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Abstract. We describe a second-order type theory with proof irrele-
vance. Within this framework, we give a representation of a form of Mac
Lane set theory and discuss automated support for constructing proofs
within this set theory. One of the novel aspects of the representation is
that one is allowed to use any class (in the set theory) as a type (in the
type theory). Such class types allow a natural way of representing partial
functions (e.g., the first and second operators on the class of Kuratowski
ordered pairs). We also discuss how automated search can be used to con-
struct proofs. In particular, the first-order prover Vampire can be called
to solve a challenge problem (the injective Cantor Theorem) which is
notoriously difficult for higher-order automated provers.

1 Introduction

In order to resolve mathematical conjectures, either a person or a system must
know enough mathematics. Very few conjectures can be resolved by going back
to first principles. One can imagine having a large library of mathematical defi-
nitions and theorems. An automated prover for mathematics should be able to
make effective use of this library. First-order provers are designed to deal with
large numbers of clauses. On the other hand, it is often difficult and unnatural
to force higher-order or set-theoretic concepts into first-order logic.

What is the best language for automated reasoning in mathematics? We
sketch two answers:

1. Experience shows first-order logic is the appropriate language for automated
reasoning. Some forms of set theory such as von Neumann-Bernays-Godel
(NBG) are finitely axiomatizable in first-order logic and sufficient for repre-
senting much of mathematics. The best language is first-order logic with a
finitely axiomatized set theory as in [6, 20, 5].

2. Higher-order logic (e.g., Church’s type theory) allows more natural repre-
sentations of mathematical propositions. In particular, A-terms allow a more
computational treatment of sets and functions than first-order set theory.
Furthermore, higher-order logic supports type distinctions mathematicians
make implicitly. While automated reasoning in higher-order logic is more
complicated than in first-order logic, systems such as TPS can automatically
prove some theorems which are difficult to even represent in first-order [2].



Of course, a third answer is simply that we do not yet know.

We introduce a new alternative for automated reasoning in mathematics.
Instead of trying to force mathematics into first-order logic, we use an LF-style
dependent type theory (or, logical framework) with proof irrelevance. This type
theory is implemented in a mathematical assistance system Scunak [7].

The Scunak type theory itself is too weak to represent interesting mathe-
matics. We must “axiomatize” (give a signature for) a theory strong enough to
represent mathematical propositions and proofs. The axiomatic theory presented
here is a form of Mac Lane set theory (as advocated by Mac Lane in [14]). If we
insisted on implementing this set theory in first-order logic, then we would need
to use axiom schemes.

Another advantage of using a logical framework is that one can use proof
terms to naturally represent partial functions by insisting that a proof of a
certain condition is required before a term exists. One can further improve the
treatment of partial functions by including certain (very restricted) product
types and the notion of proof irrelevance in the logical framework. Essentially,
one can make any predicate (or, in semantic terms, “class”) into a type at the
meta-level.

By noting certain properties of the language, we can argue that automated
reasoning is possible in this setting. However, a complete theorem prover has
not yet been written for our version of Mac Lane set theory in the Scunak type
theory. We have written an interface to the first-order prover Vampire [22] which
has been able to find a proof of a challenge problem discussed in [3].

2 A Type Theory with Proof Irrelevance

The type theory of Scunak is a modified version of the type theory LF (also called
AP) as implemented in Twelf [19]. A thorough development of the LF meta-
theory can be found in [12] and of a similar version of Martin-Lof type theory
can be found in [16]. Proof irrelevance in type theory is considered as a modal
judgment in [18] and [21]. We conjecture that the type theory we are presenting
can be interpreted in the presumably more generally setting investigated in [21].
A more thorough investigation of the Scunak type theory is planned for future
work. Here we sketch an example of the intended semantics, then we give the
syntax, the typing judgments and corresponding rules.

We begin with a type obj which contains all the (untyped) mathematical
objects of interest. We take Dy, to be V2 in the usual von Neumann heirarchy
of sets: Vp =0, Veyr = P(Ve) and V= ., Ve for each limit ordinal .

Next we want a type prop to contain “propositions.” In set theory, the im-
portant properties of sets are given by the membership and equality relations.
Fix four distinct values €, ¢, =, 75 We take Dprop to be the set

{(R.z,y)|Re{& ¢ = #} oy € V)

Intuitively, for any x,y € V2, (¢,x,y) represents the proposition that x ¢ y.
Only some propositions should be “true” and true propositions should have



“proofs”. Since we wish to model proof irrelevance, a true proposition should
have exactly one proof. An easy way to model this is to take the set of proofs to
be a subset of the set of propositions. We take D, to be the subset

{(& )|,y € Vee, v €y U{(¢, 2,y |2,y € Voo, o ¢ )
U{(i,$,$)|$ € sz} U {(#,m,y)|x7y S Vuﬂa X 7é y}

of Dprop. The intention is that p € D, is a (the) proof of p.

Consider a function ¢ from Dobj to Dprop- Note that this determines a
subset {z € Dopjlé(x) € Dy} of Dopy. Intuitively this is the “class” (relative
to V,2) of © € V2 such that ¢(z) has a proof. This subset is isomorphic to the
set {{z,p) € Dobj X Dy |p = ¢(x)}, motivating consideration of the product type
obj X p.

Let ST be the following set of simple types: We have three base simple types
obj, prop, and p. We allow one product type (obj X p) € ST . Finally, for any
o, € ST, (o — ) € ST. Taking Dopj, = Dobj X Dp and Da—p to be the
set of all functions from D, to Dg for any o and 3 we obtain a standard frame
for these types. The frame D is sufficient to evaluate simply typed A-terms (with
pairing between obj and p).

We have modelled proofs using the simple type p. However, this is not suf-
ficient. We care about proofs of propositions. That is, for any p € Dprop, we
care about the proofs of p in p. We use a dependent type pf P for this purpose.
Semantically, dependent types are partial equivalence relations (pers) over the
domains D,. Only valid types will correspond to pers, the rest will simply be
binary relations. For each «, let R, denote the set of all binary relations over
D,,. For a relation R, let |R| be {z|(z,z) € R}.

We will interpret pf P using a function pf from Dprop to R, taking a
proposition p to the per {(p,p)} if p € D, and to the empty per otherwise.
Hence pf(p) is a per with one equivalence class if p has a proof, and pf(p) is
empty if p has no proof.

The other basic dependent type depends on ¢ € Dobj _prop- As described
above, such a “predicate” ¢ determines a subset of Dy, L which is a “class” rela-

tive to Dyp+. This class can be represented by the domain of the per M((b) on
Dobj x Dy given by {{(z, ¢(x)), (z, ¢(x)))|x € Dopj,#(x) € Dp}. The remain-
ing dependent types correspond to II-types. Semantically, given R € R, and
F :D, — Rg, we define II(R,F) € Ro—p by f(II(R, F))g iff f(z) F(x)g(y) for
all zRy.

We now describe the syntax. Let V be an infinite set of variables and C be
a set of constants. We use x,y, z,z',... to denote variables and ¢, d,c',... to
denote constants. We define terms and types as follows:

Terms M,N,P,Q,R,,...:= z|c|(Ax.M)|(M N)|{M, N)|rxi(M)|ma(M)
Types A, B,C, ... := obj|prop|(pf P)|(class ¢)|(IIx : A.B)
As usual we identify terms and types up to a-conversion. We assume all the usual

notions of A-calculus: substitution, G-reduction, n-reduction and the following
pairing reductions:



(1) m (M, N)) =y M (m2) (M, N)) =y N

() : (w1 (M), ms(M)) = M

We say a term or type is normal if it contains no redexes. We write W' for
the normal form of W, if a unique normal form of W exists. In practice we will
consider terms and types which are of a certain class (respecting simple types)
which satisfy strong normalization and the Church-Rosser property. For such
terms and types, W! exists (see, for example, [13]).

For some rules in the typing judgment we will - or m-expand on the fly. We
introduce some notation to facilitate this.

If M is a term of the form (AzN), then let x}! denote # and B! denote N.
If M is any other term, then let x37 be a variable not occurring in M and B}/
denote (Mx3"). Note that in the first case, (Ax}'B27) is identical to M. In the
second case, (AxM BAT) n-reduces to M.

If M is a term of the form (N, P), then let fst™ denote N and snd™ denote
P. If M is any other term, then let fst* denote 71(M) and snd™ denote
mo(M). In the first case, (fst™ snd™) is identical to M. In the second case,
(fst™ snd™) m-reduces to M.

A signature Y is a list of distinct constants associated with types, and a
type context I is a list of distinct variables associated with types. A simple type
signature = is a list of distinct constants associated with simple types, and a
simple type context A is a list of distinct variables associated with simple types.

We can interpret ¢ : a € = by giving [¢] € D,. We can interpret [A] as
{0} X D1 X -+ X Dgn. when Ais 2t : ot ... 2™ : a™. (Special Case: -] := {0}.)

The dependencies of types on objects can be erased to obtain a simple type as
follows: [obj] := obj, [prop]| := prop, [pf M] :=p, [class M| := (obj X p),
and [(ITx : A.B)] := ([A] — [B]). We can use this operation to obtain a simple
type signature = (resp., simple type context A) from a signature X' (resp., type
context I).

In Scunak, terms and types are always given in [Bm;me-normal form, so that
the types of A-abstractions and pairs can be inferred from the given intended
type.

We begin with two simple typing judgments:

e “AbF=z M : «” In words, M has simple type a. The rules for this judgment
are standard and omitted here. The main reason to consider this judgment is
to guarantee strong normalization and Church-Rosser. Semantically, assume we
have fixed [c] € D, for each ¢ : « € =. Then, when A Fz M : a holds, we can
define [A|M : o] to be a function from [A] to D, (in the obvious way). For
d € [4], we write [A|M : o] instead of [A|M : o](d).

e “AF= A sv” In words, A is simply valid. The rules are omitted. The idea is
that if A is pf P (resp., class ¢), then Atz P : prop (resp., Atz ¢ : obj —
prop) must hold. Semantically, when this judgment holds, we can define [A|A]
to be a function from [A] to Re. In particular, [Alobj] and [A|prop] are the
identity relations on Dop 4 and Dprop, [Alpf P](d) is pf([A|P : prop]a), class
types are interpreted using class, and function types are interpreted using IT.
For d € [A], we write [A|A]4 instead of [A|A](d).



The main typing judgments are as follows:
o “ X sig” Intuitively, X is a valid signature. The idea is to ensure Fx A : Type
before adding ¢ : A to Y. We omit the rules. Note, however, that unlike LF,
new families are never added to the signature. Semantically, an interpretation
respects X if for all ¢ : A € X, [c] € |[-|A]o].- We will assume below that the
interpretation respects X.
e “bx I' ctx” Intuitively, I" is a valid context. The idea is to ensure I' kx5 A :
Type holds before adding z : A to I'. We omit the rules. Semantically, [I'] is a
per over [[I']] inductively given by taking [-] to be the identity over {0} and
taking [I, x : A] to be {{{(d,y), (e, 2))|d([I'])e and y[[I"]|A]az}
e “I'ty M ~ N 1 A” Intuitively, M can be checked to be A-related to N.
The rules are given in Figure 1. Semantically, ([[T]|M]a, [[T1|N]e) € [[T1]4]4
whenever d[I]e.
e “I'tx M ~ N | A” Intuitively, the type A can be extracted as a type in which
M is A-related to N. The rules are given in Figure 1. As above, this means for
all d[Te, ([[17M]a, [[T1IN].) € [T A]a-
e “I'Fx A:Type” In words, A is a valid type. The rules are given in Figure 1.
Semantically, for all d[I']e, [[1"]|A]4 is a per on Dy a7 and [[I']|A]q = [[17]|A]..

We usually omit the dependence on X' in the judgments. Note that the rule
coercepf which normalizes terms includes premisses to ensure the terms are
simply typable, hence that unique normal forms exist. Under certain conditions,
one can eliminate these premisses.

One can easily show by induction on derivations:

— I by M~N | A then [I' sy M: [A] and [I'] Frx) N : [A].
— I by M~NTA, then [I' sy M: [A] and [I'] Frx) N : [A].
— If I'ts A: Type, then [I'] Frop A sv.

Hence when the dependent type judgments hold, we can interpret the relevant
terms or type.

In Scunak, we further restrict the type theory to second-order. We consider
obj, prop, pf P and class ¢ to be first-order types. For all x : B € I', we insist
B is a second-order type, i.e., of the form ITz! : C'---IIz™ : C™*.C™t! where
each C' is a first-order type. For all ¢ : A € X, A must be a third-order type of
the form 2! : B'--. IIz™ : B".C where each B' is a second-order type and C
is a first-order type.

3 Mac Lane Set Theory with Universes

The axiomatic kernel of Mac Lane set theory with Universes (abbreviated MU)
is implemented in Scunak using a signature of 29 constants. (In particular, the
signature is finite.) There are three constants for constructing propositions.

— - :prop — prop, i.e., =M is a proposition whenever M is a proposition.



rz:Ael c:Ae X I'M ~ N | class ¢

v Ts xpi2
'Fa~a ]| A I'kFe~cel A 'k (M) ~m2(N) | pf (¢p71(M))
I'-M~P|([Iz:AB) TEFN~QTA I'M ~ N | class ¢
Ta xpil
I'-(MN) ~ (PQ) | ([N/z]B) 't m (M) ~7m1(N) | obj

Iz:Ar [z/xi”]Bi/f ~ [z/xiv]By T [z/xz]B z €V fresh

cA®
I'M~ N1 (z: A.B)

Ity fst™ ~ st Tobj I'tx snd™ ~snd™ 1pf (¢ fst™)
cp

I'tFs M ~ N 7 class ¢

I'M~N | B B e {obj,prop}

coerce

I'FM~NTB

FFM~M|pt Q [Ibrs) Q:iprop I'F QY ~ P 1 prop

I'-N~N |pf R [ Frs7 R : prop ' RY ~ P 1 prop
coercepf

I'ts M~NTpt P
I'A:Type I,z:AF [z/z]B:Type =z €V fresh
vt —vto
I'+ (Ix : A.B) : Type I' - obj : Type
I'=M ~ M 7 prop I'= M ~ M 1 (obj — prop)
- wtp —_—wipf vtel

I' - prop : Type I'+pf M : Type I' - class M : Type

Fig. 1. Rules for Typing Judgments

— €:0bj — obj — prop, i.e., if  and y are objects (sets), then (z € y) (infix
for (€ yx)) is a proposition.!

— =:o0bj — obj — prop, i.e., if z and y are objects (sets), then (z = y) (infix
for (= xy)) is a proposition.

Note that we take negation as the only logical connective. The other connectives
will be definable (making use of sets). Bounded quantifiers will also be definable.
There are six constants corresponding to basic set constructors.

— 0 : obj, the empty set is an set.

— dsetconstr: ITA: obj.(class (€ A) — prop) — obj, i.e., if A is a set and
¢ is a predicate on the set A, then (dsetconstr A¢) (informally written
{z € A|p(x)}) is a set. In the future, we will often write the class type
class (€ A) induced by the set A simply as A. The constant dsetconstr
corresponds to the separation axiom.

! The order of the arguments are reversed so that (€ y), representing the predicate
version of the set y, has a nice n-short form.



— setadjoin : obj — obj — obj, i.e., if A and B are sets, then {A} U B
is a set. We take this operation of adjoining to sets (or, cons operation) as
primitive instead of the more common primitive: unordered pair.

— P :obj — obj, i.e., if A is a set, then the powerset P(A) of A is a set.

— |J: obj — obj, i.e., if A is a set, then the union | JA of A is a set.

— univ : obj — obj, i.e., if A is a set then the “universe” of A is a set.
A universe of a set A is a set containing A and closed under dsetconstr,
setadjoin, P and |J. Universes are especially useful when one begins to
represent so-called “large” categories.

Note that one can easily represent any finite enumeration {x1,...,x,} using the
empty set and the setadjoin operation: ({z1}U---({z,}UB)---).

While one could take more constructors for propositions and objects as prim-
itive, there is a very important reason to prefer a minimal set: primitive sub-
stitutions. When forming a complete automated reasoning procedure, it seems
inevitable that sometimes one will need to “guess” the use of one of the basic
constants in an instantiation. In higher-order theorem proving, such guessing is
performed by primitive substitutions (or, primsubs). In Church’s type theory,
the set of possible primsubs is infinite since there is a logical constant IT® for
each type a. In formulating MU, we have attempted to keep this set not only
finite but also as small as possible.

We can easily interpret the constants above in our semantics. Briefly,

[[ﬁﬂ(.é“r?y) = (évxvy) [[ﬁ]](évxvy) = (éaxay) [[ﬁ]](ivxvy) = (%,x,y)
[FIFE 2, y) = (= 2,9) [€]@)(y) = (€ 2,y) [E]@)(Y) = (= 2,y)
[0 =0 [PI(A) :=P(A) [UI(A) := U(A).

Also, [setadjoin](A)(B) := {A} U B. Interpreting dsetconstr requires a bit
more explanation. Let A € Doy and ¢ € Dopjx ,—prop be given. The intention
is that ¢ is a property of the set A. As such, ¢ depends on an object x € Dobj and
a proof that z is in A. In our frame, (€, z, A) is the only possible proof, and is only
a proof if (€,z, A) € D, (i.e., x is actually in A). We let [dsetconstr](A4)(¢) :=
{z € Al¢({(z, (€,2,4))) € D,}. Also, we interpret [univ](A) to be Vi, € V2
where § < w? is an ordinal such that A € V.

Finally, there are 20 constants corresponding to natural deduction proof rules.
These are shown in natural deduction style in Figure 2. To ease the presentation,
some of the rules in Figure 2 are simplified. For example, the premiss I F
P,Q : prop of the rule xmcases stands for two premisses: ' - P : prop and
I' F Q : prop. Variables named A, B, C and D are always of type obj and
variables named P and @ are always of type prop. When we add these variables
to the context I', we do not explicitly write the type. Also, we sometimes write
a: ¢ for a : class ¢ and we write b : A for b : class (€ A). These rules are
“sound” in our intended semantics. That is, there is an obvious interpretation
(respecting the relevant pers). For example, we can define setunionI so that
[[setunionI]](A)(B)(C) (€, B,C)(&,C, A) := (€,B,|JA) for A,B,C € V2 and
(€,B,0),(€,C,A) € D,. Note that given these arguments, (€, B,|JA) € D,
precisely because B € C and C € A and so B € |JA. Given arguments from



D, which do not fall into the pattern above, setunionI can be arbitrary in D,,.
Ouly the pattern above is used to check [setunionI] is in the domain of the per
determined by the type

ITA :obj.IIB : obj.IIC : obj.pf (B€C)—pf (CcA) —pf (Be UA)

so that the interpretation will respect the signature.

The rules xmcases and notE are natural deduction rules for classical negation.
Consider the typed constants corresponding to these rules:
xmcases: ITP : prop.IIQ : prop.(pf P — pf Q) — (pf (—P) — pf Q) — pf Q
notE: IIP : prop.JIQ : prop.pf P — pf (=P) — pf @

One can use these two basic rules to derive a natural deduction rule for negation
introduction notIp as well as the classical double negation rule dnegE. In terms
of the type theory, we make two abbreviations using terms of the appropriate
types:
notIp: (ITP : prop.(pf P — IIQ : prop.pf Q) — pf (—P))

= (APXu(xmcases P (—P) (Av(uv (=P))) (Aww)))
dnegkE: (I[P : prop.pf (——P) — pf P)

= (AP\u(xmcases P P (\vv)(Aw(notE (—P) Pwu))))
This demonstrates how one represents MU theorems and proofs in Scunak. A
“theorem” is a function type which returns a proof type and a “proof” is a term
which can be judged to be a member of this type.

The rule eqCE allows one to replace equals by equals even when the objects
are used in a “typed” way. Suppose ¢ is a predicate and a and b are in the class
type of ¢. Technically, a is a pair of an untyped set 71(a) and a proof me(a) of
(¢m1(a)). The “typed” object b is a similar pair. We cannot directly represent
the proposition that a and b are equal, since we only have equality between
objects (i.e., untyped sets). The proposition that a and b are equal as untyped
sets is m1(a) = m1(b) (one of the premisses of eqCE). Suppose 1 is a predicate
that is only defined relative to the class ¢. If we know ) is true for the ¢-object a,
and we know a and b are equal as untyped sets, then eqCE allows us to conclude
1 is true for the ¢-object b.

The only other rules which may require any explanation are dsetconstrI,
dsetconstrEL and dsetconstrER for introducing and eliminating the (depen-
dent) set constructor. In each case we have premisses indicating A is an object
(i.e., untyped set) in context and ¢ is a predicate on A. Since ¢ can only be
applied to members of the class type class (€ A), we must take care.

In the introduction rule dsetconstrI, we assume we have b as a member of
this class type and a proof that (¢b) holds. In such a case we wish to conclude
that b is in the set {z € A|(¢x)}. This is not quite correct since € is a relation
between objects, and b is a pair. Hence we recover the object using m; and
conclude 71 (b) € {z € Al(¢px)}.

The elimination rules dsetconstrEL and dsetconstrER form a kind of con-
verse. Assume we have an untyped set B and a proof that B is in {z € A|(¢x)}.
The first rule dsetconstrEL allows us to conclude B € A. The second rule
dsetconstrER intuitively allows us to conclude B satisfies ¢. However, ¢ can-
not be simply applied to B. Instead we coerce the untyped object B to be in



I'-P,Q:prop I'PFHQ I,-PFQ I'-P,Q:prop I'P I'kF-P

xmcases notE
Ir'+-Q I'-Q
I'NAt (pA) :prop I'ta,b:¢ Ic: ¢t (Ye):prop I'-mi(a) =m1(b) I'F ya
eqCE
'k b
F'FAB:obj INC,CEAFCEB ILD,DEBFDcA
setext
I'HrA=B
I'-A:o0bj I'tA€® 'k P:prop
emptysetE
rep
I'A:o0bj Ia:AbF (¢a):prop I'Fb: A 'k ¢b
dsetconstrl
I'-m(b) € {x € Alpx}
I'A:0bj I'Na:AF (¢a):prop I'B:obj I'k B € {z€ Alpx}
dsetconstrEL
I'-BeA
I'A:0bj INa:AF (¢a):prop I'+B:obj I'ku:(BE€ {xec A|lpz})
dsetconstrER
I' - ¢(B, (dsetconstrEL A ¢ B u))

I'+ A, B: obj I'A,B:obj I'EC:0bj I'CE€EB
——— setadjoinIL setadjoinIR
I'-Ae{A}UB r-ce{AjuB
I'-A,B,C:0bj 'Ce€{A}UB I'kP:prop I'C=A+rP ICeEBFP

setadjoinE
rep
I'FA/B:obj INC,CeBFCeA
powersetl
'+ B e P(A)
I'AB,C:0bj '-BeP(A) I'ECeB
powersetE
r-CceA
I'FAB,C:0bj 'FBeC I'FCeA
setunionl
r=BeljA
I'AB:obj 'Bel|JA I'~P:prop I'C,BEC,CEAFP
setunionE
rep
'+ A : obj I'A:obj I'ka:univ(A) I,b:mi(a)t (¢b) : prop
—— univHas univSep
I'+ A € univ(A) I'+ {z € m1(a)|pz} € univ(A)
I'A:0bj I'kFa:univ(A) I'Fb:univ(A)
univAdj
I'-{r1(a)} Umyi(b) € univ(A)
I'A:0bj I'Fa:univ(A) I'tA:obj I'ta:univ(A) .
univPow univsy
I' - P(m1(a)) € univ(A) FFUTrl(a)Euniv(A)

Fig. 2. Basic Set Theory Deduction Rules




the class determined by A wusing the previous rule dsetconstrEL. The term
(dsetconstrEL A ¢ B) takes a proof of B € {a € A|(¢x)} (the premiss named
by u in dsetconstrER) to a proof of B € A. Hence (B, (dsetconstrEL A ¢ Bu))
is in the class type (class (€ A)).

The basic set theoretic concepts and rules satisfy a kind of logical purity.
Unlike most presentations of set theory, the basic rules only mention the basic
concepts. In particular, all “axioms” are given before any definitions are made.

Although one starts with negation, one can define the other logical connec-
tives and derive the appropriate rules. For example, for any propositions P and
@, one can define disjunction of P and @ using the term

{0} € {{z € {0}P}, {= € {0} Q}}-

Once the appropriate rules for disjunction are proven, one need not unfold this
definition of disjunction.

One can also define bounded quantifiers. For example, for a set A and pred-
icate ¢(xz) depending on an element z € A, Vo € A.¢(x) can be defined by
({x € A.¢p(x)} = A). Note that the predicate ¢ is relative to the set A. That is,
¢(x) is only defined for z in the class type corresponding to A. Thus one could
sensibly represent a proposition such as Vx € Positive.% > 0 where Positive
represents the set of positive real numbers. Forming the term % would require
a proof that z is nonzero and such a proof would depend on the assumption
x € Positive.

Note that two common set theory axioms, choice and foundation, are omitted
from MU.

Starting from the basic concepts and rules defining the theory MU, we can
make new definitions using terms of certain types. If the type returns a proof
type, then we can interpret the type as a derived rule (or theorem) and we can
interpret the term as a proof. We briefly outline some definitions which have
been constructed interactively in Scunak. After getting starting, this follows the
usual development of basic mathematics in an axiomatic set theory.

— Propositional connectives and bounded quantifiers are defined and corre-
sponding rules are derived.

— The usual set theoretic notions are defined (C, binary union and intersection,
etc.) are defined and relevant rules are derived.

— A description operator is defined on the class of singleton sets.

— Ordered pairs (as Kuratowski pairs) are defined, along with “first” and “sec-
ond” operations which are only defined on the class of Kuratowski pairs. (To
prevent confusion with pairing in the Scunak type theory, we write ((z,y))
for the Kuratowski pair of x and y.)

— Using Kuratowski pairs, Cartesian products (A x B) of sets A and B are
defined.

— Given any sets A and B and (meta-level) relation ¢ : A — B — prop, we can
define the subset of A x B of Kuratowski pairs ({a, b)) such that (¢ab) holds.
In Scunak, we include notation of the form {<<x,y>>:A \times B]...} for
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specifying such sets of pairs. This is especially useful when defining construc-

tors for functions and relations.

Using Cartesian products, binary relations are defined.

For any two sets A and B, a function from A to B is defined as a functional

(untyped) binary relation on A and B.

— For sets A and B, we define the set B# of functions from A to B.

— Using the description operator, an application operator ap2 can be defined
taking an element f of the set B4 and an element a of A to (intuitively)
f(a) in B.

— Given a “meta-level” function g from A to B (i.e., a term g of type A — B),
we can obtain an “object-level” function (lam2 A Bg) from A to B (i.e.,
a member of B4) by {((z,y)) € (A x B)|(m1(9x) = m(y))}. This is an
internalized A binder and (along with ap2) allows us to internalize standard
models of Church’s type theory.

Of particular note are the operations that are “partial” (i.e., only defined
on subclasses of the untyped universe). Consider first the description operator.
The predicate singleton is defined in the obvious way. One can easily prove
if U is in the class of singletons, then (| JU) € U. Using the previous fact, we
define a description operator the taking a singleton U : (class singleton) into
(the class determined by) U. The important fact is that the description operator
is defined precisely on the class of singleton sets. The type of the is [IU :
(class singleton).U. The definition of the is (AU(|JU, (thepropU))) where
theprop is an abbreviation for the proof, given a singleton U, that (| JU) € U.

Two other examples of such “partial” functions are given by the first and
second operators for Kuratowski pairs. Both kfst and ksnd take an argument
u of type (class iskpair) and return an object (i.e., an element of type obj).

4 Proving the Injective Cantor Theorem

A common example which has been considered many times is Cantor’s Theorem.
Intuitively, Cantor’s Theorem states that P(A) is bigger than A. One way to
formally state this property is that there is no surjection from A onto P(A).
This is the surjective Cantor Theorem which was one of the earliest interesting
theorems proven automatically by TPs [3]. The relevant diagonal set can be
constructed by TPS using higher-order unification.

Otter was also able to prove the surjective Cantor theorem formalized in
NBG. As discussed in [20], the diagonal set was defined by the user and certain
lemmas about this diagonal set were explicitly given. For this reason, Quaife
describes the proof as “semi-automatic.”

An alternative formulation of Cantor’s Theorem states that there is no injec-
tion from P(A) into A. This is the injective Cantor Theorem. As discussed in [3],
this is a very challenging problem for higher-order theorem provers. The only
known cut-free proofs of the injective Cantor Theorem are of quantificational
depth at least 3. (Intuitively, one must do a primsub for a variable introduced
by a quantifier which itself was introduced by a primsub.)

11



A different approach was suggested by Dana Scott: reduce the injective ver-
sion to the surjective version by using the fact that an injection h from P(A) to
A induces a surjection g from A to P(A). It is not reasonable to expect a theorem
prover to “guess” such a lemma, but it may be reasonable for a theorem prover
to find such a lemma in a library and use it, along with the surjective Cantor
Theorem, to prove the injective Cantor Theorem. This is the “semi-automatic”
approach we have taken here.

First we must represent the main lemma about one-sided inverse functions.
A general version is not true: there can be an injection from A to B without
there existing a surjection from B onto A. The counterexample is when A is
empty and B is nonempty. We could formulate the lemma as follows: If A is
nonempty and there is an injection from A to B, then there is a surjection from
B onto A. Given a default value a € A and an injection h from A to B, we can
actually define the relevant surjection g as follows:

{(y,2) (2, 9)) € h} U{({{y,a))| =Tz € A((z,y)) € h}. (1)

That is, g(y) = z if h(z) =y and g(y) is the default value a if no such = exists.

Let ¢F(A, B) denote the set of injective functions from A to B and let
sF(A, B) denote the set of surjective functions from A to B. We can represent
the construction above in Scunak by defining an abbreviation leftInv0fInj
which takes two sets A and B, a member h of the set iF (A, B) and a member
a of the set A and returns a member of the set sF'(B, A). Since 1leftInv0fInj
returns a member of a class type, it returns a pair. The object part of the pair is
defined as indicated by (1) above. The proof part of the pair is a proof that (1)
defines a member of sF(B, A) (a surjective function from B to A). Instead of
representing the main lemma as a proposition, we define an operation, which we
can denote by (h);! taking h € iF(A, B) and a € A to a member of sF (B, A).

By the time we state the injective Cantor Theorem in Scunak, we have de-
fined 57 concepts and proven 222 lemmas. Furthermore, 15 of the defined con-
cepts are functions which return elements of class types and hence have proof
content (namely, the proof that the resulting untyped object belongs to the
class). For each definition (not counting lemmas), there are two rules for folding
and unfolding abbreviations, giving 114 more facts. Combining this with the 20
basic proof rules from Figure 2, we have 371 facts which can be used to prove
the injective Cantor Theorem.

Among these facts, we only send 114 to Vampire. We do not translate any fact
which depends on variables of propositional type. This filters out, for example,
the basic rules xmcases, notE and eqCE for negation and equality. However,
since we translate negation and equality in Scunak to negation and equality
in Vampire, these rules need not be translated. We also only translate types
which are first-order (in the A-calculus sense). This is more restrictive than
necessary and filters out some important facts such as the basic set extensionality
rule setext. Of course, the fewer clauses we send to Vampire, the less likely it
becomes that there is a proof, but the more likely it becomes that Vampire will
find a proof if one exists. Dependence of object terms on proof terms are deleted
in the translation.
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In addition to the 114 facts, two formulas corresponding to the injective
Cantor theorem are sent to Vampire. Namely, the “axiom” that a constant h is
in the set AP4) and the “conjecture” that h is not injective.

Vampire (version 8.0) was called with 116 first-order formulas and a five
minute time limit. In less than 5 seconds, Vampire generated over 80, 000 clauses
and found a refutation. Most of the given 116 clauses are not used in the refu-
tation. We describe the relevant clauses used by Vampire:

h e AP(A),

h is injective (the negation of the conclusion).

(Surjective Cantor Theorem) If g € P(X)X, then g is not surjective.
(Main Lemma) If f € iF(X,Y) and a € X, then (f);! € sF(Y, X).
For any X, () € P(X).

If g € sF(X,Y), then g is surjective.

If g € sF(X,Y), then g € YX.

If an element f is in YX and is injective from X to Y, then f € iF(X,Y).
fXCYandzxe X, thenz €Y.

10. For any X, (J{X} C X.

11. (Basic rule setunionI) If x € X and X € Y, then z € JY.

12. (Basic rule setadjoinIL) For any z and Y, x € {2} UY.

© N ot W

©

The first facts (1-4) are at the heart of the refutation. Fact 5 is used so that the
empty set can act as the necessary default value in P(A).Facts (6-8) must be
used to pass from the sets iF'(X,Y) or sF(X,Y) to the properties defining these
sets. The remaining facts (9-12) are not strictly necessary for the proof, but are
used by Vampire. If one modifies the input file for Vampire to include only facts
(1-8), then Vampire finds a simpler refutation after generating only 16 clauses.

Upon inspection, the original refutation found by Vampire is a bit round-
about. Part of the refutation is clear: By the surjective Cantor theorem, nothing
is in sF(X,P(X)) for any X. Using this with main lemma, if something is in
P(X), then nothing is in ¢F(P(X), X). At this point, we could finish the refuta-
tion using ) € P(A) (from 5) and h € iF(P(A), A) (from 1, 2 and 8). However,
the actual refutation found by Vampire proceeds as follows.

Using 8 and 11, if f € YX is injective and iF(X,Y) € Z, then f €
JZ. Hence (using our assumptions 1 and 2), we conclude h € |JZ when-
ever iF'(P(A), A) € Z. Since iF(P(A),A) € {iF(P(A),A)} UY by 12, we have
he J{iF(P(A),A)}UY). In particular, h € [J{iF(P(A), A)}. Using 9 and 10,
h € iF(P(A), A). Hence nothing is in P(A), contradicting () € P(A).

5 Related Work

A similar idea of axiomatizing set theory in higher-order logic, as well as an
internalization of higher-order logic within the set theory, was explored in [11].
The ZF-theory in Isabelle also encodes set theory within a form of simple type
theory [17]. More recently, a variety of foundational systems including ZFC
(Zermelo-Fraenkel set theory with the axiom of choice) were finitely represented
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and compared in Automath [24]. Decidable fragments of set theory have been
studied extensively (see, e.g., [8]). Several different forms of mechanized set the-
ory have been formulated and investigated in recent years, including [9], [10],
(23], [4] and [24].

The idea of calling a first-order theorem prover to solve subgoals has been
explored in several papers, including [15, 1]. The work in [15] describes extensive
experiments with a connection between Vampire and Isabelle-ZF. The work in [1]
connects a first-order prover with a logical framework.

6 Conclusion

We have presented a type theory with proof irrelevance and class types imple-
mented in the system Scunak. This type theory is designed with the intention of
supporting both the construction of a large mathematical library and automated
search using the library. Within this type theory, a form of Mac Lane set theory
has been implemented. We argue this is a practical representation language for
mathematics by noting that we have interactively built enough theory to define
function spaces as well as object-level versions of application and abstraction.
In particular, we have represented the injective Cantor theorem and mapped
this representation (along with much of the previously constructed theory) to
the first-order prover Vampire. Vampire proves this challenge problem quickly.
Hopefully, in the future we will have a larger library of mathematics in Scunak
which can be used effectively during automated search.
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