (p _ : p) `̀ : p

NK(_IR)
: (p _ : p) `̀ (p _ : p)

Figure 8. Derivation of : (p _ : p) `̀ (p _ : p).

NK(: E), we obtain : (p _ : p) `̀ Fo. So, we can conclude `̀ (p _ : p) using
NK(Contr). Finally, weobtain a derivation of `̀ To usingNK(µ I )p . Hence, `̀ To

is derivable in eachcalculusNK� where � 2 f â;âç;âî ;âf;âb;âçb;âî b;âfbg. Also,
we canapply the rule NK(µ E) to the endof this derivation with any sentenceA to
derive `̀ (A _ : A).

Note that NKâ and NKâfb correspondto the extremesof the model classesdis-
cussedin Section3 (cf. Figure1 in the introduction). Standard modelsdo not admit
(recursively axiomatizable) calculi that aresoundand complete, NKâfb is complete
for Henkin models,and NKâ is completefor M â . Wewill now show soundnessand
completenessof eachNK� with respectto eachcorrespondingmodel classM � by
using the model existencetheoremsin Section6.

Theorem 7.3 (Soundness). NK� is soundfor M � for � 2 f â;âç;âî ;âf;âb;âçb;
âî b;âfbg. That is, if ¸ `̀ NK � C is derivable, then M j= C for all modelsM �
(D ; @; E; õ) in M � such that M j= ¸ .

Proof. This canbeshown by a simpleinduction on the derivation of ¸ `̀ NK � C.
We distinguish basedon the last rule of the derivation. The only basecaseis
NK(Hyp), which is tri vial sinceM j= C whenever M j= ¸ and C 2 ¸.



1082 CHRISTOPH BENZM ¬ULLER, CHAD E. BROWN, AND MICHAEL KOHLHASE

NK(â): Suppose¸ `̀ C follows from ¸ `̀ A and A� âC. Let M 2 M � be a
model of ¸. By induction, we know M j= A and so M j= C using
Remark 3.19.

NK(Contr): SupposeM 2 M � , M j= ¸ and ¸ `̀ C follows from ¸ � : C `̀ Fo. By
Lemma 3.43,M 6j= Fo. So, wemust haveM 6j= : C. Hence, M j= C.

NK(: I ): Analogousto NK(Contr).
NK(: E): Suppose¸ `̀ C follows from ¸ `̀ : A and ¸ `̀ A. By induction, any

model in M � of ¸ would have to model both A and : A. So, there is
no suchmodel of ¸ and wearedone.

NK(_IL ): SupposeM 2 M � , M j= ¸, C is (A _ B) and ¸ `̀ C follows from
¸ `̀ A. By induction, M j= A and soM j= (A _ B).

NK(_IR): Analogousto NK(_IL ).
NK(_E): Supposȩ `̀ C followsfrom ¸ `̀ (A _ B), ¸ � A `̀ C and ¸ � B `̀ C.

Let M 2 M � bea model of ¸. By induction, M j= A _ B. If M j= A,
then by induction M j= C since ¸ � A `̀ C. If M j= B, then by
induction M j= C since¸ � B `̀ C. In either case, ¸ `̀ C.

NK(µ I ): SupposeC is (µ � G) and ¸ `̀ (µ � G) follows from ¸ `̀ Gw where
w� is a parameterwhich doesnot occur in any sentenceof ¸ or in G.
Let M � (D ; @; E; õ) 2 M � be a model of ¸. AssumeM 6j= µ � G.
Then there must be somea 2 D � such that õ(E(G)@a) � F. From
the evaluation function E, onecandeÞneanother evaluation function
E0 suchthat E0(w) � a and E 0

' (A � ) � E' (A � ) if w doesnot occur in
A. Let M 0 := (D ; @; E 0; õ). One can checkM 0 2 M � using the fact
that M 2 M � . SinceM 0 j= ¸, by induction we haveM 0 j= Gw. This
contradictsõ(E 0(G)@a) � õ(E(G)@a) � F. Thus, M j= µ � G.

NK(µ E): SupposeC is (GA) and ¸ `̀ C follows from ¸ `̀ (µ � G). Let M �
(D ; @; E; õ) 2 M � be a model of ¸. By induction, M j= (µ � G) and
thus õ(E(G))@a � T for every a 2 D � . In particular, M j= GA.

Wenow checksoundnessof the rulesin Figure7 with respectto their modelclasses:
NK(ç): Analogousto NK(â) usingproperty ç.
NK(î ): SupposeC is (ëX� M ) := � ! â (ëX� N ) and ¸ `̀ C follows from ¸ `̀

8X � M := â N . Let M � (D ; @; E; õ) 2 M � be a model of ¸. By
induction, we have M j= 8X � M := â N . So, for any assignment'
and a 2 D � , M j= '; [a=X] M := â N . Note that property q holds in M
sinceM 2 M � (cf. DeÞnition 3.49). By Lemma 4.2(2), E'; [a=X](M ) �
E'; [a=X](N ). By property î , E' (ëX� M ) � E' (ëX� N ) and thus M j=
C by Lemma 4.2(1).

NK(f): SupposeC isG := � ! â H and¸ `̀ C followsfrom¸ `̀ 8X � GX := â H X .
Let M 2 M � be a model of ¸. By induction, we know M j=
8X � GX := â H X . Note that property q holds for M sinceM 2 M � .
By Theorem4.3(3), wemust haveM j= (G := � ! â H ).

NK(b) SupposeC isA := o B and¸ `̀ C followsfrom ¸ � A `̀ B and¸ � B `̀ A.
Let M � (D ; @; E; õ) 2 M � bea modelof ¸. If M j= A, then M j= B
by induction. If M j= B, then M j= A by induction. Thesefacts imply
õ(E(A)) � õ(E(B)). By Lemma 3.48, we have M j= (A , B). By
Theorem4.3(4), wemust haveM j= (A := o B). a
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DeÞnition 7.4 (NK� -consistent). A set of sentenceş is NK� -inconsistentif
¸ `̀ NK � Fo, and NK� -consistentotherwise.

Now, we usethe model existencetheoremsfor HOL to give short and elegant
proofs of completenessfor NK� .

Lemma7.5. The class ° �
¶ := f ¸ � cw»o j ¸ is NK� -consistentg is a saturated

Acc� .

Proof. Obviously ° �
¶ is closed under subsets,since any subset of an NK� -

consistent set is NK� -consistent. We now check the remaining conditions. We
proveall the propertiesby proving their contrapositive.

r c: SupposeA; : A 2 ¸. Wehave¸ `̀ Fo by NK(Hyp) and NK(: E).
r â : Let A 2 ¸, A� âB and ¸ � B be NK� -inconsistent. That is, ¸ � B `̀ Fo. By

NK(: I ), we know ¸ `̀ : B. SinceA 2 ¸, we know ¸ `̀ B by NK(Hyp) and
NK(â). Using NK(: E), weknow ¸ `̀ Fo and hence¸ is NK� -inconsistent.

r : : Suppose:: A 2 ¸ and ¸ � A is NK� -inconsistent. From ¸ � A `̀ Fo and
NK(: I ), we have ¸ `̀ : A. Since :: A 2 ¸, we can apply NK(Hyp) and
NK(: E) to obtain ¸ `̀ Fo.

r _ : Suppose(A _ B) 2 ¸ and both ¸ � A and ¸ � B are NK� -inconsistent. By
NK(Hyp) and NK(_E), wehave¸ `̀ Fo.

r ^ : Suppose: (A _ B) 2 ¸ and ¸ � : A � : B is NK� -inconsistent. By NK(Contr)
and NK(_IR), we have ¸ ; : A `̀ A _ B. Using NK(: E) with : (A _ B) 2 ¸,
wehave¸ ; : A `̀ Fo. By NK(Contr) and NK(_I L ), wehave¸ `̀ A _ B. Using
NK(: E) with : (A _ B) 2 ¸, ¸ is NK� -inconsistent.

r 8 : Suppose(µ � G) 2 ¸ and ¸ � (GA) is NK� -inconsistent. By NK(: I ), ¸ `̀
: (GA). By NK(Hyp) and NK(µ E), ¸ `̀ GA. Finally, NK(: E) implies
¸ `̀ Fo.

r 9 : Suppose: (µ � G) 2 ¸, w� is a parameter which doesnot occur in ¸, and
¸ � : (Gw) is NK� -inconsistent. By NK(Contr), ¸ `̀ Gw. By NK(µ I )w ,
¸ `̀ (µ � G). Using NK(: E) with : (µ � G) 2 ¸, ¸ is NK� -inconsistent.

r sat: Let ¸ � A and¸ � : A beNK� -inconsistent.Weshow that ¸ isNK� -inconsistent.
Using NK(: I ), weknow ¸ `̀ : A and¸ `̀ :: A. By NK(: E), wehave¸ `̀ Fo.

Thus we have shown that ° â
¶ is saturated and in Accâ . Now let us check the

conditions for the additional propertiesç, î , f, and b.

r ç : If � includesç, thentheproof proceedsasin r â above, but with therule NK(ç).
r î : Suppose� includesî , : (ëX M := � ! â ëX N ) 2 ¸, and ¸ � : ([w=X ]M := â

[w=X ]N ) is NK� -inconsistentfor someparameterw� which doesnot occur in
any sentenceof ¸. By NK(Contr), we have¸ `̀ ([w=X ]M := â [w=X ]N ). By
NK(â), we have ¸ `̀ ((ëX M := â N )w). By NK(µ I ), ¸ `̀ (8X M := â N ).
By NK(î ), ¸ `̀ (ëX M := � ! â ëX N ). By NK(: E), ¸ is NK� -inconsistent.

r f : This caseis analogous to the previous one, generalizing ëX M := ëX N to
arbitr ary G := H and usingthe extensionality rule NK(f) insteadof NK(î ).

r b : Suppose� includesb. Assumethat : (A := o B) 2 ¸ but both ¸ � : A � B =2 ° �
¶

and ¸ � A � : B =2 ° �
¶ . So both are NK� -inconsistentand we have¸ � A `̀ B

and ¸ � B `̀ A by NK(Contr). By NK(b), we have ¸ `̀ (A := o B). Since
: (A := o B) 2 ¸, ¸ is NK� -inconsistent. a
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Theorem 7.6 (HenkinÕs theoremfor NK� ). Let � 2 f â;âç;âî ;âf;âb;âçb;âî b;
âfbg. Every su¼ciently ¶-pureNK� -consistentsetof sentenceshasanM � -model.

Proof. Let ¸ be a su¼ciently ¶-pure NK� -consistentsetof sentences. By The-
orem 7.5 we know that the classof setsof NK� -consistentsentencesconstitute a
saturated Acc� , thus the Model ExistenceTheorem (Theorem 6.34) guaranteesan
M � model for ¸. a

Cor oll ary 7.7 (Completenesstheoremfor NK� ). Let ¸ be a su¼ciently ¶-pure
set of sentences, A be a sentence, and � 2 f â;âç;âî ;âf;âb;âçb;âî b;âfbg. If A is
valid in all modelsM 2 M � that satisfy¸ , then¸ `̀ NK � A.

Proof. Let A be given suchthat A is valid in all M � modelsthat satisfy ¸. So,
¸ � : A is unsatisÞable in M � . Sinceonly Þnitely many constantsoccur in : A,
¸ � : A is su¼ciently ¶-pure. So, ¸ � : A must be NK� -inconsistentby HenkinÕs
theoremabove. Thus, ¸ `̀ NK � A by NK(Contr). a

Finally we can usethe completenesstheoremsobtained so far to prove a com-
pactnesstheoremfor our semantics.

Cor oll ary 7.8 (Compactnesstheoremfor NK� ). Let ¸ be a su¼ciently ¶-pure
set of sentencesand � 2 f â;âç;âî ;âf;âb;âçb;âî b;âfbg. ¸ has an M � -model i»
every Þnitesubsetof ¸ hasanM � -model.

Proof. If ¸ hasno M � -model, thenby Theorem7.6¸ isNK� -inconsistent.Since
every NK� -proof is Þnite, this meanssomeÞnitesubset¹ of ¸ is NK� -inconsistent.
Hence, ¹ hasno M � -model. a

Remark 7.9 (Calculi with primiti ve equality). If primiti veequality is includedin
the signature, a simple way of extending the calculi NK� in a sound and complete
way is to include the rulesNK(= r) and NK(= l ) in Figure 9. Theserulesareclearly
sound for modelswith primiti ve equality. Onecanarguecompletenessby showing
° �
¶ := f ¸ � w» o(¶) j ¸ is NK� -consistentg is a saturated Acc� with primiti ve

equality. By Lemma 7.5, we already know ° �
¶ is a saturated Acc� . To show the

conditions for primiti ve equality, one can show ° �
¶ satisÞesr r

= using NK(= r) and
r

:=
= usingNK(= l ).

NK(= r)
¸ `̀ A = � A

¸ `̀ C = � D
NK(= l )

¸ `̀ C := � D

Figure 9. Primiti ve equality in NK� .

x8. Conclusion. In this article, we have given an overview of the landscape of
semanticsfor classicalhigher-order logics. We have di»erentiated nine di»erent
possible notions and have tied the discerning properties to conditions of corre-
spondingabstract consistencyclasses. The practical relevanceof thesenotions has
beenillustrated by pointing to application scenarioswithin mathematics,program-
ming languages,and computational linguistics.
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Our model existence theorems are strong proof tools connecting syntax and
semantics. A standard application is in completenessanalysis of higher-order
calculi. A calculusC is shown to be complete for a model classM � by showing
that the classof C-consistentor C-irr efutable setsof sentencesis in Acc� . Then
completenessfollows from the model existenceresults. We have given an example
of this by showing completenessfor natural deduction calculi in Section7.

8.1. Applicationsandrelatedwork. ThegeneralizedmodelclassesM � havemany
possible applications. An example is higher-order logic programming [45] where
the denotational semanticsof programs can induce non-standard meaningsfor
the classicalconnectives. For instance, given an SLD-lik e search strategy as in
ë-PROLOG [43], conjunction is not commutativeany more. Therefore, various au-
thors haveproposedmodel-theoretic semanticswhere property b fails. David Wol-
fram, for instance, usesAndrewsÕõ-complexes[58] asa semanticsfor ë-PROLOG
and Gopalan Nadathur usesÒlabeled structuresÓfor the samepurpose in [45].
Mary DeMarco [20] also develops a model theory for intuitionistic type theory
and ë-prolog in which property b may fail (JamesLipton and Mary DeMarco are
continuing this work). Till Mossakowski and Lutz Schr¬oder have beenstudying
non-functional Henkin models for a partial ë-calculus in the context of the Has-
Casl speciÞcation language[48,49]. It is plausible to assumethat the resultsof this
article will be useful for further development in this direction. Further relevance
of model-theoretic semanticswhere property q fails, however, is not su¼ciently
investigated yet, but seemsa promising line of research.

The article alsoprovidesa basisfor the investigation of hyper-intensionalseman-
ticsof natural languages. In fact early versionsof this article havealready inßuenced
the work of Lappin and Pollard [40]. Hyper-intensionalsemanticsprovide theories
for logicswhereBooleanextensionality (and thusthesubstitutability of equivalents)
canfail. Linguistically motivated theorieslike the onespresentedin [56, 17,41,40]
introduce intensional (non-standard) variants of the connectivesand quantiÞers
acting on a generalized domain of truth values. Interestingly, only [41] and [40]
presentformal model-theoretic semantics. The model construction in [41] strongly
resemblesPeter AndrewÕs õ-complexes(semanticobjectsare paired with syntactic
representations; in this caselinguistic parse trees). In [40], Do is taken to be a
pre-Booleanalgebra, and possible worlds are associated with ultr aÞlters. A direct
comparisonis aggravatedby the fact that Lappin and PollardÕswork is situated in a
Montague-styleintensional (i.e., modal) context. A generalization of our work by
techniquesfrom [23] seemsthe way to go here.

8.2. Relaxingthesaturation assumption.Unfortunately, the modelexistencethe-
oremspresentedin this article do not support completenessproofs for most higher-
order machine-orientedcalculi, such as higher-order resolution [33, 13], higher-
order paramodulation [11], or tableau-basedcalculi [5, 37]. This is becausewehad
to assumesaturation of abstract consistencyclassesto prove the model existence
theorems. The problemis that machineorientedcalculi aretypically, in somesense,
cut-free. This makessaturation very di¼cult to show.

For the same reason the results of this article also do not apply to another
prominent application of model existencetheorems: relatively simple (but non-
constructive) cut-elimination theorems. In [1] PeterAndrewsapplieshis ÒUnifying
PrincipleÓto cut-elimination in a cut-free non-extensional sequentcalculus, by
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proving the calculuscomplete(relative to Tâ ). He concludesthat cut-elimination
is valid for this calculus. Again, the saturation condition preventsus from obtain-
ing variants of the extensional cut-elimination theoremsin [54, 55] by AndrewsÕ
approach using our model existencetheorem for Henkin models. In fact one can
prove (cf. [12]) that the problem of showing that an abstract consistencyclasscan
be extendedto a saturated one is equivalent to showing cut elimination for certain
sequentor resolutioncalculi.

To account for the saturation problem we have additionall y investigated model
existencefor the model classespresentedin this article usingan extensionof Peter
AndrewsÕõ-complexes(cf. [12]). The model construction in this techniquerequires
an abstract consistencyclassto satisfy certain acceptabilityconditions which are
much weaker than saturation. (For example, the acceptability conditions can be
shown to hold for abstractconsistencyclassesobtainedfrom certaincut-freesequent
calculi.) Becausethis techniqueismuchmorecomplex andsubtlethan therelatively
simple quotients of term evaluations used in this article, we did not include the
extendedresultshere. The unsaturated model existencetheoremsimply that every
acceptable abstract consistencyclasscan be extended to a saturated one. Ar med
with this fact, wecanusethe model existencetheoremspresentedhereto rescuethe
general completenessand cut elimination resultsmentioned above. To show, for
example, completenessof ahigher-ordermachine-orientedcalculusC, wedeÞnethe
class° of C-irr efutablesentencesandshow that it isanacceptable(but unsaturated)
abstractconsistencyclass. By theextensionresultin [12] thereisasaturatedabstract
consistencyclass° 0 � °. By application of saturated model existencefrom this
article weobtain a suitablemodel for every (su¼ciently ¶-pure) ¸ 2 ° 0and thus for
every (su¼ciently ¶-pure) ¸ 2 °. This immediately givesus completeness. Hence,
the leverage added by this article together with [12] is that we can now extend
non-extensionalcut-elimination resultsto extensionalcases.
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