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Abstract. We describe a second-order type theory with proof irrele-
vance. Within this framework, we give a represertation of a form of Mac
Lane set theory and discussautomated support for constructing proofs
within this set theory. One of the novel aspects of the represertation is
that oneis allowed to useany class(in the settheory) asatype (in the
typetheory). Such classtypesallow a natural way of represerting partial
functions (e.g., the rst and secondoperators on the classof Kurato wski
ordered pairs). We also discusshow automated seard can be usedto con-
struct proofs. In particular, the rst-order prover Vampire can be called
to solve a challenge problem (the injective Cantor Theorem) which is
notoriously dicult for higher-order automated provers.

1 Intro duction

In order to resolve mathematical conjectures, either a personor a system must
know enough mathematics. Very few conjecturescan be resolved by going back
to rst principles. One can imagine having a large library of mathematical de -
nitions and theorems. An automated prover for mathematics should be able to
make e ectiv e use of this library. First-order provers are designedto deal with
large numbers of clauses.On the other hand, it is often di cult and unnatural
to force higher-order or set-theoretic conceptsinto rst-order logic.

What is the best language for automated reasoningin mathematics? We
sketch two answers:

1. Experienceshows rst-order logic is the appropriate languagefor automated
reasoning. Some forms of set theory sudh as von Neumann-Bernays-Gedel
(NBG) are nitely axiomatizable in rst-order logic and su cien t for repre-
serting much of mathematics. The best languageis rst-order logic with a
nitely axiomatized settheory asin [6,20,5].

2. Higher-order logic (e.g., Church's type theory) allows more natural repre-
sentations of mathematical propositions. In particular, -terms allow a more
computational treatment of sets and functions than rst-order set theory.
Furthermore, higher-order logic supports type distinctions mathematicians
make implicitly . While automated reasoningin higher-order logic is more
complicated than in rst-order logic, systemssud as Tps can automatically
prove sometheoremswhich are di cult to evenrepresen in rst-order [2].



Of course,a third answer is simply that we do not yet know.

We introduce a new alternative for automated reasoningin mathematics.
Instead of trying to force mathematics into rst-order logic, we usean LF-style
dependernt type theory (or, logical framework) with proof irrelevance. This type
theory is implemented in a mathematical assistancesystem Scunak[7].

The Scunak type theory itself is too weak to represen interesting mathe-
matics. We must \axiomatize" (give a signature for) a theory strong enoughto
represert mathematical propositions and proofs. The axiomatic theory presered
hereis a form of Mac Lane set theory (as advocated by Mac Lane in [14]). If we
insisted on implemernting this settheory in rst-order logic, then we would need
to useaxiom schemes.

Another advantage of using a logical framework is that one can use proof
terms to naturally represen partial functions by insisting that a proof of a
certain condition is required before a term exists. One can further improve the
treatment of partial functions by including certain (very restricted) product
typesand the notion of proof irrelevancein the logical framework. Esserially,
one can make any predicate (or, in semartic terms, \class") into a type at the
meta-level.

By noting certain properties of the language,we can argue that automated
reasoningis possiblein this setting. Howewer, a complete theorem prover has
not yet beenwritten for our version of Mac Lane set theory in the Scunaktype
theory. We have written an interfaceto the rst-order prover Vampire [22] which
hasbeenableto nd a proof of a challenge problem discussedin [3].

2 A Type Theory with Pro of Irrelev ance

The typetheory of Scunakis amodi ed versionof the typetheory LF (also called

P ) asimplemented in Twelf [19]. A thorough developmert of the LF meta-
theory can be found in [12] and of a similar version of Martin-Leof type theory
can be found in [16]. Proof irrelevancein type theory is consideredas a modal
judgmernt in [18] and [21]. We conjecture that the type theory we are presering
can beinterpreted in the presumably more generally setting investigatedin [21].
A more thorough investigation of the Scunaktype theory is planned for future
work. Here we sketch an example of the intended semariics, then we give the
syntax, the typing judgments and corresponding rules.

We begin with a type obj which contains all the (untyped) mathematical
objects of interest. We take Dgp; to be\é 2 in the usual von Neumann heirarchy
ofsets:V. = ;, V4 = P(V)andV = _ V for ead limit ordinal

Next we want a type prop to contain \prop ositions." In set theory, the im-
portant properties of sets are given by the membership and equality relations.
Fix four distinct values2;2;=;6. We take Dprop to be the set

f(RIXY)R2T22=;60Xy2 Vg

Intuitiv ely, for any x;y 2 V, 2, (Z;x;y) represens the proposition that x 2 y.
Only some propositions should be \true" and true propositions should have



\pro ofs". Since we wish to model proof irrelevance, a true proposition should
have exactly one proof. An easyway to model this is to take the set of proofsto
be a subsetof the set of propositions. We take D to be the subset

fZxyixy2Vie;x2yg[ f(Zxy)ix;y2 Viz; x2yg
[f (5% X)ix 2 Vi2g[ f(E5XY)ix;y2 Viz; X 6 yg:

of Dprop - The intention is that p2 D is a (the) proof of p.

Consider a function  from Dgpj to Dprop. Note that this determines a
subsetfx 2 Dopjj (x) 2 D g of Dgp; . Intuitiv ely this is the \class" (relative
to Vi 2) of x 2 V, 2 such that (x) hasa proof. This subsetis isomorphic to the
setfhx; pi 2 Dopj D jip=(x)g, motivating consideration of the product type
obj

Let ST be the following set of simple types: We have three basesimple types
obj, prop, and . We allow one product type (obj ) 2 ST. Finally, for any
, 2S8T,( ! )2ST.TakingDgpj :=Dgpj D andD . tobethe
set of all functions from D to D forany and we obtain a standard frame
for thesetypes.The frame D is su cien t to evaluate simply typed -terms (with
pairing betweenobj and ).

We have modelled proofs using the simple type . Howewer, this is not suf-
cient. We care about proofs of propositions. That is, for any p 2 Dprop, we
care about the proofsof pin . We usea dependert type pf P for this purpose.
Semartically, dependert typesare partial equivalencerelations (pers) over the
domains D . Only valid typeswill correspond to pers, the rest will simply be
binary relations. For eadh , let R denote the set of all binary relations over
D . For arelation R, let jRj be fxjhx; xi 2 Rg.

We will interpret pf P using a function pf from Dprop to R taking a
proposition p to the per thp;pig if p 2 D and to the empty per otherwise.
Hence pf (p) is a per with one equivalenceclassif p has a proof, and pf (p) is
empty if p hasno proof.

The other basic dependert type dependson 2 Dgp;, prop- As described
above, such a \predicate”  determinesa subsetof Dgp; , which Is a\class" rela-
tiveto Dopj - This classcan be represerted by the domain of the per class( ) on
Dobj D given by fhhx; (x)i;hx; (x)iij x 2 Dobji (x) 2 D g. The remain-
ing dependert typescorrespond to  -types. Semartically, given R 2 R and
F:D ! R ,wedene (R;F)2R , byf( (R;F)gi f(x)F(x)g(y) for
all xRy.

We now describe the syntax. Let V be an in nite set of variables and C be
a set of constarts. We usex;y;z;x*;::: to denote variables and c;d;c';::: to
denote constarts. We de ne terms and typesas follows:

Terms M;N;P;Q;R; ; ::: Xjgj( x:M )j(M N)jhM;Nij 1(M)j 2(M)
TypesA;B;C;::: objjpropj(pf P)j(class )j( x:AB)
As usualweidentify terms andtypesupto -conversion.We assumeall the usual

notions of -calculus: substitution, -reduction, -reduction and the following
pairing reductions:



(1): 2(AM;Ni)! | M (2): 2(M;Ni)! N
():hi(M); o(M)i! M
We say a term or type is normal if it cortains no redexes.We write W# for
the normal form of W, if a unique normal form of W exists. In practice we will
considerterms and typeswhich are of a certain class(respecting simple types)
which satisfy strong normalization and the Church-Rosserproperty. For such
terms and types, W# exists (see,for example, [13]).

For somerules in the typing judgment wewill - or -expandonthe y.We
introduce somenotation to facilitate this.

If M is aterm of the form ( xN ), then let xM denotex and BM denoteN.
If M is any other term, then let xM be a variable not occurring in M and B
denote (M xM ). Note that in the rst case,( xM BM) is identical to M. In the
secondcase,( xMBM) -reducesto M.

If M is a term of the form N ; Pi, then let fst™ denoteN and snd™ denote
P. If M is any other term, then let fst™ denote (M) and snd™ denote

2(M). In the rst case,hfst™;snd™i is identical to M. In the secondcase,
st™:sndMi -reducesto M.

A signature is a list of distinct constarts assaiated with types, and a
typecontext s alist of distinct variablesassaiated with types.A simpletype
signature is a list of distinct constarts assaiated with simple types, and a
simpletype context  is a list of distinct variables assaiated with simple types.

We can interpret ¢ : 2 by giving JcK2 D . We can interpret J Kas
fog D . D ».when isx!: 1;:::;x": " (Special Case:JK:= f0g.)

The dependenciesof typeson objects can be erasedto obtain a simpletypeas
follows: dobj e := obj, dprope := prop, dof Me:= , dclass Me:= (obj ),
andd( x:A:B)e:= (dAe! dBe). We canusethis operation to obtain a simple
type signature  (resp., simple type context ) from a signature  (resp., type
context ).

In Scunak,terms and typesare always givenin 1 »-normal form, so that
the typesof -abstractions and pairs can be inferred from the given intended
type.

We begin with two simple typing judgmernts:

\' ° M : " In words, M hassimple type . The rules for this judgment
are standard and omitted here. The main reasonto consider this judgmernt is
to guarantee strong normalization and Church-Rosser.Semartically, assumewe
have xed JcK2 D foreachc: 2 .Then,when °~ M : holds, we can
dene J jM : Kto be a function from J Kto D (in the obvious way). For
d2J Kwewrite J jM : K insteadof J jM : Kd).

\' 7 A sv" In words, A is simply valid. The rules are omitted. The idea is
that if A ispf P (resp.,class ), then ~ P :prop (resp., ° :obj !
prop) must hold. Semarically, when this judgment holds, we cande ne J JAK
to be a function from J Kto R . In particular, J jobjKand J jpropKare the
identit y relations on Dgpj and Dprop, J jpf PKd) is pf (J jP : propky), class
types are interpreted using class, and function types are interpreted using .
Ford2 J K wewrite J jAK instead of J jAKd).



The main typing judgmernts are as follows:

\"  sig" Intuitiv ely, is avalid signature. The ideaisto ensure™ A : Type
before adding c : A to . We omit the rules. Note, however, that unlike LF,
new families are never added to the signature. Semariically, an interpretation
respects if forall c: A2 , JK2 jJjAkKj. We will assumebelow that the
interpretation respects

\° ctx" Intuitiv ely, is a valid context. The ideais to ensure ~ A':
Type holds beforeadding x : A to . We omit the rules. Semartically, J Kis a
per over Jd eKinductively given by taking JKto be the identity over f Og and
taking J ;x : AKto be fhhd;yi; he;ziij d(J Ke and yJd ejAkyzg

\ M N " A" Intuitiv ely, M can be cheded to be A-related to N.
The rules are givenin Figure 1. Semartically, hid ejM Ky;Jd ejNki 2 Jd ejAky
whenewer dJ ke

\' ° M N #A" Intuitiv ely, the type A canbe extracted asa typein which
M is A-related to N. The rules are givenin Figure 1. As above, this meansfor
all dJ ke, hld ejMKy;dd ejNKi 2 Jd ejAky.

\' 7 A :Type€" In words, A is a valid type. The rules are givenin Figure 1.
Semartically, for all dJ Ke, Jd ejAkyisaperonDgse and Jd ejAky = Jd ejAk.

We usually omit the dependenceon in the judgments. Note that the rule
coercepf which normalizes terms includes premissesto ensure the terms are
simply typable, hencethat unique normal forms exist. Under certain conditions,
one can eliminate these premisses.

One can easily show by induction on derivations:

{If ~ M N#A, thend e 4 .M :dAeandd e 4 N :dAe
{1f ~ M N"A, thend e 4 .M :dAeandd e 4 N :dAe
{If ° A:Typegthend e 4 ¢A sv.

Hencewhen the dependert type judgments hold, we can interpret the relevant
terms or type.

In Scunak, we further restrict the type theory to second-order.We consider
obj, prop, pf P andclass to be rst-order types.Forall x :B 2 ,weinsist

B is a second-ordertype, i.e., of the form  x! : C! x" : C":C"*1 where
eah C' is a rst-order type.Forallc: A2 , A must be a third-order type of
the form x!:B? x" : B":C whereead B' is a second-ordertype and C

is a rst-order type.

3 Mac Lane Set Theory with Univ erses

The axiomatic kernel of Mac Lane settheory with Universes(abbreviated MU )
is implemented in Scunak using a signature of 29 constarts. (In particular, the
signature is nite.) There are three constarts for constructing propositions.

{ : :prop! prop,ie. : M isaproposition whenewr M is a proposition.



x:A2 c:A2 "M N # class
XV XS Xpi 2
X X #A ‘c c#A T 2(M) 2(N) #pf (- 1(M))
M P#( x:AB) ° N Q"A M N # class
xa xpi 1
T (MN)  (PQ)#(IN=x]B) Toa(m) 1(N) # obj
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N N#pf R de'yq R :prop *R* P " prop
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" ( x:AB):Type * obj : Type
M M " prop M M " (obj ! prop)
————tp ——vtpf vicl
* prop : Type S pf M :Type “class M :Type

Fig. 1. Rules for Typing Judgments

{ 2:0bj ! obj! prop,ie.,if x andy are objects (sets), then (x 2 y) (in x
for (2 yx)) is a proposition.t

{ =1 obj! obj! prop,ie.,if x andy are objects (sets), then (x = y) (in x
for (= xvy)) is a proposition.

Note that we take negation asthe only logical connective. The other connectives
will be de nable (making useof sets). Bounded quarnti ers will alsobe de nable.
There are six constarts corresponding to basic set constructors.

{ ; :obj, the empty setis an set.
{ dsetconstr : A:obj:(class (2 A)! prop)! obj,ie.,if Aisasetand
is a predicate on the set A, then (dsetconstr A ) (informally written
fx 2 Aj (x)g) is a set. In the future, we will often write the classtype
class (2 A) induced by the set A simply as A. The constart dsetconstr

corresponds to the separation axiom.

! The order of the arguments are reversed so that (2 y), represerting the predicate
version of the sety, has a nice -short form.



{ setadjoin :obj ! obj ! obj,ie.,if A and B are sets,then fAg[ B
is a set. We take this operation of adjoining to sets(or, cons operation) as
primitiv e instead of the more common primitiv e: unordered pair.
R:obj ! obj,ie.,if Aisaset, then the powersetP (A) of A is a set.

:obj I obj,ie.,if A isaset, then the union A of A is a set.
univ : obj ! obj, ie., if A is a setthen the \univ erse" of A is a set.
A universeof a set A is a set containing A and closed under dsetconstr ,
setadjoin , P and . Universesare especially useful when one begins to
represen so-called\large" categories.

latn N Waan

empty set and the setadjoin operation: (fx1g| (fxngl ;) ).

While one could take more constructors for propositions and objects as prim-
itiv e, there is a very important reasonto prefer a minimal set: primitive sub-
stitutions. When forming a complete automated reasoningprocedure, it seems
inevitable that sometimesone will needto \guess" the use of one of the basic
constarts in an instantiation. In higher-order theorem proving, sud guessingis
performed by primitiv e substitutions (or, primsubg. In Church's type theory,
the set of possible primsubs is in nite since there is a logical constan for
ead type . In formulating MU , we have attempted to keepthis set not only
nite but also assmall as possible.

We can easily interpret the constarts above in our semartics. Briey ,

JKZLXyY) = (Exy) I KZEXY) = (2xY) I Kz xy) = (&XY)
I KE X Y) = (Zoxy) RKX)(Y) = (2xy) FE)(Y) = &:Xy)
J K= JPKA) = P(A) J KA) = (A).

Also, Jsetadjoin KA)(B) := fAg[ B. Interpreting dsetconstr requires a bit
more explanation. Let A 2 Dopj and 2 Dopj | prop begiven. The intention
isthat isaproperty of the setA. Assuch, dependsonan object x 2 Dobj and
aproofthat x isin A. In our frame, (2; x; A) is the only possibleproof, and is only
aproofif (2;x;A) 2 D (i.e., x is actually in A). We let Jdsetconstr KA)( ) :=
fx 2 Aj (hx;(25x;A)i) 2 D g. Also, we interpret Juniv KA) to beV 4, 2 V,:
where < !?2is an ordinal such that A2 V.

Finally, there are 20 constarts corresponding to natural deduction proof rules.
Theseare shown in natural deduction style in Figure 2. To easethe presenation,
some of the rules in Figure 2 are simplied. For example, the premiss °
P;Q : prop of the rule xmcasesstands for two premisses: ~ P : prop and

* Q : prop. Variables named A, B, C and D are always of type obj and
variablesnamed P and Q are always of type prop. When we add thesevariables
to the context , we do not explicitly write the type. Also, we sometimeswrite
a: fora:class and we write b: A for b: class (2 A). Theserules are
\sound" in our intended sematrtics. That is, there is an obvious interpretation
(respecting the relevant pers). For example, we car.de ne setunionl so that
[[setunionl JI(A)(B)(C)(2:B;C) (2 C;A) == (2B; A) for A;B;Cg Vi and
(2;B;C);(2;C;A) 2 D . Note that given these aggumerts, (2;B; A)2D
precisely becauseB 2 C and C 2 A andsoB 2 A. Given argumerts from



D which do not fall into the pattern above, setunionl can be arbitrary in D .
Only the pattern aboveis usedto ched Jsetunionl Kis in the domain of the per
determined by the type

[
A:obj: B:obj: C:obj:pf (B2C)! pf (C2A)! pf (B2 A)

sothat the interpretation will respect the signature.

The rulesxmcasesand notE are natural deduction rulesfor classicalnegation.
Consider the typed constarts corresponding to theserules:
xmcases P :prop: Q:prop:(pf P! pf Q)! (pf : P)! pf Q)! pf Q
notE: P :prop: Q:prop:pf P! pf :P)! pf Q
One can usethesetwo basicrulesto derive a natural deduction rule for negation
intro duction notlp aswell asthe classicaldouble negation rule dnegE. In terms
of the type theory, we make two abbreviations using terms of the appropriate
types:
notlp : (P : prop:(pf P! Q :prop:pf Q)! pf (: P))

= (P u(xmcasesP (: P)(v (uv(: P))) (ww)))
dnegE ( P :prop:pf (:: P)! pf P)

= (P u (xmcasesP P (v v)(w (notE (: P)P wu))))
This demonstrateshow one represeris MU theoremsand proofs in Scunak. A
\theorem" is a function type which returns a proof type and a \pro of" is a term
which can be judged to be a member of this type.

The rule eqCEallows one to replace equalsby equalseven when the objects
are usedin a\t yped" way. Suppose is a predicate and a and b are in the class
type of . Tedhnically, a is a pair of an untyped set ;(a) and a proof ,(a) of
( 1(a)). The \t yped" object b is a similar pair. We cannot directly represen
the proposition that a and b are equal, since we only have equality between
objects (i.e., untyped sets). The proposition that a and b are equal as untyped
setsis 1(a) = 1(b) (one of the premissesof eqCH. Suppose is a predicate
that is only de ned relativeto the class . If weknow istrue for the -object a,
and we know a and b are equal as untyped sets,then eqCEallows us to conclude

is true for the -object b.

The only other rules which may require any explanation are dsetconstrl ,
dsetconstrEL and dsetconstrER for introducing and eliminating the (depen-
dent) setconstructor. In eat casewe have premissesindicating A is an object
(i.e., untyped set) in context and is a predicate on A. Since can only be
applied to members of the classtype class (2 A), we must take care.

In the introduction rule dsetconstrl , we assumewe have b as a member of
this classtype and a proof that ( b) holds. In such a casewe wish to conclude
that bis in the setfx 2 Aj( x)g. This is not quite correct since?2 is a relation
between objects, and b is a pair. Hence we recover the object using ; and
conclude 31(b) 2 fx 2 Aj( x)g.

The elimination rules dsetconstrEL and dsetconstrER form a kind of con-
verse.Assumewe have an untyped setB and a proof that B isin fx 2 Aj( x)g.
The rst rule dsetconstrEL allows us to conclude B 2 A. The secondrule
dsetconstrER intuitiv ely allows us to conclude B satises . Howewver, can-
not be simply applied to B. Instead we coerce the untyped object B to be in



© P;Q : prop P Q P Q © P;Q : prop TP TP

xmcases notE
" Q " Q
;AT (A ) prop Tab: ;¢ ( c):prop T = 1(b) Toa
eqCE
b
" A; B :obj ;C;C2AC28B ;D;D2B " D2A
setext
A=B
* A :obj TA2; * P : prop
emptysetE
TP
© A :obj ;ar A (a):prop b A b
dsetconstrl
1(b)2fx2 Ajx g
© A :obj ;ar A (a):prop " B :obj "B 2fx2Ajxg
dsetconstrEL
"B 2A
© A :obj ;ar A (a):prop * B :obj Tu:(B2fx2Ajx Q)
dsetconstrER
hB ; (dsetconstrEL A B u)i
T A; B :obj " A; B :obj * C :obj *C28B
——setadjoiniL setadjoinIR
A2 fAg[ B *Cc2fAg[ B
" A; B;C :obj T C2fAg[ B "Piprop ;C=A"P ;2B P
setadjoinE
TP
" A; B : obj ;C;C2B C2A
powersetl
*B2P(A)
* A B;C : obj *B2P(A) “C2B
powersetE
"C2A
" A; B;C :obj "B2C TC2A
[ setunionl
B 2 A
[
* A; B :obj B2 A "P:prop ;C;B2C,C2A P
setunionE
TP
* A :obj * A :obj T a:univ (A) ybr 1(@) " (b):prop
———  univHas univSep
A 2 univ(A) T fx 2 q1(a)jx g2 univ(A)
© A :obj T a:univ (A) * b:univ(A)
univAdj
S foa(@gl 1(b) 2 univ(A)
* A :obj T a:univ(A) T A lobj Tasuniv(A)
univPow I univSU
S P( 1(a)) 2 univ(A) ) 1(a) 2 univ (A)

Fig. 2. Basic Set Theory Deduction Rules



the class determined by A using the previous rule dsetconstrEL . The term
(dsetconstrEL A B) takesa proof of B 2 fx 2 Aj( x)g (the premissnamed
by u in dsetconstrER ) to a proof of B 2 A. HencelB; (dsetconstrEL A B u)i
is in the classtype (class (2 A)).

The basic set theoretic conceptsand rules satisfy a kind of logical purity.
Unlike most presertations of set theory, the basic rules only mertion the basic
concepts.In particular, all \axioms" are given before any de nitions are made.

Although one starts with negation, one can de ne the other logical connec-
tivesand derive the appropriate rules. For example, for any propositions P and
Q, one can de ne disjunction of P and Q using the term

f,g 2 ff x 2 f;,gj Pg;fx 2 f;gj Qgu:

Once the appropriate rules for disjunction are proven, one neednot unfold this
de nition of disjunction.

One can also de ne bounded quarti ers. For example,for a set A and pred-
icate (x) depending on an elemert x 2 A, 8x 2 A: (x) can be de ned by
(fx 2 A: (x)g= A). Note that the predicate is relative to the set A. That is,

(x) is only de ned for x in the classtype corresponding to A. Thus one could
sensibly represert a proposition such as 8x 2 Positiv e:% > 0 where Positiv e
represerts the set of positive real numbers. Forming the term % would require
a proof that x is nonzero and such a proof would depend on the assumption
X 2 Positiv e.

Note that two commonsettheory axioms, choiceand foundation, are omitted
from MU .

Starting from the basic conceptsand rules de ning the theory MU , we can
make new de nitions using terms of certain types. If the type returns a proof
type, then we can interpret the type as a derived rule (or theorem) and we can
interpret the term as a proof. We briey outline some de nitions which have
beenconstructed interactively in Scunak. After getting starting, this follows the
usual developmernt of basic mathematics in an axiomatic set theory.

{ Propositional connectives and bounded quanti ers are de ned and corre-
sponding rules are derived.

{ The usualsettheoretic notions arede ned ( , binary union and intersection,
etc.) are de ned and relevant rules are derived.

{ A description operator is de ned on the classof singleton sets.

{ Ordered pairs (as Kurato wski pairs) are de ned, alongwith \rst" and\sec-
ond" operations which are only de ned on the classof Kurato wski pairs. (To
prevent confusionwith pairing in the Scunaktype theory, we write hix; yii
for the Kuratowski pair of x and y.)

{ Using Kuratowski pairs, Cartesian products (A B) of setsA and B are
de ned.

{ Givenany setsA and B and (meta-level) relation :A! B! prop, wecan
de ne the subsetof A B of Kuratowski pairs hta; bii such that (ab) holds.
In Scunak,we include notation of the form {<<x,y>>:A \times B|...} for
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specifying suc setsof pairs. This is especially usefulwhende ning construc-
tors for functions and relations.

{ Using Cartesian products, binary relations are de ned.

{ For any two setsA and B, a function from A to B is de ned asa functional
(untyped) binary relation on A and B.

{ For setsA and B, we de ne the setB* of functions from A to B.

{ Using the description operator, an application operator ap2 can be de ned
taking an elemen f of the set BA and an elemen a of A to (intuitiv ely)
f(a) in B.

{ Givena\meta-level" function g from A to B (i.e., aterm g oftypeA! B),
we can obtain an \ob ject-level" function (lam2AB g) from A to B (i.e.,
a member of BA) by fhhx;yii 2 (A B)j( 1(gx) = 1(y))g. This is an
internalized binder and (along with ap2) allows us to internalize standard
models of Church's type theory.

Of particular note are the operations that are \partial" (i.e., only de ned
on subclassesof the untyped universe). Consider rst the description operator.
The predicate singleton is de ned in the obvious way. One can easily prove
if U is in the classof singletons,then ( U) 2 U. Using the previous fact, we
de ne a description operator the taking a singleton U : (class singleton ) into
(the classdetermined by) U. The important fact is that the description operator
is de ned precisely on the class of singleton sets. The type of the is U :
(class singleton ):U. The de nition of the is (U h U;(theprop lé)i) where
theprop is an abbreviation for the proof, given a singleton U, that ( U) 2 U.

Two other examplesof such \partial* functions are given by the rst and
secondoperators for Kurato wski pairs. Both kfst and ksnd take an argumert
u of type (class iskpair ) and return an object (i.e., an elemen of type obj).

4 Proving the Injectiv e Cantor Theorem

A commonexamplewhich hasbeenconsideredmany times is Cantor's Theorem.
Intuitiv ely, Cantor's Theorem states that P(A) is bigger than A. One way to
formally state this property is that there is no surjection from A onto P (A).
This is the surjective Cantor Theorem which was one of the earliest interesting
theorems proven automatically by Tps [3]. The relevant diagonal set can be
constructed by Tps using higher-order uni cation.

Otter was also able to prove the surjective Cantor theorem formalized in
NBG. As discussedin [20], the diagonal set was de ned by the userand certain
lemmas about this diagonal set were explicitly given. For this reason, Quaife
describesthe proof as\semi-automatic."

An alternativ e formulation of Cantor's Theorem statesthat there is no injec-
tion from P(A) into A. This is the injective Cantor Theorem. As discussedn [3],
this is a very challenging problem for higher-order theorem provers. The only
known cut-free proofs of the injective Cantor Theorem are of quanti cational
depth at least 3. (Intuitiv ely, one must do a primsub for a variable intro duced
by a quanti er which itself wasintroduced by a primsub.)
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A dierent approach was suggestedby Dana Scott: reducethe injective ver-
sionto the surjective version by using the fact that an injection h from P (A) to
A inducesa surjection g from A to P(A). It is not reasonableto expect a theorem
prover to \guess" such a lemma, but it may be reasonablefor a theorem prover
to nd suc alemmain a library and useit, along with the surjective Cantor
Theorem, to prove the injective Cantor Theorem. This is the \semi-automatic"
approach we have taken here.

First we must represen the main lemma about one-sidedinversefunctions.
A generalversion is not true: there can be an injection from A to B without
there existing a surjection from B onto A. The counterexample is when A is
empty and B is nonempty. We could formulate the lemma as follows: If A is
nonempty and there is an injection from A to B, then there is a surjection from
B onto A. Given a default value a2 A and an injection h from A to B, we can
actually de ne the relevant surjection g as follows:

fhhy; xiijnhx; yii 2 hg[ fhhy;aiij}9 x 2 A:hkx;yii 2 hg: Q)

That is, g(y) = x if h(x) = y and g(y) is the default value a if no sudc x exists.
Let iF (A; B) denote the set of injective functions from A to B and let
sF(A; B) denote the set of surjective functions from A to B. We can represen
the construction above in Scunak by de ning an abbreviation leftinvOfinj
which takestwo setsA and B, a member h of the setiF (A; B) and a member
a of the set A and returns a member of the set sF(B; A). Since leftinvOfinj
returns a member of a classtype, it returns a pair. The object part of the pair is
de ned asindicated by (1) above. The proof part of the pair is a proof that (1)
de nes a member of sF(B;A) (a surjective function from B to A). Instead of
represerting the main lemma asa proposition, we de ne an operation, which we
can denote by (h), ! taking h 2 iF (A; B) and a2 A to a member of SF(B;A).

By the time we state the injective Cantor Theorem in Scunak, we have de-
ned 57 conceptsand proven 222 lemmas. Furthermore, 15 of the de ned con-
cepts are functions which return elemeris of classtypesand hencehave proof
content (namely, the proof that the resulting untyped object belongsto the
class).For ead de nition (not cournting lemmas), there are two rules for folding
and unfolding abbreviations, giving 114 more facts. Combining this with the 20
basic proof rules from Figure 2, we have 371 facts which can be usedto prove
the injective Cantor Theorem.

Among thesefacts, we only send114to Vampire. We do not translate any fact
which depends on variables of propositional type. This Iters out, for example,
the basic rules xmcases notE and eqCEfor negation and equality. However,
since we translate negation and equality in Scunak to negation and equality
in Vampire, these rules need not be translated. We also only translate types
which are rst-order (in the -calculus sense).This is more restrictive than
necessanand lters out someimportant facts such asthe basicsetextensionality
rule setext . Of course,the fewer clauseswe sendto Vampire, the lesslikely it
becomesthat there is a proof, but the more likely it becomesthat Vampire will
nd a proof if oneexists. Dependenceof object terms on proof terms are deleted
in the translation.
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In addition to the 114 facts, two formulas corresponding to the injective
Cantor theorem are sert to Vampire. Namely, the \axiom" that a constart h is
in the set AP (") and the \conjecture" that h is not injective.

Vampire (version 8.0) was called with 116 rst-order formulas and a v e
minute time limit. In lessthan 5 secondsVampire generatedover 80; 000 clauses
and found a refutation. Most of the given 116 clausesare not usedin the refu-
tation. We describe the relevant clausesusedby Vampire:

h2 AP(A),

h is injective (the negation of the conclusion).

(Surjective Cantor Theorem) If g2 P (X)X, then g is not surjective.
(Main Lemma) If f 2 iF (X;Y) anda2 X, then (f),* 2 sF(Y;X).
For any X, ; 2 P(X).

If g2 sF(X;Y), then g is surjective.

If g2 sF(X;Y), theng2 YX.

If an elemen f isin YX and is injective from X to Y, then f 2 iF (X;Y).
fX Y a@xZX,theanY.

10. Forany X, fXg X. S

11. (Basic rule setunionl ) If x2 X and X 2 Y,thenx2 Y.

12. (Basic rule setadjoinlL ) For any x and Y, x 2 fxg[ Y.

©CoNh~LONE

The rst facts (1-4) are at the heart of the refutation. Fact 5 is usedsothat the
empty set can act as the necessarydefault value in P(A).Facts (6-8) must be
usedto passfrom the setsiF (X;Y) or sF(X;Y) to the properties de ning these
sets. The remaining facts (9-12) are not strictly necessaryfor the proof, but are
usedby Vampire. If onemodi es the input le for Vampire to include only facts
(1-8), then Vampire nds a simpler refutation after generating only 16 clauses.
Upon inspection, the original refutation found by Vampire is a bit round-
about. Part of the refutation is clear: By the surjective Cantor theorem, nothing
is in sF(X;P (X)) for any X. Using this with main lemma, if something is in
P (X), then nothing is in iF (P(X); X). At this point, we could nish the refuta-
tion using; 2 P(A) (from 5) and h 2 iF (P(A);A) (from 1, 2 and 8). However,
the actual refutation found by Vampire proceedsas follows.
Using 8 and 11, if f 2 YX is injective and iF (X;Y) 2 Z,Sthen f 2
Z. Hence (using our assumptions 1 and 2), we concludeh 2 ~ Z when-
everéF (P(A);A) 2 Z. SinceiF (P(A);A) 2 f'g (P(A);A)g[ Y by 12, we have
h2 (fiF (P(A);A)g[ Y). In particular, h2 fiF (P(A);A)g. Using 9 and 10,
h 2 iF (P(A);A). Hencenothing is in P(A), corntradicting ; 2 P(A).

5 Related Work

A similar idea of axiomatizing set theory in higher-order logic, as well as an
internalization of higher-order logic within the set theory, was explored in [11].
The ZF-theory in Isabelle also encades set theory within a form of simple type
theory [17]. More recertly, a variety of foundational systemsincluding ZFC
(Zermelo-Faenkel set theory with the axiom of choice) were nitely represened
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and comparedin Automath [24]. Decidable fragmerts of set theory have been
studied extensiwely (see,e.g.,[8]). Sewral di erent forms of mecanized set the-
ory have beenformulated and investigated in recen years,including [9], [10],
[23], [4] and [24].

The idea of calling a rst-order theorem prover to solve subgoalshas been
exploredin seweral papers, including [15,1]. The work in [15] describesextensive
experiments with a connectionbetweenVampire and Isabelle-ZF. The work in [1]
connectsa rst-order prover with a logical framework.

6 Conclusion

We have preserted a type theory with proof irrelevance and classtypesimple-
mented in the system Scunak. This type theory is designedwith the intention of
supporting both the construction of a large mathematical library and automated
seard using the library. Within this type theory, a form of Mac Lane set theory
has beenimplemented. We argue this is a practical represeniation languagefor
mathematics by noting that we have interactively built enoughtheory to de ne
function spacesas well as object-level versions of application and abstraction.
In particular, we have represeried the injective Cantor theorem and mapped
this represenation (along with much of the previously constructed theory) to
the rst-order prover Vampire. Vampire provesthis challenge problem quickly.
Hopefully, in the future we will have a larger library of mathematics in Scunak
which can be usede ectiv ely during automated seard.
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